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Abstract

Distributed electric propulsion can introduce new dynamic interactions between flexible aircraft structures and
motor-propeller assemblies. In particular, mass unbalance in multiple rotating propellers may generate per-
sistent harmonic loads and induce high vibration levels in lightweight flexible wings. This work investigates
the structural and aeroelastic vibration response of a flexible wing equipped with two electric motor-propeller
assemblies simultaneously subjected to mass-unbalance excitation. A three-dimensional finite-element struc-
tural model is developed, including bending and torsional deformations of the wing, pitch and yaw rotations of
the propellers, and thrust loads. In addition, vertical offsets between the wing elastic axis and the propeller axis
are introduced to better represent the geometry of pylons found in actual aircraft. The aerodynamic loads are
represented using Theodorsen’s unsteady thin-airfoil theory converted to the time domain through Wagner’s
approximation. Numerical simulations are performed to evaluate the influence of some relevant parameters
related to the unbalance load and pylon geometry. The results show that rotation speed mismatch induces
significant beating patterns in the vibration responses, while aerodynamic coupling significantly modifies both
the transient and steady-state responses. In addition, the phase difference between the unbalance forces and
the vertical offset of the propeller axis are shown to significantly affect the vibration levels. Campbell diagrams
are also presented to characterize the dynamics of the coupled system.

Keywords: aircraft vibrations, electric propulsion, unbalance, rotating machines, structural dynamics

1. Introduction
In response to current environmental-related emission targets and the long-term goal of net-zero
emissions, the aerospace industry has been investigating alternative propulsion architectures, in-
cluding distributed electric propulsion (DEP) concepts [1].
DEP usually replaces a small number of large conventional engines with multiple smaller electric
motors distributed along the airframe, usually along the wing span. This arrangement may improve
propulsive efficiency, reduce noise, and provide aerodynamic benefits due to the interaction between
the propeller slipstream and the wing [2]. However, the installation of several motor-propeller as-
semblies modifies the structural layout, mass distribution, inertial properties, and loading conditions
of the aircraft. As a result, the dynamic and aeroelastic behavior of DEP configurations may differ
significantly from that of conventional aircraft.
Several studies have investigated the influence of distributed propulsion on aeroelastic stability. Xu
[3] analyzed propeller-wing whirl flutter mechanisms, while Böhnisch et al. [4] studied the effect of the
number and position of propulsors on the stability of flexible wings. Other works have also addressed
the influence of distributed electric propulsors on flutter boundaries [5, 6, 7].
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In addition, other factors affect the dynamic characteristics of DEP aircraft, especially thrust loads and
mass unbalance. Thrust acts by following the bending and torsional deformations of the wing, thus
altering [8, 9, 10]. On the other hand, any unbalance in the propellers, either caused by manufacturing
imperfections or by degradation over time, induces continuous vibrations in the structure. Mirabbashi
et al. [11] and Zafari et al. [12] studied how unbalanced engines affect the aircraft, showing that they
can cause resonant vibration and worsen flutter conditions.
In this context, the present work investigates the structural vibration response of a flexible wing
equipped with two electric motor-propeller assemblies subjected to mass-unbalance excitation. A
three-dimensional finite-element structural model is developed, intended for the prediction of the
coupled vibrational behavior of the mechanical wing-propulsors system, in a range of situations char-
acterized by loading conditions and design parameters. For this purpose, the model accounts for
bending and torsional deformations of the wing, pitch and yaw rotations of the propeller assemblies,
gyroscopic effects, and thrust loads. Moreover, a vertical offsets between the wing elastic axis and
the propeller axis is introduced to better represent the geometry of the pylons found in actual aircraft.
Aerodynamic modeling is based on Theodorsen’s unsteady thin-airfoil theory, converted to the time
domain through Wagner’s approximation.
This paper is organized as follows: section 2. summarizes the mathematical formulation underlying
the structural and aerodynamic models, mass-unbalance excitation, thrust model, leading to the final
coupled equations of motion. In section 3. the vibration responses obtained for numerical simulations
performed for the different operating conditions are presented and discussed. Conclusions an final
remarks are presented in section 4..

2. Mathematical Modeling
The system under investigation consists of a flexible wing equipped with two motor-propeller assem-
blies, as illustrated in Figs. 1a and 1b. The wing is modeled as a clamped-free structure, with the first
propeller located at 0.31s from the wing root, where s denotes the semi-span length, and the second
propeller mounted at the wing tip. The structural formulation is based on a finite element model of
the wing, in which each beam element has six degrees of freedom associated with bending displace-
ment, bending rotation, and torsional rotation at its two nodes. The propeller assemblies are attached
to selected wing nodes and have pitch and yaw rotations. The wing aerodynamic loads are mod-
eled based on Theodorsen’s lift and pitching moment expressions and converted to the time domain
through Wagner’s approximation. Given the scope and length constraints of the present conference
paper, propeller-induced aerodynamic effects, such as slipstream-wing interaction and blade-level
unsteady loads, are not considered.The propellers are instead represented as rotating mechanical
assemblies that contribute through prescribed thrust loads, gyroscopic effects, and mass-unbalance
excitation.

2.1 Structural model
The structural model of the flexible wing is constructed based on the finite element approach, consid-
ering it as a variable-section cantilever Euler-Bernoulli beam subject simultaneously to bending and
torsion deformations. From the geometry shown in Figs.1a and 1b, the vertical displacement of a
generic point of the wing section can be written as

w(x,y, t) = h(y)+(x−ab)α(y), (1)

where h(y) is the vertical displacement of the elastic axis, α(y) is the torsional rotation about the
elastic axis, and ab denotes the distance between the elastic axis and the mid-chord reference point.
The kinetic energy of the wing is given by

KEw =
1
2

∫︂
ẇ2dm =

1
2

∫︂
mwḣ2dy+

1
2

∫︂
mw(x−ab)2

α̇
2dy+

∫︂
mw(x−ab)α̇ ḣdy, (2)

where mw is the mass per length.
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Figure 1 – Lateral and top views of a wing with two propellers driven by electric motors.

The corresponding strain energy is expressed as

PEw =
1
2

∫︂
GJ(

∂α

∂y
)2dy+

1
2

∫︂
EI(

∂ 2h
∂y2 )

2dy, (3)

where GJ and EI is torsional and bending stiffness.
Within each finite element, the bending displacement h is approximated using cubic Hermite shape
functions, while the torsional rotation α is interpolated using linear shape functions:

h = hiN1 +φiN2 +hi+1N3 +φi+1N4 = N ·hT ,

α = αiT1 +αi+1T2 = T ·αT .
(4)

Ni and Ti are the shape function that ensure the continuity.
Substituting 4 in 2 and 3 we obtain the equation 5.

KEw =
1
2

ḣMe,bḣT +
1
2

α̇Me,tα̇
T +Me,tbḣα̇,

PEw =
1
2

hKe,bhT +
1
2

αKe,tα
T . (5)

Where Me,b, Me,t , Me,tb, Ke,b and Ke,t is defined by the equations 6, 7, 8, 9, 10, where ρIp is the torsional
inertia and xab is the distance between the center mass to the middle of the chord.
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Me,b =
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emw

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (6)

Me,t =

⎡⎢⎢⎢⎣
ρIpℓe

3
ρIpℓe

6

ρIpℓe

6
ρIpℓe

3

⎤⎥⎥⎥⎦ . (7)

Me,tb =

⎡⎢⎢⎢⎣
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Ke,b = EI
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (9)

Ke,t =

⎡⎢⎢⎢⎣
GJ
ℓe

−GJ
ℓe

−GJ
ℓe

GJ
ℓe

⎤⎥⎥⎥⎦ . (10)

The final equation of the wing structural model can be defined by the equation 11, where inertia
matrix of the wing Me,wing is the combining of 6, 7 and 8 and the stiffness matrix of the wing Ke,wing is
the combining of 9 and 10.

Me,wingüe,wing +Ce,wingu̇e,wing +Ke,wingue,wing = Qe,wing. (11)

The structural damping of the wing is given by the Rayleigh Damping Theory, where we can address
Ce,wing as Ce,wing = µMe,wing +λKe,wing.
The elemental vector of coordinates is ue,wing that is expressed by:

ue,wing = [hi,φi,αi,hi+1,φi+1,αi+1]
T . (12)

2.1.1 Propeller Structural Model
For the i-th propeller assembly, the vertical and lateral displacements of a generic point along the
propeller axis are expressed as

zpi(x, t) = hpi + lhi +(x−apibpi)αpi +(x− lθ ,i)θi,

ypi(x, t) =−(x− lψ,i)ψi.
(13)
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where hpi and αpi are, respectively, the bending displacement and torsional rotation of the wing node
to which the propeller assembly is attached. The parameters lh,i, lθ ,i, and lψ,i define the vertical offset
and the pitch/yaw reference locations of the propeller assembly.
In addition, angular velocities of the propeller is defined as

ωXi = Ωi +(θ̇i + α̇pi)sinψi ≈ Ωi +(θ̇i + α̇pi)ψi, (14)

where Ωi is the rotation velocity of the i-th propeller.
The kinetic energy, KEprop,i, can be divided into two parts: KEpi that is the contribution of the non-
rotating parts and KEΩi that is the contribution of the rotating parts. KEpi is defined by equation
15

KEpi =
1
2

∫︂
mpi(x)(ż2

pi+ ẏ2
pi)dx=

1
2

Mpiḣ2
pi+

1
2

Iα,piα̇
2
pi+

1
2

Iθ ,piθ̇i
2
+Sα,piḣpiα̇pi+Sθ ,piḣpiθ̇i+

1
2

Iψ,piψ̇i
2. (15)

where

Mpi =
∫︂

mpi(x)dx,

Sα,pi = Sθ ,pi +(lθ ,i −apibpi)Mpi,

Iα,pi =
∫︂

mpi(x)(x−apibpi)
2dx

= Iθ ,pi +(lθ i −apibpi)
2Mpi +2(lθ i −apibpi)Sθ ,pi,

with

Sθ ,pi =
∫︂

mpi(x)(x− lθ i)dx,

Iθ ,pi =
∫︂

mpi(x)(x− lθ i)
2dx,

Iψ,pi =
∫︂

mpi(x)(x− lψi)
2dx,

Iθα,pi = Iθ ,pi +(lθ i −apibpi)Sθ ,pi.

(16)

For the KEΩi can be defined by the equation 17

KEΩi =
1
2

IΩiω
2
Xi ≈

1
2

IΩi
[︁
Ωi2 +2Ωi(θ̇i + α̇pi)ψi

]︁
=

1
2

IΩiΩi2 + IΩiΩiθ̇iψi + IΩiΩiα̇piψi.

The expression for the total kinetic energy for the i′th propeller is

KEprop,i =
1
2

Mpiḣ2
pi +

1
2

Iα,piα̇
2
pi +Sα,piḣpiα̇pi +

1
2

Iθ ,piθ̇
2
pi +Sθ ,piḣpiθ̇pi

+ Iθα,piα̇piθ̇ i+
1
2

Iψ,piψ̇
2
pi +

1
2

IΩiΩ
2
i + IΩiΩiθ̇iψi + IΩiΩiα̇piψi.

Now, for the potential energy with the equation 17, where the the Ki terms can be defined by the
uncoupled natural frequencies of the propeller.

PEprop,i =
1
2

Kθ iθ
2
i +

1
2

Kψiψ
2
i . (17)

Dissipation energy can be defined by the equation 18, with gi being damping coefficients, ω the
frequency vibration and ωi the natural frequency of the pitch or yaw coordenate.

DEprop,i =
1
2

Kθ igθ i

ω
θ̇i

2
+

1
2

Kψigψi

ω
ψ̇i

2. (18)
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Applying the Lagrange’s equation in 17, 17, 18, we reach in the following equation of movement for
the pitch θi and for yaw ψi:

Mei,propüei,prop +Cei,propu̇ei,prop +Gei,propu̇wpi +Kei,propuei,prop = Qei,prop. (19)

Where,

Mei,prop =

[︃
Iθ ,pi 0

0 Iψ,pi

]︃
. (20)

Kei,prop =

[︃
Kθ i 0
0 Kψi

]︃
. (21)

Cei,prop =

⎡⎢⎣Kθ igθ i

ω
IΩiΩi

−IΩiΩi
Kψigψi

ωi

⎤⎥⎦ . (22)

Gei,prop =

[︃
0 0
0 −IΩiΩi

]︃
. (23)

Also, ue,prop = [θi,ψi]
T , ue,wp = [hpi,αpi]

T and Qe,prop is the generalized vector forces of pitch and yaw.
In addition, we also reach to the equation for the contribution of the propeller for the hpi and αpi given
by:

Mei,wpüei,prop +Aei,wpüei,wp +Gei,wpu̇ei,prop = Qei,wp, (24)

where,

Mei,wp =

[︃
Sθ ,pi 0
Iθα,pi 0

]︃
. (25)

Aei,wp =

[︃
Mpi Sα,pi

Sα,pi Iα,pi

]︃
. (26)

Gei,wp =

[︃
0 0
0 IΩiΩi

]︃
. (27)

2.2 Aerodynamics
The aerodynamic model adopted in this work is based on Theodorsen’s unsteady thin-airfoil theory.
The frequency-domain lift and pitching moment expressions are converted to the time domain using
Wagner’s approximation, allowing the aerodynamic forces to be coupled with the structural equations
of motion in transient simulations. By the Theodorsen’s theory the section lift and the section pitching
moment about the elastic is given by

L = πρb2 (︁ḧ+V α̇ −baα̈
)︁
+2πρV bC(k)w, (28)

M =πρb2
[︃

abḧ−V b
(︃

1
2
−a

)︃
α̇ −b2

(︃
1
8
+a2

)︃
α̈

]︃
+2πρV b2

(︃
a+

1
2

)︃
C(k)w

.

where V is the airstream velocity, ρ is the air density, and w is the total aerodynamic downwash at the
three-quarter chord position that is addressed as

w = ḣ+V α +b
(︃

1
2
−a

)︃
α̇. (29)

Bringing to the time domain, by the Wagner’s method, is determined the relations 30, 31, 31
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Φ(t) = 1−Ψ1e−ε1
V
b t −Ψ2e−ε2

V
b t . (30)

C(k)w = Φ(0)w(t)−
∫︂ t

0

dΦ(t − t0)
dt0

w(t0)dt0

= Φ(0)w(t)−
[︃

h(0)+b
(︃

1
2
−a

)︃
α(0)

]︃
Φ̇(t)

+

[︃
h(t)+b

(︃
1
2
−a

)︃
α(t)

]︃
Φ̇(0)

−Ψ1

(︃
ε1V

b

)︃2

w1(t)−Ψ2

(︃
ε2V

b

)︃2

w2(t)

+Ψ1
ε1V 2

b

[︃
1− ε1

(︃
1
2
−a

)︃]︃
w3(t)

+Ψ2
ε2V 2

b

[︃
1− ε2

(︃
1
2
−a

)︃]︃
w4(t)

,

ẇ1(t) = h(t)− ε1V
b

w1(t)

ẇ2(t) = h(t)− ε2V
b

w2(t)

ẇ3(t) = α(t)− ε1V
b

w3(t)

ẇ4(t) = α(t)− ε2V
b

w4(t)

. (31)

Combining the equations above, we can determine the aerodynamics matrices of inertia Ms,aw, damp-
ing Cs,aw and stiffness Ks,aw besides the lag-state equations Wi’s for a wing section

Ms,aw =

⎡⎢⎢⎣
−πρb2 πρb3a

πρb3a −πρb4
(︃

1
8
+a2

)︃
⎤⎥⎥⎦ . (32)

Cs,aw =

⎡⎢⎢⎢⎢⎣
−2πρbV Φ(0) −πρb2V −2πρb2V

(︃
1
2
−a

)︃
Φ(0)

2πρbV Φ(0)b
(︃

a+
1
2

)︃
−πρb3V

(︃
1
2
−a

)︃
+2πρb2V

(︃
1
2
−a

)︃
Φ(0)b

(︃
a+

1
2

)︃
⎤⎥⎥⎥⎥⎦ . (33)

Ks,aw =

⎡⎢⎢⎢⎢⎣
−2πρbV Φ̇(0) −2πρbV 2Φ(0)−2πρb2V

(︃
1
2
−a

)︃
Φ̇(0)

2πρbV Φ̇(0)b
(︃

a+
1
2

)︃
2πρbV 2Φ(0)b

(︃
a+

1
2

)︃
+2πρb2V

(︃
1
2
−a

)︃
Φ̇(0)b

(︃
a+

1
2

)︃
⎤⎥⎥⎥⎥⎦ . (34)

W0 = 2πρbV W′
0 (35)

W′
0 =

⎡⎢⎢⎢⎢⎢⎣
Ψ1

(︃
ε1

V
b

)︃2

Ψ2

(︃
ε2

V
b

)︃2

−Ψ1ε1
V 2

b

[︃
1− ε1

(︃
1
2
−a

)︃]︃
−Ψ2ε2

V 2

b

[︃
1− ε2

(︃
1
2
−a

)︃]︃

−Ψ1

(︃
ε1

V
b

)︃2

b
(︃

a+
1
2

)︃
−Ψ2

(︃
ε2

V
b

)︃2

b
(︃

a+
1
2

)︃
Ψ1ε1

V 2

b

[︃
1− ε1

(︃
1
2
−a

)︃]︃
b
(︃

a+
1
2

)︃
Ψ2ε2

V 2

b

[︃
1− ε2

(︃
1
2
−a

)︃]︃
b
(︃

a+
1
2

)︃
⎤⎥⎥⎥⎥⎥⎦ .

(36)
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W1 =

⎡⎢⎢⎣
1 0
1 0
0 1
0 1

⎤⎥⎥⎦ . (37)

W2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ε1V
b

0 0 0

0 −ε2V
b

0 0

0 0 −ε1V
b

0

0 0 0 −ε2V
b

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (38)

The final expression that’s represents the movement equation influenced by the aerodynamical of the
wing can be expressed as:

(Mwing −Maw)üwing +(Cwing −Caw)u̇wing +(Kwing −Kaw)uwing = Ww,0ww

ẇw = Ww,1uwing +Ww,2ww,
(39)

where Mwing, Cwing, Kwing are structual matrices of the wing, Maw, Caw, Kaw Ww,i are the aerodynamics
matrices developed at this subsection assembled in the wing system as proposed by Xu [3].

2.3 Unbalancing

Y

Z

R

Ω β = Ωt +Θ

F

r

m

Figure 2 – Equivalent mass-unbalance scheme

According to [13], the harmonic force generated by an eccentric mass attached to a rotating system
can be expressed as

Funb = munb · r ·Ω2,

Funb,z = Funb · sin(Ωt +Θ),

Funb,y = Funb · cos(Ωt +Θ).
(40)

where munb is the unbalanced mass, r is the eccentricity radius, Ω is the angular velocity, and Θ is the
initial phase angle.
The corresponding moments generated by the unbalance force are given by

Munb,θ = Funb,z · eθ ,

Munb,ψ = Funb,y · eψ . (41)
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The force Funb,zi acts in the degree of freedom zpi, and the moments Munb,θ i and Munb,ψi acts in the
degree of freedom θi and ψi respectively.

2.4 Thrust
The thrust model adopted in this work follows Gudmundsson [15]. The propeller thrust is estimated
from the available motor power as

Pi =
ηpi ·Poti

V
, (42)

with,

ηpi = 0.096574+1.703049Ji −0.952281J2
i , (43)

and,

Ji =
60×V

Ωrpm,i ×Di
, (44)

where Pot is the motor power, ηp is the propeller efficiency, and J is the advance ratio.
By the configuration as Fig. 1a, we can determinate that thrust acts in the nodes zpi and αpi as,

Fthrust,zi = Pi sin(θ +α)

Mthrust,αi = Pi sin(θ)(eθ + lθ i)−Pi cos(θ)(lh − eθ sin(θ))
(45)

2.5 Coupled equations of motion
The elemental matrices and force vectors derived in the previous subsections are assembled into
a global coordinate system containing the wing structural DOFs, the propeller pitch and yaw DOFs,
and the aerodynamic lag states. The resulting coupled aeroelastic equation of motion is written as

(Mg,wing −Mg,aw +Ag,wp1 +Mg,p1 +Mg,wp1 +Ag,wp2 +Mg,p2 +Mg,wp2)üglobal+

(Cg,wing −Cg,aw +Gg,p1 +Cg,p1 +Gg,wp1 +Gg,p2 +Cg,p2 +Gg,wp2)u̇global+

(Kg,wing −Kg,aw +Kg,p1 +Kg,p2)uglobal = Qglobal +Wg,0wg,

ẇg = Wg,1uglobal +Wg,2wg.

(46)

with,

uglobal =

⎡⎣ uwing

uprop1
uprop2

⎤⎦ . (47)

where uwing contains the bending and torsional DOFs of the wing, while uprop1 and uprop2 contain
the pitch and yaw DOFs of each propeller assembly. The attachment DOFs associated with each
propeller are already included in uwing.

3. Analysis and Discussion
The numerical results are organized to investigate the influence of three parameters on the vibration
response of the coupled wing-propeller system: the mismatch between propeller rotational speeds,
the phase difference between the unbalance forces, and the vertical offset between the wing elastic
axis and the propeller axis. For each condition, the purely structural response is compared with the
aeroelastic response in order to identify the contribution of the aerodynamic coupling to the transient
behavior, steady-state amplitude, and mean displacement of the wing.
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3.1 Simulation Conditions and Response Evaluation
The baseline configuration, based on [14], [3], [5], is defined from the data presented in Tables 1a,1b
and 2, which summarize the wing properties, propeller parameters, and flight operating condition.
The response quantity analyzed in the following subsections is the vertical displacement at the wing
tip.
Unless otherwise stated, the amplitudes discussed in this section correspond to the steady-state
oscillatory component of the response after the initial transient has decayed.

Table 1 – Baseline wing and propeller data

Parameter Value Unit
Half wing span 5.7 m
Root chord 1.25 m
Tip chord 0.8 m
Thickness-to-chord 15% -
Mass per unit length 25 Kg/m
Radius of gyration (about CG) 25% -
Spanwise elastic axis (from LE) 50% -
Centre of gravity (from LE) 50% -
Bending rigidity (EI) 7 ·105 N.m2

Torsional rigidity (GJ) 2 ·105 N.m2

Aerodynamic centre ac (from LE) 25% -
Lift curve slope Clα 2π -

(a) Baseline wing data

Parameter Value Unit
Number of blades 3 -
Rotor diameter 1.524 m
Hub diameter 0.25 m
Motor diameter 0.3556 m
Rotor mass 8 kg
Motor-nacelle mass 35 kg
Position of rotor CG −1.16 m
Position of motor CG −0.86 m
lθ = lψ 0 m
eθ = eψ −1.16 m
fθ = fψ 7 Hz
gθ = gψ 0.005 -
Maximum power of motor 60 kW
Percent power used 75% -

(b) Baseline propeller data

Table 2 – Flight operation condition

Parameter Value Unit
Cruise speed 77 m/s
Altitude 2438.4 m
Density of air 0.96 kg/m3

In order to compare the cases without prescribing a specific eccentric mass, the unbalance coefficient
munb · r was set to unity. Therefore, the unbalance force scales with the square of the rotational
speed,Funb = (munb · r) ·Ω2 N .

3.2 Effect of Propeller Speed Mismatch
When the two propellers operate at slightly different rotational speeds, the corresponding unbalance
forces act at different excitation frequencies. As a consequence, the wing response presents a beat-
ing pattern, characterized by a high-frequency oscillation modulated by a low-frequency envelope.
The period of this envelope increases as the speed mismatch ∆Ω decreases, which explains the
more clearly defined amplitude modulation observed for the lower mismatch cases.
For the Structural case with the propeller 1 mismatch speed show in Fig. 3 is observed a increase of
amplitude, A in stationary response with the decrease of ∆Ω, starting with A ≈ 0.018 m for ∆Ω = 1 Hz,
reaching A ≈ 0.022 m for ∆Ω = 0.2 Hz.
Another analysis to be made is the changing of the propeller that has the rotating speed mismatch.
The Fig. 4 represents the effect of the ∆Ω changing for the propeller 2. The beating phenomenon
keeps the same tends of the case before, but the amplitude show a different behavior. The amplitude,
A increases with the increasing of ∆Ω, for ∆Ω = 1 Hz, A ≈ 0.032m and for ∆Ω = 0.2 Hz, A ≈ 0.024 m.
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Figure 3 – Structural response with propeller 1 mismatch
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Figure 4 – Structural response with propeller 2 mismatch

The comparison between Figs.3 and 4 shows that the effect of the speed mismatch is not governed
only by the magnitude of ∆Ω, but also by the spanwise location of the propeller operating under the
mismatch condition. When the mismatch is applies to the propeller 1, the steady-state amplitude
varies, increasing by approximately 18% as ∆Ω decreases. In contrast, when the same is applies
to the propeller 2, the amplitude decreases about 25%. This difference indicates that the same
rotational-speed mismatch may produce different vibration levels depending on the propeller location,
due to the different dynamic participation associated with each excitation point. Therefore, in DEP
configurations, off-nominal propeller operation should be evaluated not only in terms of the mismatch
magnitude, but also in terms of where the mismatch occurs along the wing span.
The aeroelastic responses show the same qualitative beating behavior, but with significantly damping
vibration than the structural cases, and higher amplitudes in the stationary response. This behavior
indicates that the unsteady aerodynamic model in this condition modified the damping and the stiff-
ness of the system.
The same behavior of the amplitudes of the earlier cases are observed for this both cases. In Fig. 5
the amplitude varies from A ≈ 0.032 m for the case of ∆Ω = 1 Hz A ≈ 0.036 m for ∆Ω = 0.2 Hz, one
increase of almost 11%
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Figure 5 – Aeroelastic response with propeller 1 mismatch

For the Fig.6 the amplitude behavior is the same as Fig.4, in ∆Ω= 1 Hz has the amplitude of A≈ 0.067
m and for ∆Ω = 0.2 Hz the amplitude of the stationary phase is A ≈ 0.057 m, one decrease of 15%.
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Figure 6 – Aeroelastic response with propeller 2 mismatch

The four conditions showed in this subsection indicates how the speed mismatch can affect the
propeller-wing structure. The vary of the ∆Ω affect the beating phenomenon all the cases with the
same tends, varying the beating frequency, that is the expect in this situation. Add to this the changing
in the intensity and behavior of the amplitude, showing the impact of which propeller the fail occurs,
important information in a context when there is more than 1 propeller like a DEP configuration.
Overall, the four sets of results analyzed in this subsection show that the speed mismatch affects both
the modulation frequency of the beating response and the corresponding steady-state amplitude. In
all cases, decreasing ∆Ω increases the beating period, as expected from the superposition of two
close excitation frequencies. However, the amplitude trend depends on which propeller is subjected
to the mismatch, showing that the spanwise position of the excitation plays an important role in
the vibration response. This result is particularly relevant for DEP configurations, in which multiple
propulsors may operate under slightly different rotational speeds and excite the flexible wing with
different modal participation factors.
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3.3 Effect of Phase Difference Between Unbalance Forces
Observing the Fig.7,8,9,10 is notable the influence of different phases on the amplitude of the dis-
placement. The phase difference modifies the constructive and destructive superposition of the un-
balance forces. As ∆Θ increases, the resultant generalized force acting on the measured wing re-
sponse is reduced, leading to lower steady-state amplitudes and a less pronounced beating envelope.
The minimum response occurs close to the anti-phase condition, although complete cancellation is
not expected because the propellers are attached at different spanwise positions and the coupled
structural modes are not perfectly symmetric.
For the Fig. 7 and Fig.8 the amplitude starts with A ≈ 0.024 m for the same-phase condition and
A ≈ 0.008 m for the anti-phase condition.
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Figure 7 – Structural response for 0◦ < ∆Θ < 90◦
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Figure 8 – Structural response for 90◦ < ∆Θ < 180◦

These results indicate that the phase difference mainly controls the constructive and destructive su-
perposition of the unbalance forces. Unlike the speed-mismatch cases, in which the beating envelope
is governed by the difference between excitation frequencies, the phase-difference cases modify the
resultant forcing level applied to the structure. As the phase difference approaches the anti-phase
condition, the generalized forces transmitted to the wing partially cancel each other, reducing the
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steady-state displacement amplitude.
The decrease of amplitude is also observed in the aeroelastic case, with a decrease more aggressive
than the structural case, influenced by the stiffness and damping aerodynamic. For the same-phase
condition presented in Fig.9, amplitude is A ≈ 0.036 m and for the anti-phase condition represented
by Fig.10 the amplitude is given by A ≈ 0.006 m
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Figure 9 – Aeroelastic response for 0◦ < ∆Θ < 90◦
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Figure 10 – Aeroelastic response for 90◦ < ∆Θ < 180◦

The aeroelastic results follow the same phase-dependent trend observed in the structural model,
with the amplitude decreasing as ∆Θ approaches the anti-phase condition. However, the comparison
between structural and aeroelastic amplitudes is not uniform for all phase differences. For the same-
phase condition, the aeroelastic response presents a higher stationary amplitude than the purely
structural response, whereas near the anti-phase condition the aeroelastic amplitude becomes lower.
This behavior indicates that aerodynamic coupling changes the effective dynamic participation of the
system and that the phase difference acts directly on the resultant harmonic forcing transmitted to
the wing.
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3.4 Influence of the Vertical Offset Between Wing and Propeller Axis
In previous analyses, the propeller axis was assumed to be aligned with the wing elastic axis. How-
ever, in a real DEP configuration may be exist a vertical offset between this axis. This offset modifies
the moment caused by the thrust, that changes the response of the structure. Also the inclusion
of the vertical offset add a mean displacement. The thrust-induced moment shifts the equilibrium
position of the wing,producing a nonzero mean displacement around which the vibration takes place.
Therefore, the offset changes the response in two distinct ways: it increases the oscillatory vibration
level and modifies the static or quasi-static equilibrium position of the coupled aeroelastic system.
To evaluate this effect, the same speed-mismatch and phase-difference cases discussed in the pre-
vious subsections are repeated considering a vertical offset of lh = 0.05 m.
For the structures cases, the effects of offset inclusion was more notice in amplitude displacement.
In the Fig.11 the amplitudes varies between A ≈ 0.036 m and A ≈ 0.040 m, that compared with the
observed in the Fig. 3, represents a increase in the amplitude. Also the equilibrium shift, z0 is
approximately constant, with both cases z0 ≈−0.016 m.
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Figure 11 – Structural response with propeller 1 mismatch

The same behavior is seen for different phases case, as is show in Fig.12 and 13 that have a vary of
amplitudes that begin with A ≈ 0.041 m for 0° phase condition, and for 180° the amplitude observed
is A ≈ 0.015m. The z0 was the approximately the same observed in the condition before.
The structural results show that the offset increases the oscillatory displacement amplitude when
compared with the aligned-axis configuration and changed the equilibrium position. This behavior
is associated with the additional moment arm introduced by lh, which intensifies bending-torsional
motion of the wing. The phase-difference effect is still present, since the anti-phase condition re-
duces the resultant harmonic excitation, but the overall vibration level remains higher than in the
corresponding no-offset cases.
For the aeroelastic simulations, the offset affects both the oscillatory amplitude and the mean dis-
placement. In contrast with the structural model, the aeroelastic equilibrium shift occurs in the oppo-
site direction, suggesting that the interaction between the aerodynamic loads and the thrust-induced
moment modifies the static or quasi-static balance of the coupled system. Therefore, the offset should
not be interpreted only as an additional structural moment arm, but also as a parameter that changes
the aeroelastic equilibrium position.
For the mismatch cases, show by Fig.14 have a increase of the amplitude as seen in the structural
case. For ∆Ω = 1 Hz the amplitude is A ≈ 0.040 m and for the ∆Ω = 0.2 Hz case the amplitude found
is A ≈ 0.075 m, which corresponds to a increase in the amplitude for the cases seen in subsection 3.2
. Also is notice a increasing of the equilibrium shift, z0 between ∆Ω = 1 case and ∆Ω = 0.2, for the
first case z0 ≈ 0.040 m and for the second case z0 ≈ 0.054 m, this difference shows in contrast with
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Figure 12 – Structural response for 0◦ ≤ ∆Θ ≤ 90◦ and lh = 0.05m
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Figure 13 – Structural response for 90◦ ≤ ∆Θ ≤ 180◦ and lh = 0.05m

the structural cases, for aeroelastisc analyses with the offset, the mismatch speeds also affects the
equilibrium position.
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Figure 14 – Aeroelastic response with propeller 1 mismatch and lh = 0.05m

For the different phase scenario, represented by Fig.15 and 16, the difference between amplitudes is
also observed, but the influence in mean displacement is not observed. In same-phase condition the
amplitude is A ≈ 0.043 m and in anti-phase the amplitude is A ≈ 0.007, but in both cases the offset is
z0 ≈ 0.0365m.
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Figure 15 – Aeroelastic response for 0◦ < ∆Θ < 90◦ and lh = 0.05m
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Figure 16 – Aeroelastic response for 90◦ < ∆Θ < 180◦ and lh = 0.05m

In the phase-difference cases, the mean displacement remains nearly unchanged, indicating that the
mean response is mainly governed by the offset-induced thrust moment. In contrast, in the aeroelas-
tic speed-mismatch cases, the equilibrium shift also varies with ∆Ω, showing that the aerodynamic
coupling can make the mean displacement sensitive to the excitation-frequency condition.

3.5 Campbell Diagram
To the objective to analyze the impact of the mismatch speed in the harmonic behavior of the struc-
ture, It was made a Campbell Diagram considering the mismatch rotate speeds. For the present
analyses the difference of speed ∆Ω is always 10% of the standard speed, and is evaluate the in a
superior and inferior cases. In addition, two ranges of velocities is made in the analyses, the first
it is presented in Fig.17 that represents the range of operational speed, the second is presented in
Fig.18 that has a bigger range, and the goal is to obtain more information about the effects that this
mismatch can cause in the structure.
In Fig.17 is seen that the difference of the velocities almost does not affect the natural frequencies in
this range. Within the operational range, the mismatch produces only small changes in most natural
frequencies, indicating that the wing-dominated modes are weakly affected by the considered speed
variation. The modes more directly associated with the propeller pitch and yaw degrees of freedom
are more sensitive to the rotational speed, which is consistent with the gyroscopic coupling introduced
by the rotating assemblies.
If we increase the range, as show in Fig.18, it can be seen that others frequencies related with
the wing is also affected. This indicates that the influence of mismatch becomes more relevant
as the rotational speed increases. Therefore, although the operational range shows limited modal
sensitivity, the extended Campbell diagram suggests that speed mismatch may become important
for higher-speed operating conditions or for configurations with stronger propeller-wing coupling.
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4. Conclusion
This work investigated the vibration response of a flexible wing equipped with two electric motor-
propeller assemblies subjected to mass-unbalance excitation. The proposed formulation included
the bending and torsional motion of the wing, the pitch and yaw motion of the propeller assemblies,
gyroscopic effects, thrust loads, unsteady aerodynamic loads, and a vertical offset between the wing
elastic axis and the propeller axis. The aerodynamic model was coupled to the structural system
through Wagner’s approximation, allowing the comparison between purely structural and aeroelastic
transient responses.
The results showed that small mismatches between the propeller rotational speeds generate a clear
beating pattern in the wing-tip displacement response. This behavior is caused by the superposi-
tion of unbalance forces acting at slightly different excitation frequencies. As the speed mismatch
decreases, the modulation period of the response increases, making the beating envelope more
evident. The response also depends on which propeller is subjected to the speed variation, in-
dicating that the spanwise location of the excitation affects the modal participation of the coupled
wing-propeller system.
The comparison between structural and aeroelastic simulations showed that aerodynamic coupling
significantly modifies the transient and steady-state responses. For the operating condition analyzed
in this work, the aeroelastic model did not lead to a uniform reduction of the oscillatory amplitudes.
Therefore, the purely structural model should not be interpreted as a generally conservative estimate
of the vibration level.
The phase difference between the unbalance forces was also shown to be an important parameter.
Increasing the phase difference reduced the resultant generalized forcing acting on the measured
wing response, leading to lower steady-state amplitudes. The smallest responses were obtained
close to the anti-phase condition, although complete cancellation is not expected because the pro-
pellers are attached at different spanwise locations and excite the coupled modes differently.
The inclusion of a vertical offset between the wing elastic axis and the propeller axis had a significant
effect on the response. In the structural and aeroelastic simulations, the offset increased the oscilla-
tory displacement amplitudes due to the additional moment arm associated with the propeller forces.
The offset also modified the mean displacement of the response, indicating a shift in the equilibrium
position caused by the coupling between thrust, bending, torsion.
Finally, the Campbell diagram analysis showed that the propeller speed mismatch has a limited in-
fluence on most natural frequencies within the operational speed range, while modes more directly
associated with the propeller degrees of freedom are more sensitive to the rotational-speed variation.
Over a wider speed range, additional modal branches are affected, indicating that the influence of
mismatch becomes more relevant as the propeller speed increases.
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