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Abstract

This paper deals with the post-optimal sensitivity analysis of parametric trajectory optimization problems in
order to carry out sensitivity-based reference trajectory updates for path-following Model Predictive Control
(MPC) of a fixed-wing aircraft. These updates are performed with low computational cost when deviations from
the reference path occur. It is shown that following this updated reference trajectory is more beneficial in terms
of optimality than keeping track of the old one. The proposed combination of MPC and reference trajectory
updating is particularly interesting when the reference path cannot be precisely followed due to constraints
such as obstacles or no-fly zones.

Keywords: parametric optimization, post-optimal sensitivity analysis, path-following model predictive control,
online trajectory updates

1. Introduction

In autonomous aircraft missions, a two-level approach to plan and execute optimized trajectories is
often used. In a pre-planning phase before the flight, a trajectory is computed on a potentially highly
detailed level satisfying all requirements already known at this stage of the mission. Afterwards, this
trajectory serves as a reference for a controller, which forms the second level of the approach.

In order to plan trajectories offline, optimal control methods can be applied [1} 2]. A wide range
of goals can be considered and formulated by this kind of trajectory optimization, e.g., minimizing
energy consumption or flight time. Moreover, multiple constraints, such as state and control bounds,
dynamical system constraints, and mission-specific initial and final boundary conditions, can be taken
into account.

Often during flight, changes to the pre-planned flight path are necessary, e.g., due to emerging no-
fly zones or previously unknown obstacles. These issues can be addressed by the use of Model
Predictive Control (MPC) [3| [4] as a path-following controller, since it can handle newly added con-
straints. An MPC-based path-following controller for a fixed-wing military aircraft, for example, was
implemented in [5]. However, these constraints may cause deviations from the reference trajectory,
e.g., if the pre-planned path passes through a previously unknown no-fly zone, leading to non-optimal
trajectories with respect to the cost function of the pre-planning task. Hence, when a deviation oc-
curs, it is desired to update the reference trajectory with a new optimal trajectory taking the current
state as an initial boundary condition. Following this updated reference by the MPC is more beneficial
in terms of optimality than keeping track of the old one as well as possible.

Updating the trajectory by solving an optimal control problem over the entire time horizon again is
time-consuming and, therefore, not a good option during the online process. Instead of fully re-
optimizing parametric optimization problems for a given parameter perturbation by running an opti-
mization algorithm, approximated solutions based on post-optimal sensitivity information were intro-
duced in [6] for small perturbations.
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In the paper at hand, a path-following MPC algorithm is combined with these sensitivity-based ap-
proximations in order to update the reference trajectory. These updates can be quickly computed
online, requiring only matrix vector multiplications and additions, after a post-optimal sensitivity anal-
ysis was performed as part of the pre-planning task. Moreover, the necessary computation of the
sensitivity differentials for multiple trajectory tails is done in an efficient manner through an appropri-
ate partition of the involved matrices. Furthermore, the combination with an MPC algorithm allows
sensitivity-based approximations for larger perturbations in practice, as possible constraint violations
in the approximated solution caused by changes in the active constraint set are prevented. The incor-
porated constraints of the MPC ensure that the overall resulting trajectory satisfies the constraints,
even if there have been constraint violations due to the approximation.

The paper is structured as follows: In section the theoretical background of optimal control,
sensitivity-based approximations, and MPC is presented. The application to an aircraft path-following
MPC and a discussion of the results are provided in section Finally, in section [4., some conclu-
sions are drawn.

2. Methodology

This section first introduces the theory of trajectory optimization via optimal control methods in sub-
section Then, the sensitivity theorem and the computation of the sensitivity-based trajectory
updates are explained in subsection before the general MPC algorithm and its underlying opti-
mization problem are presented in subsection

2.1 Trajectory Optimization via Optimal Control
Consider an optimal control problem (OCP) formulated as

minimize /th(x(t),u(t)) dt
subject to x(t) =£(x(r),u(r)), 1€ t,tf],
(x(1),u() <0, (€ lo.1yl, 0
X(l‘o) = Xy,
Y(x(1r)) =0

with states x and controls u on a time horizon defined by a fixed initial time ¢ and a free final time
parameter t. Moreover, F denotes a Lagrange cost function, and the optimization is subject to
dynamic constraints, path constraints, and initial and final boundary conditions, where x, defines the
initial state.

Furthermore, consider the following parametric OCP in discrete time and note that OCP(0,x,) is a
discretization of the problem in (1) using trapezoidal collocation as transcription method [2]:

N—1
i h
OCP(n,p): min Z E(F(xk+1,uk+1)+F(xk,uk))
n k:n
, h
subjectto x4 —x; = E(f(xk+lauk+l) +(xp,we)), k=n,...,N—1, )
g(Xk,llk)SO, k:n,...,N,
Xn = pv
lP(XN) =0.
Herein, z, :== (X,,U,, X, 1,W,11,...,Xy,uy,2y) | collects the optimization variables, while 4 :=t;.| —#; is

the equidistant time discretization. OCP(n,p) are viewed as parametric optimization problems, where
the parameter vector p denotes the initial state value, and n € {0,...,N — 1} distinguishes between
multiple trajectory tails with corresponding starting time ¢,. A parametric sensitivity analysis with
respect to p will be performed in the following.

This transcribed problem is a finite-dimensional nonlinear programming problem (NLP) and can be
solved by common NLP solvers. Moreover, let Zzo be an optimal solution of OCP(0,xo), then the

2
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trajectory tails z, are optimal for the problems OCP(n,%,) for n € {0,...,N — 1} according to Bellman’s
optimality principle. Therefore, it is sufficient to solve only OCP(0,x) to obtain optimal solutions for
OCP(n,%,). This property is exploited when computing the sensitivity differentials.

2.2 Sensitivity-based Trajectory Updates

The originally computed solution of OCP(0,x) will serve as a reference trajectory in the following. In
case it is desired to update the trajectory at time 1, results of a parametric sensitivity analysis of the
trajectory tails with respect to the initial states can be applied. To do so, properties of the parameter-
to-solution mapping p — z;;(p) are examined, where z;(p) denotes an optimal solution of OCP(n,p).
Under conditions where z;; is continuously differentiable, it is possible to perform a linearization

z,(p) = 2,(p) = z,(p) + —(p)(p — P) (3)

around a nominal parameter p to approximate a perturbed solution z(p), see [6].

The differentiability of the parameter-to-solution mapping and the computation of the sensitivity dif-
ferentials %(p) is given by the sensitivity theorem established in [7]. Let z, be a local minimum of
OCP(n,p). Under the assumption that all cost and constraint functions are twice differentiable and
that Z, is a strongly regular solution (see [1) Definition 6.1.2]), the sensitivity matrix can be obtained
as solution of the linear equation system

A A = ~ dzj’ _
(v%nz,,L(zn,nn,p) G’zn(zn,p)T> ap (P) :_< 0 ) @
G}, (7,D) 0 4 (p) Gy(2.,p))

where L denotes the Lagrangian associated to OCP(n,p) with corresponding multipliers n,, and

B0k, 1) +HE(X, we)) — (Xks1 —X¢), k=n,...,N—1
G(z,,p) = gA(zn(k))(Xk;:lkl Iic =n,...,N -
P(xy)

with A(z,(k)) denoting the index set of active path constraints. A detailed version of the sensitivity
theorem and a proof can be found in [7] or in [1, Theorem 6.1.4]. Moreover, all the assumptions for a
strongly regular solution can be checked numerically.

In order to perform the sensitivity-based trajectory updates, execute the following steps:

» Solve OCP(0,xo) to obtain the solution trajectory z, and due to Bellman’s optimality principle
also z, forn € {0,....N —1}.

» For n €{0,...,N — 1} perform a sensitivity analyisis for OCP(n,%,) and compute the sensitivity
differentials %(ﬁn) by solving the linear equation system in (4).

« For a perturbation p of the state x, at time 7, update the trajectory by the approximation z,(p)

from (3).

Note that it is sufficient to derive the matrices required in (4) only for » = 0 and re-use parts of them
for the subsequent problems OCP(n,%,). To do so, an appropriate partition of the matrices is used.
Therefore, the involved submatrices are considered one by one.

The Lagrangian L(z,, n,,p) is defined as a sum of the objective function and the constraints weighted
by the multipliers n,,. Here, the individual terms of the objective and the dynamic constraints for
each index k € {n,...,N — 1} depend on the state and control variables of exactly two timesteps, #
and #., 1, because of the discretization by trapezoidal rule. This leads to a block diagonal structure
of the Lagrangian hessian V; , L(z,,1,,p), Where it can be observed that the block of matrix entries
referring to objective and constraint terms of index k overlaps with those blocks referring to k— 1 and
k+ 1. In order to prevent this overlapping, the Lagrangian is partitioned in terms referring to an even
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and an odd index k respectively, denoted by Leyen(Zn, N, p) and Loaa(z,,Mn, p). By this, a partition of
the Lagrangian hessian of the following structure is obtained:

r

V%nan(znv Mn, p) =

X
:
o T ¥ Rt

V%”aneven (Zm Mns p) ananodd (Zm nnyp)

Here, the blue blocks indicate the matrix entries referring to terms of an even index, while the red
ones indicate those referring to an odd index.
The structure of the submatrix G; (z,,p) is given by

Gy, (24,p) = (7)

X

where the first rows correspond to the dynamic constraints depending on state and control variables
of two timesteps, while the remaining constraints only depend on variables of one time instance.
Again, the blocks referring to constraints of an even or odd index are indicated accordingly. The last
two rows correspond to the initial and final boundary conditions, with the first resulting in an identity
matrix block as matrix entry. For the submatrix G;,(zn,p), a zero matrix except for a negated identity
matrix block corresponding to the initial condition is obtained.

Given this matrix structure and the provided partition of the Lagrangian hessian, the matrices in (4)
for the subsequent problems OCP(n,x,,) for n € {1,...,N — 1} can be obtained by discarding all blocks
referring to indices 0 to n— 1 from the matrices for problem OCP(0,%,). Additionally, the identity
matrix block in G}, (z,,p) is shifted to the position of the new initial index. In this way, the sensitivity
differentials for multiple trajectory tails can be computed efficiently.

2.3 Model Predictive Control
In a next step, the MPC scheme is briefly introduced. Compare [3] 4}, 1] for a comprehensive overview.
MPC is a model-based control framework which allows to take state and control constraints into
account. The idea is to solve optimal control problems in a repetitive manner on moving time horizons
to predict the future behavior of the model and apply only the first control value to the system. In this
way, a feedback action is created.
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According to the proposed use case, a nonlinear MPC algorithm of tracking-type is considered. It
requires to solve instances of the following parametric OCP in discrete time:

n+Nmpc

MPC'OCP(napaNMPC): zr]\iggl Z Etrack(xkyxref,k)
n k—n
: _ hmpc _
subjectto X1 —x; = T(f(xk+lauk) +f(xp,wi)), k=n,...,n+Nypc—1,
gx(xk)§0, k:n,...,n+NMpc,
gu(uk)g(), k=n,...,n+Nypc — 1,
Xn =P,

(8)
where zypc n = (Xu, Wy Xn 1, Wi 1 - - - Xnt- Nype—1> UntNype—1> Xnt-Mype ) - dENOtES the vector of optimization
variables. The dynamics are again discretized by trapezoidal rule and u is modeled as zero-order
hold control. A fixed time discretization hvpc := 11 — #; for all subproblems and a prediction horizon
of [tn, thynype ] IS ChOsen. Again, the problem includes state and control constraints, as well as an initial
boundary condition. For the considered tracking purpose, a reference state trajectory x.¢ is required.
The tracking-type objective consists of the function Ey..x, which is usually formulated as a weighted
quadratic error term

Eyack = ”Xk - Xref,k”‘zxv 9)

with norm ||-|lw and weight matrix W.
The basic MPC scheme with its moving horizon fashion is described in the following algorithm:

Algorithm 1 MPC

Input: prediction horizon Nypc, reference state trajectory x..¢. Set n = 0.

(1) Measure state x(z,) at time #,.

(2) Solve MPC-OCP(n,x(t,),Nmpc) on time horizon [t,,t,1n.] 10 cOmpute an optimal control se-
quence Wy, ..., Uy Nype—1-

(3) Apply the first control @, to the system in the time interval [t,,,,+1].

(4) Setn+n-+1andgo to step (1).

The resulting MPC trajectory may lack in quality if there are constraints that hinder precise tracking
of the reference, e.g., obstacles as part of a path-following application. In this case, it is desirable to
update the reference trajectory when deviations exceed a certain tolerance. This can be done online
using the presented sensitivity-based approximations.

3. Application to Aircraft Path-following MPC

Now, the sensitivity-based trajectory updates are applied to update the reference trajectory for an
aircraft path-following MPC. Therefore, a trajectory pre-planning is done in subsection Then, this
trajectory serves as a reference for the path-following MPC in subsection where the scenario
is considered that a no-fly zone not known in the pre-planning phase arises during the flight. Since
the reference path passes through this no-fly zone, the aircraft will deviate from the reference, and
a sensitivity-based update will be performed. The software environment used and the results are
presented and discussed in subsections [3.3]and[3.4] respectively.

3.1 Modeling and Trajectory Pre-planning

Consider a planning task for a fixed-wing aircraft. The mission is to fly from the waypoint P, t0 Pinar,
leaving and arriving at the waypoints with a given speed and in a given direction. The objective of the
trajectory optimization problem is to minimize the energy consumption for this task, as it is of great
interest in many use cases, e.g., eVTOL flight. Therefore, the aircraft is modeled by a point-mass
model with states x, y, z describing the positional coordinates, V the velocity, x the course angle, and
y the flight path angle, and controls a describing the angle of attack, 6, the thrust lever position, and
u the bank angle. The positions are expressed in NED frame, where the z-coordinate is modeled as
being zero at P,;.
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Table 1 — Model parameter values

Parameters Values

m 700 kg

g 9.81 m/s?

Tax 2060.1 N

p 1.1 kg/m?

S 9.87 m?

Cr, 0.1

Cr, 5.0

Cp, 0.0761

k 0.05134

The equations of motion are given by

x(t) =V (t)cosx(t)cosy(t), (10)
y(t) =V (t)sinx(t)cos y(t), (11)
2(t) = =V (t)siny(t), (12)
vy = TPy, (19)
oy ne(t)sinp(r)
(1) :gnZ(t) cos (t) —COS’}/(I>. (15)

V(t)

Here, m describes the mass of the aircraft, g the gravitational acceleration, and »n, the load factor
defined by
L(t
n.(t) = L) (16)

mg

Furthermore, T, L and D describe the thrust, lift and drag given by

T (1) = 87 (t) Trnax, (17)
L) = %pV(r)ZSCL(t), (18)
D) = %pv(t)zSCD(t), (19)

where Thax defines the maximum thrust available, p the air density, and S the reference wing area.
The lift coefficient C;, is modeled by a linear lift curve

CL(Z) :CL0+CLaoa(t) (20)

with slope C;,, and C;, defining the lift coefficient at zero angle of attack. The drag coefficient Cp is
given by

Cp(t) = Cp, +kCp (1) (21)
with Cp, being the zero-lift drag and & the induced drag coefficient. All model parameter values are

given in Table[f]
The energy consumption, which is used as cost function, is modeled by

"IV () dr. (22)

fo

Additionally, the control rates are penalized by soft constraints as part of the objective function to avoid
highly oscillating control inputs. Furthermore, there are upper and lower bounds on the states V and

6
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Table 2 — Constraints

Symobol Unit Lower Bound Upper Bound Initial Value Final Value

States x m - - 0 2000

y m - - 0 2000

Z m - - 0 0

Vv m/s 20 80 40 40

X deg - - 0 0

y deg  —30 30 0 0
Controls o deg O 34.3 - -

or - 0 1 - -

u deg 30 30 - -
Outputs  n, - 0.8 1.2 - -

¥, the controls «, 67 and u and the output n,. These bounds, as well as the initial and final boundary
conditions at the waypoints, are listed in Table [2| The state and control vector are summarized as

X:(x7yvzavaxv’Y)T7 (23)
u=(a,8r,1)". (24)

The pre-planning process consists of solving the described problem and computing the sensitivity
differentials with respect to the parameter defining the initial boundary condition, as presented above,
for all trajectory tails.

3.2 Path-following MPC with Reference Trajectory Update

The state trajectory of the pre-planning phase now serves as a reference for the path-following MPC.
Therefore, the solution trajectory, which is given in discrete time, is interpolated and parametrized
by arc-length using spline interpolation. Following the approach in [8, 5], the reference trajectory
is evaluated by use of the dynamic equations of the arclength s and lateral deviation r, which are
modeled as

0=V S ETI e

)
F(t) = V(1) cos y(r) sin (% (£) — Xret (s(2))) - (26)

This approach is valid because, in the scenario under consideration, the horizontal movement of the
aircraft occurs on a significantly larger scale than the vertical movement. The state and control vector
for the path-following MPC problem are summarized as

X:(XayaLV,Xv%S’V)T; (27)
u= ((X,ST“U.)T. (28)

The MPC objective is to minimize the tracking error in the positional coordinates and, with a small
weight, the tracking error in the velocity. Additionally, the control effort is minimized. The objective

function reads as
n+Nwmpc

Yl Xeer (i) gy + el - (29)
k=n

The dynamical system, state and control constraints are like in the pre-planning problem. The time
discretization is given by ivpc = 0.5s and the prediction horizon is defined by Mvpc = 12, which results
in a preview time horizon of 6s.
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During the flight, a no-fly zone arises which is added to the constraints of MPC’s optimization problem.
The no-fly zone is modeled as a cylinder with centerpoint (c,,¢,) in the horizontal plane, radius R, and
without specified limits in the vertical direction. The constraint is given by

(xk—cx)2+(yk—cy)2 >R?, k=n,...,n+Nuvpc. (30)

When the reference trajectory passes through this no-fly zone, the MPC avoids it, and the flight path
will deviate from the reference. At the point of maximal lateral deviation, which is determined by
exploiting the prediction on MPC’s preview horizon, a sensitivity-based reference trajectory update
is performed. In order to perform this update, at first, the reference trajectory tail is chosen, which
has its starting point closest to the current position. Then the corresponding pre-computed sensitivity
differentials are used to approximate the new reference trajectory according to with the current
state as the new parameter value. This approximation requires only a matrix vector multiplication and
two vector additions, enabling rapid online computation.

3.3 Software Environment

The discretized OCP of the pre-planning phase, as well as the MPC algorithm, are implemented using
the open-source software CasADi [9] in MATLAB. CasADi is an efficient tool for nonlinear optimization
and algorithmic differentiation, especially for optimal control and MPC. Within this framework, the
well-known solver IPOPT [10] is used to solve the underlying optimization problems.

3.4 Resulis and Discussion

The results of the path-following MPC with sensitivity-based reference trajectory update are pre-
sented and discussed in the following. Consider a no-fly zone with centerpoint (cy, c,) = (1000m, 800m)
and radius R = 400m. The MPC is supposed to follow the reference trajectory computed in the pre-
planning phase in section and to avoid the no-fly zone when it appears in the preview horizon.
Figure [1] shows the resulting trajectory of the path-following MPC in case the sensitivity-based refer-
ence trajectory update is performed.
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[

Figure 1 — Path-following MPC with sensitivity-based reference trajectory update

The result is compared with the case when no update of the reference trajectory is performed, see
Figure In this case, the MPC leads the aircraft all the way back to the old reference path after
passing by the no-fly zone. Moreover, during this flight phase, the aircraft is accelerated to quickly
reduce the tracking error in position.
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Figure 2 — Path-following MPC without reference trajectory update

Evaluating the energy consumption for both cases, which was the cost function of the trajectory
optimization problem in the pre-planning task, it can be observed that the flight resulting from the
MPC with reference update consumed more than 6% less energy than the flight resulting from the
case without update and even more than 10% less if only the part of the flight after the update
was performed is considered, see Figure [3 This shows that it is beneficial to update the reference
trajectory, in case it cannot be precisely followed due to constraints. The update can be computed
online at low computational cost by sensitivity-based approximations.

1500
/
/
/
_ 7/
1000 - !
/
/
— /
5 /
/
m
500
— ——— MPC without reference trajectory update
——— MPC with reference trajectory update
0 1 1 1 1 1
0 20 40 60 80 100

t [s]
Figure 3 — Energy consumption

A downside of the approximation in (3) is that the linearization is only justified in some neighborhood
of the nominal parameter. Problems occur if the set of active constraints changes due to large
perturbations. Then, in general, the sensitivity theorem is not applicable anymore, and the computed

9
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approximation of the perturbed solution may cause constraint violations where an inactive constraint
is entering the set of active constraints. Figure 4{ compares the approximated and the re-optimized
trajectory for the considered perturbed initial boundary condition when the sensitivity-based update
was performed. Here, it can be observed that the approximation caused a constraint violation at the
upper bound of 6r. But since in the presented approach this approximation serves only as a reference
trajectory, and the MPC takes these constraints into account as well, the overall resulting flight path
is feasible again. This is an advantage of the presented combination of MPC with sensitivity-based
reference trajectory updates.

2000 -20
1500 £ 0
=) N
\
\
1000 0
60 80 100 60 80 100 60 80 100

60 80 100

1 [deg]

60 80 10\0
t [s] t [s] t [s]

60 80 100

sensitivity-based approximation
— — — — re-optimized solution

Figure 4 — Comparison of approximated and re-optimized trajectory

4. Conclusion and Outlook

This paper presents a combination of an MPC algorithm with reference trajectory updating. The
updates are performed online at low computational cost via sensitivity-based approximations. The
approach is applied to a path-following MPC of a fixed-wing aircraft in a no-fly zone avoidance sce-
nario and shows its benefit in terms of optimality when the original reference trajectory cannot be
precisely followed due to constraints, such as the considered no-fly zone. Moreover, an efficient way
of computing the sensitivity-differentials by an appropriate matrix partitioning is provided. It is worth
noting that the theory presented here is not limited to sensitivity-based updates for perturbed initial
boundary conditions, but it can also be applied to other parameters of parametric OCPs. Integrating
this into the MPC framework will be the scope of future work.
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