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Abstract

Identifying an aircraft’s stability and control parameters from flight data is confounded by atmospheric gusts, a
coloured process noise: output error methods ignore it and become biased and overconfident, while filter error
methods, as usually applied, do not pool the heterogeneous responses whose shared parameters separate air-
frame inertia from the aerodynamic moments. From such a set of heterogeneous manoeuvres on a sub-scale
aircraft we recover the roll-axis inertia and aerodynamic moments jointly, and establish a two-pole actuator
lag model. This is enabled by the Gust Error Method (GEM) proposed here for linear dynamic systems: the
coloured process noise is decomposed by the Karhunen-Loéve transform into a low-order basis, whose coef-
ficients are estimated as random effects in a nonlinear mixed effects model. Treating each response’s gust as
a random effect lets GEM pool heterogeneous responses sharing a parameter set, with calibrated confidence
intervals under coloured noise; on synthetic data it recovers parameters across a range of gust intensities with
good coverage, matching the filter error method on a single response while extending to the multi-response
setting the application requires.

Keywords: system identification; process noise; Karhunen-Loéve transform; mixed-effects models; von Kar-
man turbulence

1. List of Symbols

Symbol Description

Indices

i Indexes over sampling units.

Jj Indexes over observation channels within a sampling unit.

k Indexes over observation timestamps within an observation chan-
nel.

m Index variable that does not share meaning outside its local con-
text.

Counts

n Number of observations.

M Number of sampling units in an experiment.

N Total number of observations across all sampling units, N = Y; ;.

q Number of random effects per sampling unit (dimension of Zi).

Scalars

t Time during a dynamic system response.

T Temporal displacement or latency.

b A single random effect variable.
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Symbol Description

A An eigenvalue of a matrix.

o? A variance.

Opn Process-noise intensity (variance) parameter of the roll-mode
simulation studies.

ngyro Roll-rate (gyro) measurement-noise variance.

r* Profiled log likelihood for the MLA method. The asterisk indicates
profiling out a scale variance o>.

g Per-sampling-unit weighted sums of squared residuals and
squared random effects.

n Mode information ratio (MIR).

p Aircraft roll model, roll rate.

o Aircraft roll model, aileron control input.

L, Aircraft roll model L, = %2.

Ls Aircraft roll model Ls = £

It Total body roll-axis inertia for a configuration, Iy = I o + B I.

I Baseline body roll inertia (no ballast).

I Known wingtip-ballast roll-inertia increment (flight 3).

B Ballast indicator: 0 (flights 1, 2), 1 (flight 3).

) Propeller angular rate (signed by rotation sense).

Vv Segment-mean measured true airspeed; fixed per response.

P Air density.

S Wing reference area.

by, Wing span.

Co, Non-dimensional roll-damping derivative.

Cy,, Non-dimensional aileron roll-control derivative.

ko Propeller reaction-torque (roll) coefficient.

Dw Rolling-gust angular rate.

S Zero-roll aileron neutral: location of the trim band (airframe asym-
metry).

O Servo-arm deflection: inner actuator state, observed by the wing
potentiometer.

o, Aerodynamic control-surface deflection: outer actuator state,
generates the roll moment.

T Lumped actuator time constant of the one-pole model.

Ty Servo (electromechanical) lag: first pole of the two-pole actuator.

T, Linkage/aerodynamic lag: second pole of the two-pole actuator.

gp Potentiometer affine gain (volts per PWM count).

Vo Potentiometer affine offset (volts).

ot Potentiometer measurement-noise variance.

Vectors

S L N T QN L B

Notation modifier for vector-valued quantities.
The state vector of a dynamic system.
The state vector at the start of a system response.

The state vector’s time derivative.

The observation model vector of a dynamic system.
The vector of control inputs.

The vector of process noise inputs.

Vector of measurements.

Vector of additive measurement noise.

Vector of residuals 7 =é =7 — Y.

A random function’s vector-valued KLT bases.



GEM: Parameter Identification under von Karman Process Noise

Symbol Description

b Vector of random effects.

0 The vector of dynamic system parameters.

4 The vector of variance parameters.

0 Vector containing system and variance parameters @ = [07,{T]T.

é Standard basis vector (1 in the position indicated by the subscript,
0 elsewhere).

Matrices

I Identity matrix.

A The sensitivity of the state derivative to the state vector.

B The sensitivity of the state derivative to the control vector.

G The sensitivity of the state derivative to the process noise vector.

C The sensitivity of the observation function to the state vector.

D The sensitivity of the observation function to the control vector.

H The sensitivity of the observation function to the process noise
vector.

R Covariance matrix of measurement noise €.

A Covariance matrix of b.

K Matrix-valued cross-autocovariance function. Operates on two
arguments: two coordinates within a random function’s domain.

Operators

p(x]y) Probability density of argument x given argument y. Argument x
contributes both meaning (distribution) and value (realised value)
to the operator. Argument y is optional and specifies only value.

E[] Expectation operator. E[x] = [ p(x) xdx.

| Hf”i = X A¥. Squared energy norm of vector ¥ for symmetric
positive definite matrix A. A =T if A is omitted.

tr(-) Matrix trace operator. tr(A) = Y, Aj;.

Distributions

N () ‘Gaussian’ or ‘normal’ distribution. First argument is the mean
vector and the second argument is the covariance matrix.

x%(k) Chi-squared distribution with k degrees of freedom; the reference

distribution for the Wald statistic.

2. Introduction

Estimation of dynamic system parameters is frequently desired for assessment, validation or to pro-
vide a system model for control purposes. For system parameter estimation purposes, an aircraft will
be flown with sensors to observe various quantifiable properties of the aircraft’s state, and the data is
analysed to estimate the system parameters that explain the motion. Aircraft system parameter iden-
tification techniques largely build on early maximum likelihood (ML) estimation by lliff and Maine [1].
Three main categories of time-domain techniques have arisen: Equation Error Method (EEM), Output
Error Method (OEM) and Filter Error Method (FEM). As the pattern in their names suggests, these
techniques are different approaches to modeling the errors present in dynamic system responses.
The reader is directed to relevant texts and literature for a full summary of these methods [2, 3, |4].

Critically with the existing formulations of EEM, OEM and FEM, a technique to estimate parameters
from flight data affected by both sensor noise and process noise (gust input) remains an area of diffi-
culty. EEM fits reconstructed state derivatives rather than the measured data directly, which amplifies
measurement noise and biases the estimates through correlation between the noisy regressors and
the equation error. OEM is susceptible to estimation errors and overconfidence when used to analyse
system responses affected by process noise, because the effect of process noise is bundled in with
sensor noise and assumed to be temporally uncorrelated when it is not. FEM addresses process
noise by modelling it as white noise additive to the states and estimating its covariance through a
Kalman filter. This is effective but carries practical restrictions: it assumes a steady-state (single
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optimal Kalman gain) applied to one homogeneous response, models the disturbance as white, and
does not extend straightforwardly to coloured gusts or to multiple heterogeneous operating condi-
tions. Both [2] and [3] present FEM as a specialised tool reserved for cases where process noise
genuinely cannot be neglected.

In [3] Jategaonkar emphatically states an important principle of data analysis, that “If it is not in the
data, it can not be identified.” (p. 103). This principle suggests a complementary perspective that any
phenomenon leaving a discernible imprint on the data is, in principle, amenable to detection and mod-
elling. It is this perspective that motivates the ideas explored in this study. An alternative technique is
presented to model the combination of sensor noise and process noise separately, which we term the
Gust Error Method (GEM). As the following sections show, GEM delivers calibrated confidence inter-
vals under coloured gusts and, by pooling many heterogeneous manoeuvres, recovers parameters
that no single response could identify. We demonstrate this on flight data from a sub-scale aircraft,
jointly identifying its roll-axis inertia and aerodynamic moment derivatives.

3. Methodology

Two key ideas are necessary for the GEM algorithm. Firstly, a low-rank representation of the process
noise sequence as latent random variables must be developed. Secondly, a mixed effects model is
used to estimate the low-rank process noise object as a multidimensional random effect jointly with
the system parameters and variance parameters.

3.1 Linear Time Invariant Model
The proposed technique is applied to linear time-invariant (LTI) systems of the form

X(t) = AX(t)+BU(t) + GF (1) (1)
Y(t) = CX () + DU (r) +HF (1) (2)
Z0) = V() +&, &~ (0.R)(0)), (3)

A sampling unit contains all of the data which belong to a particular system response whose process
noise (and therefore state trajectory and modeled observations) is independent of all other sampling
units. Because the likelihood structure to be developed is entirely independent between sampling
units, the dynamical system in a sampling unit may take a completely different form.

Frequently, dynamic systems are observed by a heterogeneous collection of sensors that do not
sample concurrently, or even at the same rate. Traditional analysis techniques address this by using
filtering and interpolation schemes to estimate the sensor values on a common synchronous grid
of timestamps. Filtering, interpolation and resampling introduces correlation in the regressands that
violates the assumptions in the error model. The software developed to support this work supports
sampling multiple different kinds of sensors on independent and ragged timestamp grids. Observa-
tions are divided into vector-valued channels, where each channel may have its own definition for the
matrices C;, D; and H; in ¥;(r) in terms of the system parameters 6, and its own measurement noise
model R;({).

4. Karhunen-Loéve Transform

Atmospheric turbulence is a continuous random function in R*. The random function’s value in effect
is drawn from a multivariate normal distribution over a Hilbert space. In practice, to deal with this
kind of object in a finite digital computer, the Hilbert space representation is approximated by eval-
uating the random function on a finite grid of coordinates within the random function’s domain. The
Karhunen-Loéve Transform (KLT) describes how an ordered coordinate space can be found where
the coordinate directions are ordered in descending order of ‘importance’. The effect of this ordering
is that the rank-m truncation is optimal in the mean-square sense: over all rank-m representations it

= =, 2 . . =, .
minimises the expected L? error E HF —FmH ] between the process and its truncation £, the residual

being the sum of the discarded eigenvalues.
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The KLT approximates a random function such as the stochastic process F(¢) as
=L by (1) (4)

where the experimental domain coordinate ¢t may be understood as either continuous (analytical treat-
ment) or discrete (evaluation in a finite digital computer), and the use of the symbol b* foreshadows
the role that the KLT coefficients will take later in the mixed effects modeling. To obtain the KLT’s
optimal low dimensional approximation of F(¢), the sum in (4) is truncated to a finite number of terms.
The order of bases in ¢*(¢), and the distribution of the corresponding b* is the critical contribution
that the KLT makes. The KLT selects the orthogonal basis ¢*() as the eigenfunctions, and b*, as
independently distributed with variance equal to the eigenvalues A,,, of the autocovariance «(z,)
over the random function domain, ordered by decreasing eigenvalue. If the domain coordinate ¢ is
instead treated as discrete, ¢*(r) are the eigenvectors of the autocovariance matrix of the random
function over the discrete domain, and the eigenvalues’ role in the distribution of b}, is the same as
in the continuous case. In the case of matrix-valued cross-autocovariance x(z,t’) (for example for
a vector valued process noise), the eigenbases 6*(t) comprise vector-valued eigenfunctions in the
continuous case, or vector-valued elements of the eigenvectors in the discrete case.

In the mixed effects modeling to come, it is convenient to bundle the magnitude of the random co-
efficients into the basis functions, so that the random coefficients can be treated as having equal
magnitude. The decomposition in (4) can be rewritten

i i) (5)

O (1) = \/ Am/ O i (1), (6)

so that the distribution of the coefficients is b ~ </V<6, A), where A is diagonal and the process noise

variance scale factors out so that A = o1. In the flight mechanics context the process noise variance
scale parameter oy Will not in general be known, so it must be kept accessible within the variance
model for later estimation.

The eigendecomposition underlying this expansion is guaranteed by Mercer’s theorem [5, 6]: a con-
tinuous, symmetric positive-semidefinite kernel (here the cross-autocovariance «(z,t'), with x(z,t') =
k(t',t)T ensuring a real spectrum) admits a convergent eigenexpansion. Karhunen [7] and Loéve [8]
(see [9]) showed that a random function can be expanded in these eigenfunctions with uncorrelated
random coefficients. On a finite grid this reduces to the discrete principal-component form actually
computed here.

Optimality in the process-noise L? norm (above) does not by itself guarantee that a given rank is ad-
equate for estimation: that depends on the system, because a mode is informative only through the
system’s response to it. Adequacy requires that the high-order, high-frequency modes become pro-
gressively less informative, which holds whenever the product of the noise colour and the system’s
response to the process noise decays with frequency. A dynamic system cannot respond instan-
taneously to a disturbance, so its response to process noise is attenuated at high frequency. The
method fails when the noise colour rises with frequency fast enough to overcome that attenuation;
the modes remain informative without bound and no truncation rank suffices. Directly measuring the
process noise (H # 0) strengthens this requirement, since the system’s low-pass action no longer
renders the high-order modes uninformative. A band-unlimited measured disturbance admits no
adequate truncation. Process noise whose power does not fall off at high frequency is, however,
physically uncommon.

5. Mixed Effects Model

A mixed effects model is used to model the likelihood of data that is partitioned into samqpling units,
where each partition is affected by a particular realisation of the latent random effect b;. The la-
tent random effect could be from any distribution, but the distribution dealt with in this work is
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b ~ Jl/(f), A,(C)) as described in This distribution is usually treated as identical between sam-

pling units, but the likelihood is not inherently encumbered so.

The likelihood of normally distributed & has the same form as the likelihood of normally distributed
errors €, and the total likelihood is their product. Estimating ¢, 6 and & jointly is the focus of this work
and is addressed in §6. the remainder of this section presents the probability of the data given the
model.

If the measurement model is Gaussian (which in atmospheric flight mechanics, is the prevailing as-
sumption) conditional on the random effects, then the probability density of the data is

o |- 1 Lz =,.-.]7?
Zi b,‘,@ = [ —= Zi—Y G,bi . 7
p(4]0) = G |5 z-Ten,, 7
A Gaussian prior on b gives the probability density of b
; 1 1 112
bile) = — |5 . 8
P(0) = Gora |3l ®

The marginal likelihood is the product over sampling units of the random-effects integral given by the
law of total probability

) db. 9)

o)~ (250

i=1

5.1 Maximisation Tooling

Software libraries that solve mixed-effects maximum-likelihood problems exist for general use, but
their assumptions are incompatible with the structural features identified above. 1me4 [10] in the R
Statistical Computing Environment [11] provides analytical gradients only where the model function is
closed-form or amenable to parameter-by-parameter finite-differencing; the dynamics constraint
requires forward integration of an ODE at every evaluation, with derivatives propagated through it,
which is outside its native scope. Template Model Builder (TMB) [12] compiles the model to C++
and differentiates it with CppAD, but CppAD requires a fixed computation graph whose operations
cannot depend on the parameters being optimised; the latency on some channels makes the graph
parameter-dependent in a way the backend cannot interpret. TMB’s state-space extension assumes
additive white process noise at each timestep [13], and representing coloured noise would require
augmenting the state with a shaping filter whose dimension depends on the rationality of the noise
power spectral density. For irrational PSDs such as the von Karman model no finite-state shaping fil-
ter exists; rational approximations introduce approximation error and lose the natural mode-truncation
interpretation the KL expansion provides.

For these reasons, a dedicated software implementation was developed, using the MATLAB [14]
mathematical computing environment.

6. Lindstrom and Bates’ Alternating Algorithm vs Modified Laplace Approximation
Mixed effects modeling for nonlinear models is not a class of problems with any exact closed form
solution.

Lindstrom and Bates’ alternating algorithm (LBA) [15] estimates model parameters for general non-
linear mixed models, requiring only first derivatives of the model function. The method works by
alternating between a penalised nonlinear least squares (PNLS) minimisation problem (solved iter-
atively), and a linearisation of the nonlinear model (first order Taylor expansion in the parameters
and the random effect variables) that allows estimation of variance parameters using a linear mixed
effects model (also solved iteratively). Under the first order Taylor expansion of the model in the
parameters, nonlinearity of the model is neglected in informing the likelihood. Readers are referred
to [15], or [16] for a detailed description of the method. Numerical testing (see LBA has shown
bias in parameter estimates for linear dynamic systems, so LBA is not treated in detail here. LBA
requires only the first derivatives of the observations ¥;(6,5;) with respect to 6 and b; for each system

6
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response, so the model evaluation burden is comparable to output error methods. Because prelim-
inary work indicated that LBA was less suitable than MLA, confidence in variance parameters was
not implemented.

A second approach approximates the random-effects marginal integral by Laplace’s method [17].
Applied to the nonlinear mixed-effects likelihood by Pinheiro and Bates [18], this yields a modified
Laplace approximation (MLA), which in their benchmark of likelihood maximisation schemes provided
a better balance of accuracy and performance than LBA. The MLA formulation results in the nested
optimisation problem for the logarithm of the likelihood (9)

A

® = argmax (" (10)

* 1 M A2
r=—3Yn [1+1og(2n)+1og(o )}

+log |Ai(¢)| +log [} (©.7:,by) | +log [Ri({)| (1)
I - R 2 )
[(©.Z;,bi) = || Z;— Y:(6.b; + 5 12
sl ) (8,51 R;({)"! A (12)
~ 1M oA N . M

which arises by taking a second order Taylor series approximation of the observations’ dependence
on b, so that the integrand’s dependence on b becomes an integrable Gaussian expression.

7. MLA Simplifications for Linear Dynamic Systems

The process noise input is decomposed by (5) into a sum of independent components, and a property
of linear dynamic systems is that the state trajectory response to a sum of inputs is the sum of state
trajectory responses to the individual input components. Explicitly, the state trajectory is linear in b,
as

q
X(1,bi) = X (1)l p)—5+ X bwX (0)]3,25.0()=6.F (5, (14)

m=1

and the observation model is therefore also linear in 7),- as

Y(t,b;) = CX(t,b;) + DU (1) + H Z bunm(t) (15)
— qi —

The dynamic system parameters determine the linear system sensitivity matrices, which may be
unique functions for each i and indeed, the dynamic system may even differ in the number of states,
control input dimensions and process noise input dimensions for each i. The linear system matrices
may be any ¢ continuous function of 8 as A;(8), B;(8), G;(8), C;(6), D:(9), and H;(8). The trun-
cation rank ¢; may take a unique value for each i. The process noise dimension may differ between
sampling units, and the basis functions (Ei,m(t) may also be unique to each sampling unit, and the
random function bases may each derive from unique cross-autocovariances «;(z,t).

The important consequences of linearity of ¥ (¢, ;) with respect to b; are twofold. First, the Hessian of
g with respect to b; is

d?(t,B,-)TR,ld?(t,B,-) _2d2?(z,z,-)T

g>.|<ll — 2 -
db; ' db db?

1

R [Zi0)— V(0.5 +280) 7, (17)
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but the second derivative term % is zero. Secondly, the term % is independent of b; so that
the Hessian gj‘”(@,Z-,B,-) is constant across the inner optimisation that finds &;. This linearity and
Hessian invariance allows a simpler form for the gradient of (11), detailed in

For a linear dynamic system the modified Laplace approximation is, in fact, not an approximation. Be-
cause the observation model is linear in the random effects, the marginalisation over them in (9) is an
exact Gaussian integral (the reader is referred to |18, [17] for the construction); the modified Laplace
likelihood is therefore the exact marginal likelihood for the linear models considered here, and the
finite Karhunen-Loéve truncation is the only approximation in the likelihood. This isolates the trun-
cation as the single controllable source of modelling error, and confirms that the variance-parameter

bias discussed in is a property of the estimator rather than of the likelihood approximation.

7.1 Mode Information Ratio

Using either MLA or LBA, a method to determine what rank to truncate the process noise at is
needed. The fit could be rerun with higher truncation rank, but this defeats the computational benefit
of truncating. Each element of 5 can be assessed using the ‘mode information ratio’ (MIR) 1, which
compares the weight of information from the data with the weight of information from the prior, in g;”.
Concretely, MIR is

AR
db; L db;
m,

Nim =
[

-, (18)

so that n;,, > 1 indicates the mode is primarily informed by the data and 7n;,, < 1 indicates the
mode is primarily informed by the prior. The quantities to compute MIR are readily available from
the optimisation routine. Because the KLT orders the modes in order of descending importance,
the least significant mode will usually be the highest order retained mode, and the most significant
discarded mode will usually be the least order truncated mode. This ordering is a heuristic, not a
theorem: a mode’s data information is the system’s response to that mode’s basis function, so n need
not decrease monotonically with mode index. If the truncation falls where the system’s frequency
response to the process noise has a trough, n may dip well below unity and rise again at higher
order; the practical safeguard is to inspect the n profile, or its maximum over retained modes, rather
than the last retained mode alone.

8. Simulation Studies
Simulation studies have been performed to validate parameter recovery performance under a range
of conditions, using synthetic datasets generated according to a known truth.

8.1 Aircraft Roll Mode Model

An aircraft roll mode model was used to create system responses, based on the roll mode simulation
study in [4]. The roll mode system is a single state dynamic system, with dimensional parameters
L, and Lg, which are normally the parameters of primary interest for estimation. The model also

contains the variances O'gzym and ojy. The state derivative was modeled as

p(t) = Lpp(1) + L5 8a(1) + Pgust (1), (19)

where the process noise pgust(t) has been explicitly modeled as stochastic angular acceleration with
the colour of von Karman roll angular rate turbulence using the power spectral density in [19], with
variance scale parameter o2y. The roll gust model assumed an altitude of 1000 ft, an airspeed of
50ft/s, and a wingspan of 6 ft. The measurement model is

Pmeasured () = p(tx) +€(t), (20)

wmamww@GZ@»

» Pgyro
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The synthetic experiment assumed that the observations were uniformly spaced at 100Hz, with
an applied aileron doublet input during a 10 second test segment. Fitting was conducted with the
true parameter values as starting estimates, for speed. Convergence behaviour was generally well-
conditioned from informed starts, though convergence from arbitrary initial estimates is not guaran-
teed and a systematic basin-of-convergence study is left to future work.

8.2 Rank Truncation Sweep

To characterise the adequacy of a chosen rank truncation and the MIR as the discriminator of useful
modes and irrelevant modes, a simulation study was performed sweeping over values of the rank trun-
cation. The roll mode experiment was simulated 1024 times and fit using a range of fitting techniques
to estimate the parameter vector ® = {L,, Ls, 03y, ngym }. Each of the N = 1024 datasets comprised
a single sampling unit (one system response), and the initial roll rate po was held at its true value
rather than estimated; the per-unit initial state is estimated only in the multi-response sweeps of §
and The FEM baseline fitting technique was applied to both white noise and coloured von
Karman roll angular rate turbulence, which was the only place in the truncation rank sweep where the
dataset generation differed between fitting techniques. The FEM technique presented in [4] requires
that the measurement noise be provided, so ngyro was fixed at the true value for the FEM fits and the
MLA (ngym fixed) fit, but not in any other case. The system parameters’ fit quality is shown in Figure
the variance parameters fit quality is shown in Figure [2land the MIR and timing is shown in Figure
Results at rank truncation of 128 are shown in Table [1] In all cases, the optimiser completed without
errors and reported that the solver halted having found a local optimum to within tolerance.

L, (truth —2) Ls (truth —10)
Fitter Bias RMSE Cov Bias RMSE Cov

FEM, white truth  40.36 049 79% +1.11 2.02 84%
FEM, vK truth +0.16 029 55% +0.53 1.11 61%

MLA (o5, fixed) —0.04 025 94% —0.11 088 95%
MLA (o, fitted) —0.04 025 93% —0.09  0.89 94%

LBA (ngyrofitted) +0.22 031 84% +0.55 1.01 89%

MLA, b,,-misspec —0.24 037 95% —0.43 1.07 93%
LBA, b,-misspec  +0.23 0.33 94% +0.38 1.02 93%

Table 1 — Parameter-recovery results at the adequate rank truncation (¢ = 128, N = 1024 datasets).
Bias, RMSE and 95% confidence-interval coverage for the system parameters L, (truth —2) and L;
(truth —10). FEM is shown on both correctly specified (white) and misspecified (von Karman) process
noise; MLA and LBA fit the correct von Karman colour, with two cases (b,,-misspec) fitting at twice
the true gust wingspan.

Smaller truncation rank results (not shown) exhibited very poor estimation performance, particularly
as the rank truncation was swept through eigenvalues whose eigenvectors exhibited sinusoid-like
behaviour at timescales comparable to the timescales of the dynamic system’s behaviour. This is
attributable to the process noise being allowed to asymmetrically explain parts of the response that
were close to directly confounded with the unforced response. At those low truncation ranks where
poor estimation was observed, n > 1 in all cases.

In Figures[f]and[2] the estimates, RMSE and coverage all reach a steady state from a rank truncation
of 128 and higher. Figure [3| shows that n has descended below 1 at 96 modes retained, where all
parameters except 6g2ym are steady at that truncation rank and higher, with only 6g2yr0 requiring more
retained modes. The behaviour is consistent with the proposed metric of n <« 1 for the smallest
retained mode as suitable for assessing adequacy of the rank truncation for estimation performance.
Ensuring that the last n < 1 was used to determine suitable rank truncation for all fits in the rest of
this work.

The FEM estimates are independent of truncation rank, so are shown as a level within the figures. The
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Figure 3 — MIR and timing information, for the rank truncation sweep.

FEM baseline here is supplied the true measurement-noise covariance and fits a single response in
which the process noise is modelled as white. Under these conditions its system-parameter estimates
are comparable to MLA’s but with higher RMSE, and its 95% confidence intervals are optimistic:
coverage falls below nominal because the coloured gust is absent from the error model. This is the
expected behaviour of any estimator that treats a temporally correlated disturbance as white, not a
deficiency peculiar to FEM; MLA attains nominal coverage because it represents the gust structure
explicitly. The residual bias of the FEM estimates in the correctly-specified (white-noise) case is
consistent with finite-sample bias under the weakly-informative single short response considered
here.

We do not claim a decisive single-response advantage. Coloured process noise could in principle be
brought into FEM by augmenting the state with a shaping filter matched to the gust spectrum, and
for a rational spectrum (as in the roll-rate case here) that filter is exact. The standard treatment [3]
nonetheless advises against extending the model to track noise colour, holding predictive capability
to be primary; the FEM baseline used here reflects that recommended practice and the published
formulation of [4]. For the general aircraft case, where the gust spectrum is irrational and no finite
shaping filter exists, GEM instead represents the disturbance natively through the Karhunen-Loéve
expansion.

More fundamentally, estimation from a single response conditions all inference on one realisation
of the stochastic disturbance. Without replication the disturbance cannot be averaged out, so its
projection onto the parameter directions enters as bias that lengthening the response only attenuates.
Replication across independent responses is what removes it: the sampling-unit study of §8.4]shows
the system-parameter bias decaying as responses accumulate, and the flight application of with
18 independent responses, yields estimates that are consistent across two datasets. This replication-
based consistency, rather than any single-response margin over FEM, is the substantive advantage
of treating the process noise as a random effect.

As truncation rank increases 6g2ym reduces, as higher order truncated modes allow variance in the
data to be explained as the effect of process noise. Coverage of 6g2ym is poor and its estimate upward-
biased at low truncation rank; the mechanism behind this variance mis-attribution is examined in §
[8.4] The LBA method provides comparable estimates in the rank truncation sweep, with similar
dependence on rank truncation as the MLA estimates. LBA exhibits inferior bias behaviour and
RMSE as compared to MLA for the correctly specified models. The MLA and LBA estimates with
misspecified process noise colour show deterioration in the estimates’ bias and RMSE. Confidence
interval coverage does not significantly deteriorate for the parameters of primary interest, though
coverage deterioration due to bias may be masked by the wide estimate variance due to modest
information content in the synthetic dataset considered here. Process noise intensity estimates obtain
significant bias when the process noise model is misspecified, though this is not surprising.

The computational cost of MLA is much larger than that of LBA, which is itself much larger than that
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of FEM. The cost of MLA grows linearly with the number of parameters, system response duration
and number of records, and slightly faster than linearly with the rank truncation: the per-iteration
inner solve over the random effects, together with the associated log-determinant and trace terms,
carries an O(g?) cost from factorising the ¢ x ¢ random-effects Hessian, which adds to the otherwise
linear scaling and dominates at high rank. One caveat is that as a system response grows longer,
the required truncation rank will grow, as there are more resolvable details of the stochastic input in
a longer system response. The computational cost’s linear growth with the number of responses and
faster than linear growth with the response duration incentivises an approach to experiment design
with many information-dense short responses, whereas FEM’s applicability mainly to single system
responses motivates creating a single response containing all of the information required for the
model parameters to be estimated. Many short responses also de-risk the experiment operationally,
because a single long manoeuvre must hold the linear regime over its full duration (tolerating air-
speed drift and altitude loss) and invites conditioning the result on one favourably-behaved response,
whereas with short manoeuvres additional information is simply a matter of repeating the manoeu-
vre. The simulation study was conducted on a desktop PC with an AMD Ryzen 9 7950X3D CPU
and 64 GB of system RAM, using MATLAB parallel execution (via parfeval ()) across the inde-
pendent replicates; each individual fit ran on a single worker, so the reported per-fit timings reflect
single-threaded performance.

8.3 Process Noise Intensity Sweep

To investigate the effect of process noise intensity, a simulation study of N=1024 datasets each con-
taining 8 system responses was conducted. The initial state for each response was estimated, so
that the whole vector of estimated parameters was © = {L,, Ls, Gpy, Ogro } U{po.i} ;. The mean
estimate, RMSE and coverage are shown in Figure [4]

The LBA estimates’ quality shows significant deterioration with increasing process noise intensity,
with increasing bias and deteriorating coverage for the system parameters. In contrast, the MLA
estimates do not show significant bias or undercoverage for the system parameters. In both cases,
RMSE increases (except for relative o2, RMSE) as the process noise intensity increases. The system
parameters’ RMSE increases with o3 because a process noise sequence that mimics the effect of
any of the other parameters is proportionately more likely. The measurement noise RMSE increases
because it confounds more directly with higher order process noise modes. Conversely, because
a larger process noise intensity has a larger effect on the data it is more informed by the relevant
modes and there are more relevant modes, reducing its RMSE.

MLA coverage for 6§er deteriorates substantially as process noise intensity increases. Measure-
ment noise is not usually a parameter of primary interest, so this is not critical for aircraft parameter
estimation.

8.4 Sampling Units Sweep

To compare MLA and LBA performance with larger datasets, a simulation study across the number
of system responses was conducted. The estimated parameters in this case were ® = {L,, L,

oA ngym}u {po.i}¥,, and N=1024 simulated datasets and fits were conducted for each case. The
process noise was set to o2y = 0.1rad?/s*, and parameter recovery is shown in Figure

As more sampling units are included, the inadequacy of LBA becomes apparent. The system pa-
rameter estimates remain biased and coverage declines to zero, as the parameter variance about
the biased mean is increasingly resolved as distinct from the true value. The process noise intensity
sweep of shows that LBA accumulates bias as the process noise increases, and the sampling
unit sweep in this section shows that this bias does not reduce when a larger dataset is available.
The conclusion for linear dynamic system parameter identification therefore is that LBA is unsuitable
due to both bias and undercoverage, even though it alleviates the need to compute mixed second
derivatives of the modeled observations.

MLA system parameter estimate performance behaves desirably as the dataset grows. Estimate bias
reduces, RMSE improves and coverage remains steady. Variance parameters show less desirable
behaviour, with bias in the mean and undercoverage as the dataset grows. Despite the coverage

decline of 6g2ym for fits with more sampling units, the RMSE decreases while bias remains steady. This
12
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Figure 4 — Simulation study showing parameter fit quality vs process noise intensity: system
parameters (top) and variance parameters (bottom).

indicates that the estimation of 6g2ym is becoming more tightly distributed around the biased value, but
the biased estimate is not departing further from the true o-gym as the dataset grows. Coverage for
64y remains nominal, with similar behaviour for the estimate bias and RMSE.

The persistent upward bias of 6g2ym is not a finite-sample effect that more responses remove, nor
an artefact of the likelihood approximation (exact for a linear system, §7.); it is a property of the
maximume-likelihood variance estimate. It arises from a likelihood-geometry asymmetry. Setting a
weakly-informed high-order KL mode to zero returns its contribution to the residuals, but that contri-
bution is an oscillatory, high-frequency signal: being sign-balanced, its first-order effect on the Gaus-
sian likelihood cancels and only a small second-order penalty remains, which a slight inflation of the
measurement variance readily absorbs. Moving the high-order modes away from zero, by contrast,
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incurs the large cost of their strong regularisation. The estimator therefore prefers to estimate these
modes as essentially zero and to charge the variance they would have carried to the measurement-
noise model. The effect is not removed by the rank truncation; it is expected instead to attenuate with
longer individual responses, where more residuals must absorb each equally weakly-informed mode
at a higher likelihood cost, though this is not characterised here. Equivalently, the rank-truncated
estimator slightly under-attributes variance to the random effect and over-attributes it to the measure-
ment noise: the process-noise intensity 65 shows a slight downward bias across this sweep, of the
character carried by maximum-likelihood variance components (and addressed by REML), whereas
the upward bias of 6'g2ym is amplified by the truncation and would persist under REML.
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8.5 Simulation Study Conclusion

The simulation studies presented show that within GEM, the MLA algorithm provides superior esti-
mates to LBA, that are consistent with maximising the log likelihood Similarly to the conclusion
drawn by [18], we feel that the improved estimation performance of MLA relative to LBA justifies its
increased computational cost in all applications to real data, though LBA may be useful to provide
initial parameter estimates to warm-start MLA.

9. Application
9.1 Test Platform and Flight Testing

A test platform based on the ZOHD Nano-Talon EVO has been developed for flight dynamics re-
search. The platform uses ArduPilot [20] software on a MATEK H743WING computer to provide
flight stabilisation, navigation, autonomy and logging. A LUA script to facilitate open-loop command
injection during automated waypoint flight has been developed, enabling large numbers of doublet
inputs to be conducted.

Sensing The flight computer incorporates an inertial measurement unit (IMU). The aircraft’'s servos
have been modified so that the internal position sensing potentiometer (pot) can be logged. The
servo’s internal potentiometer has substantial noise and experiences large deviations in voltage when
the servo is under load, likely due to changes in the pot supply voltage as described in [21]. A pitot
tube measures the airspeed, though in the present study this data is only used to set the mean flight
speed during an aileron response. The pitot tube was calibrated prior to data collection for this study.
The aircraft is also fitted with a GPS, magnetometer and three aerodynamic vanes, though these are
not used in the present study.

Experiment Three flights were conducted in varying configurations. The first flight was a baseline
configuration with no ballast and a 6x4E APC prop. The second flight used a reverse direction
propeller (6x4EP APC prop), and no ballast. The third flight used the reverse direction propeller,
and included 20 g of lead ballast 70 mm inboard of each wing tip. In each flight, a waypoint mission
was conducted with positive and negative doublets of the aileron servo command at three airspeed
setpoints. The entire waypoint mission was completed twice in each flight, to form the ‘Sweep 1’ and
‘Sweep 2’ datasets. Similar doublets in each flight on the elevator, rudder and throttle controls were
conducted, but are not used in this analysis. A tight time window of data was selected from each
aileron doublet, to minimise the effect of velocity variation and slower Dutch roll or other dynamic
behaviours.

9.2 Model

Configurations Three flights share one airframe; the fit is joint across all aileron-doublet segments,
with config entering only through 7 and the propeller input sign:

fit1: =0, APC6x4E (+)
Ir =10+ B I, fit2: B=0, APC 6x4EP (—, reversed) (21)
flt3: B=1, APC 6x4EP (—, reversed)

Dynamics The quantity of interest is the body roll rate p, which the rate gyro observes directly.
Writing oc¢r for the effective control-surface deflection (set by the actuator model below) and p,, for the
rolling gust (a rotational velocity process noise, represented by the Karhunen-Loéve expansion of
D, the roll-moment balance is

k 5 -
p:LP (p_pw)+L5 (66ff—60)+ fw,% ) Zgyro =p+E, € NJ/(O, ngyro> , (22)
aero damping aileron ~—

prop reaction torque
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with the dimensional roll derivatives expressed through the fitted non-dimensional coefficients and
the per-response airspeed V,

_ pVShLCy, _ pV2Sh,Cy,

2
P 41y 0 217 (23)

The aero damping acts on the airframe rate relative to the gust, p — p,,. The rolling gust represents
the roll-axis rotational rate produced by the spanwise gradient of the vertical gust velocity, with the
colour of the von Karman rolling-rate spectrum [19]. Over the short aileron-doublet window it is
the dominant roll-axis disturbance, and the translational (8, a) gust components are not modelled.
The single-state roll model is a deliberate simplification that neglects the airframe’s lateral-directional
(Dutch-roll) coupling. The tight aileron-doublet window was chosen partly to limit it.

Actuator models The commanded aileron J, reaches the surface through the servo and linkage.
We compare three nested representations of o, all sharing the input latency t, on the command
O4(t — 14):

* No-lag: (1) = 8,(t — 1,), where the command drives the surface directly (gyro channel only).

» One-pole: a single first-order actuator state J,

T Sx = 5a (t - Ta) - 63'7 aeff = 5s- (24)

» Two-pole: a servo stage feeding a linkage/aerodynamic stage,

T, 8 = 8,(t — 1) — &, T, 8. = 8 — &, Ocft = Op. (25)

The one- and two-pole models add a second observation channel: the internal servo potentiometer
(pot) reads the servo deflection through an unknown affine map, at its own observation latency 7,

Zoot = 8p O+ v0+Epots  Epor ~ A (0, Opy) - (26)

The affine map neglects the load-dependent supply variation noted above, which is treated here as
part of the pot measurement noise. The models are strictly nested: no-lag is the one-pole limit 7 —0,
and the one-pole model is the two-pole limit 7, — 0 (the servo state then both drives the moment and
is observed by the pot). The one- vs two-pole comparison is therefore a nested test on a shared
(gyro + pot) observation set, with the no-lag fit serving as a latency-only baseline.

Propeller-sign data convention The reversed propeller (flights 2 and 3) is handled in the data
by negating both propeller input entries, w, - —w, and wﬁ — —a)ﬁ (an explicit signed square, not a
re-squaring), leaving L,,Ls, ko config-independent.

Pre-Processing The data were not filtered, interpolated, or resampled to a uniform grid. Such
pre-processing is common in flight-test parameter estimation, but it alters the measurement-noise
statistics and breaks the independence and covariance assumptions the error model relies on. Be-
cause the present method models the measurement error explicitly and operates directly on the flight
computer’s reported, non-uniformly-spaced timestamps, this pre-processing is unnecessary and is
deliberately avoided. To examine the effect of dataset size, the gyro data were decimated (by mask-
ing to every m-th sample) to nominal rates of 150, 300, 500 and 1000 Hz.
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Parameter inventory

* Global 6: aerodynamics {Cy,, C, , ko}, inertia I, o, input latency 1,; plus the actuator set (none,
{T}, or {T},T,}) and, for the pot models, {g,,vo,7,}

* Local, per response i: V; (fixed = segment-mean measured airspeed), the initial roll rate po;;
for the two-pole model the free aero-surface initial state o.(; (the servo initial state is held at the
command, because the preceding 100 ms of the flight held the aileron command fixed).

* Known/fixed: I,, &, p, S, by, Bi.

» Variance {: gyro oZ,.,, gust intensity ojy (§4.); and, for the pot models, o,

pot

9.3 Resulis and Discussion

The proposed models were fitted to the data using MLA, and the primary interest parameters esti-
mated for the two-pole model are shown in Table [2, Table |3 shows the likelihoods for the one-pole
and two-pole models, AAIC and ABIC to discriminate them, as well as a Wald test for consistency in
the primary-interest parameters between the two-pole models identified for Sweep 1 and Sweep 2
datasets. Figure [6| shows the process noise realisations from the three fitted models in the Sweep 1
fit using 1000 Hz gyro data. Figure|/|shows the state trajectory and comparison with measurements,
for a selection of positive doublet responses from the two-pole Sweep 1 fit. Figure[8|shows correlation
information for the parameter estimates’ variance.

Parameter Sampling rate (Hz)

150 300 500 1000

Sweep 1
C, —0.500(0.103)  —0.431(0.063)  —0.441(0.064)  —0.447(0.063)
Cy,, (IPWM, x1074) —3.24/(0.66) —2.82(0.40) —2.89(0.41) ~2.92(0.40)
ko (Nm/(rad/s)?) —0.0246(0.0147)  —0.0208(0.0106)  —0.0211(0.0109) —0.0216(0.0109)
I (kgm?) 0.0079(0.0021)  0.0064(0.0012) ~ 0.0068(0.0013)  0.0069 (0.0012)
74 (M) —30.1(2.9) —28.1(1.8) —28.8(1.7) —29.0(1.5)
(ms) 16.7(2.5) 16.4(2.4) 16.4(2.4) 16.3(2.3)
T, (ms) 10.3(5.6) 13.8(4.4) 12.5(3.9) 12.5(3.6)
7, (MS) 11.6(3.8) 13.8(2.7) 13.1(2.6) 13.0(2.5)
02y (rad?/s?) 0.013197000005  0.0129170:99033  0.01264 7000042 0.012287 00003
opy (rad?/s?) 0.22070059 0.1637003) 0.1657 0030 0.16475:053

Sweep 2
C, —0.374(0.047)  —0.384(0.049)  —0.393(0.050)  —0.407(0.052)
Cy, (IPWM, x1074) —2.43(0.30) ~2.50(0.31) ~2.56(0.32) —2.65(0.33)
ko (Nm/(rad/s)?) ~ —0.0201(0.0080) —0.0210(0.0085) —0.0213(0.0088) —0.0223(0.0093)
I (kgm?) 0.0050(0.0010)  0.0054(0.0010)  0.0057(0.0010)  0.0060 (0.0010)
7, (Ms) ~27.7(1.9) ~28.5(1.8) ~29.0(1.7) ~29.3(1.5)
Ty (ms) 16.0(2.6) 16.1(2.7) 16.1(2.7) 16.1(2.6)
T, (ms) 16.3(5.5) 14.4(5.1) 13.6(4.5) 13.2(4.0)
7, (MS) 13.7(2.8) 12.9(2.9) 12.4(2.8) 12.1(2.6)
ngym (rad®/s?) 0.01512700010F  0.013807000000  0.013497000038  0.013020000%3
oy (rad?/s?) 0.13070:03 0.14370-058 0.14970-953 0.15570:038

(1.96SE, parenthesised).

Table 2 — Two-pole actuator-model parameter estimates.
Variance parameters (;,,, Opy):

System parameters: 95% half-widths
asymmetric 95% log-normal intervals

(vet!-96SE(ogy) “shown as T offsets) reflecting the exponential variance parameterisation. The vari-
ance estimates carry a small rank-truncation bias (§8.4); their wide intervals indicate the variance
error here is dominated by information deficiency rather than that bias. Columns are nominal gyro
sampling rates; the two airspeed sweeps are stacked vertically.

The dynamic model was developed progressively, and the use of many similar manoeuvres allowed
comparing estimated process-noise realisations directly for any discernible nonrandomness. If the
model is misspecified, then the estimated process-noise realisations may contain features that are
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Sweep Rate (Hz) ¢ Nobs  kip kop  —13 —05 AAIC ABIC maxn

1-pole 2-pole
150 30 2578 30 31 -—-2018.8 —20229 —-63 -05 023
1 300 36 4864 30 31 -—-36184 —3633.5 —-283 -21.8 0.21
500 40 6974 30 31 —-5179.7 —5194.9 -284 -21.5 0.19
1000 48 13310 30 31 —-9999.7 —-10019.2 —-37.0 —29.5 0.19
150 30 2578 30 31 —1932.6 —19474 -27.6 -—-21.7 0.16
2 300 36 4864 30 31 -—3486.2 —3500.8 —27.1 -—-20.6 0.19
500 40 6979 30 31 —4971.6 —4988.5 —-31.7 —-249 0.19
1000 48 13315 30 31 —-9623.1 —9644.2 —-40.3 -32.8 0.19

Rate (Hz) x?2 (7 dof) p

150 8.1 0.320
300 22 0946
500 2.6 0916
1000 1.9 0.963

Table 3 — Two-pole (servo+aero) vs one-pole actuator model. —¢* is the profile negative log-
likelihood; A = two-pole — one-pole, so negative favours two poles. Both models share the bounds-
fixed pot observation set (nqs identical per cell). ki, ks, are the free-parameter counts; the two-pole
model adds a single parameter (the second actuator pole; the per-response surface-deflection initial
state is held fixed), so its BIC penalty klognqs is marginally the larger. ¢ is the KL truncation rank
(common across units); maxn is the mode-information ratio of the least-significant retained mode
(ni.4;» worst case over sampling units) for the two-pole fit — < 1 confirms the truncation has reached
the prior-dominated regime. Lower panel: cross-sweep consistency of the two-pole core parameter
vector (Wald 2, 7 dof).

no lag

single pole

two pole

sign-flipped p,, [rad/s]

-2F -2f -2r sign-flipped p,, (per doublet)

2 C10ss-doublet mean

0 0.2 0.4 06 0 0.2 0.4 06 0.2 0.4 0.6
time from segment start [s] time from segment start [s] time from segment start [s]
Figure 6 — Estimated process noise realisations, with a factor —1 applied to negative doublet inputs,
for the three models applied to Sweep 1 dataset with 1000 Hz gyro data. The mean process noise
(red line) reveals any consistent behaviour, indicating model deficiency that is being absorbed into
the process-noise estimate.

similar across responses, which account for the same model misspecification affecting the responses.
The no-pole estimated process-noise realisations in Figure [6] demonstrate a consistent behaviour
that is apparent in the mean process noise, with a strong negative peak at + = 0.15s and strong
positive peak at r = 0.4s. These peaks are consistent with an unmodeled transient behaviour shortly
after the aileron movements during the doublet, and this phenomenon motivated the one-pole and
two-pole models during model development. The similar shape of the peak after t = 0.4s in the one-
pole estimated process-noise realisations motivated the addition of the second pole in the actuator’s
lag model. The two-pole lag model shows the least coherent estimated process-noise realisations,
though three sharp negative peaks remain and a slow positive peak from ¢t = 0.2s to r = 0.7s. The
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Figure 7 — Model and data for the first three positive doublets from Sweep 1 fit on 1000 Hz data.
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Figure 8 — Parameter estimates’ correlation in Sweep 1 fit on 1000 Hz data. Subfigures b and ¢
visualise the correlated parameters’ relation to the dimensional dynamics (L, and L for (b) and (c)
respectively), for both sweeps’ fits on 1000 Hz data.

sharp negative peaks coincide with the three aileron movements during each doublet, suggesting
that some transient unmodeled dynamics remain. The slower positive peak may be attributable to
unmodeled Dutch roll dynamics. All modelling is an approximation, and the two-pole lag model
identified for the aileron actuator dynamics was deemed sufficient for the demonstration of GEM
using MLA.

Formal discrimination requires a likelihood criterion evaluated on a common observation set. The no-
pole model can already be set aside on the coherent process-noise realisations alone, but because
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it omits the potentiometer channel its likelihood is computed on a different observation set and is not
AIC/BIC-comparable. Among the one- and two-pole models, the likelihood improvement justifies the
additional lag; both AIC and BIC favour two poles strongly in every case except the 150Hz case for
Sweep 1 where the comparison is marginal. The AIC and BIC comparison is made at a common
truncation rank ¢ for both models at each sampling rate and sweep, so their likelihoods are compa-
rable. Likelihoods at different truncation ranks are not comparable, because the rank enters through
log|Ai], log|g;”| and o2.

Because both sweeps measure the same airframe, the primary-interest parameters {C,, Cy; , ko,
Ivo, T, Ty, T,} should agree across them. Because Sweep 1 and Sweep 2 comprise disjoint sets
of doublets, their estimates are statistically independent, so the per-rate Wald tests (Table [3) use
the summed covariance to test for a discrepancy exceeding the joint sampling uncertainty; none is
found at any sampling rate (p = 0.32—0.96). This is a consistency check rather than a positive demon-
stration of reproducibility: given the modest per-parameter confidence the test has limited power, so
a non-significant result indicates the absence of evidence of inconsistency rather than evidence of
agreement. A significant result, by contrast, would have been a clear warning of model misspecifi-
cation or an estimation pathology; its absence is necessary, but not sufficient, for confidence in the
estimates.

The parameter estimates shown in Table [2| show differences in the primary interest parameters that
are moderate relative to their magnitudes, but small relative to the joint sampling uncertainty (the Wald
tests above). Whilst the confidence in parameter estimates is modest, the intent of MLA is to correctly
model the experimental error, including process noise, to produce accurate confidence intervals. The
contrast experiment that is enabled by jointly estimating across different parameterised linear dy-
namics models allows the aircraft body inertia to be estimated alongside the aerodynamic coefficient
derivatives, whereas {C,, C, , Iro} Would be unidentifiable from any single system response. Simi-
larly, because the dynamics are parameterised in terms of the airspeed-independent non-dimensional
coefficients, a single global parameter set describes linear dynamic system responses at every air-
speed. However, despite the modest confidence in parameters, the strong correlation (see Figure[8g)
between Cy,, Cy, and I, means that the ratio of these parameters is more tightly determined than
the single-parameter confidence intervals might suggest, as visualised in Figures and [8c. The
extremely strong correlation between C,, and C,, reflects the fact that the roll rate does not ex-
hibit significant behaviour in any of the system responses except as induced by the aileron, and
the steady roll rate is well informed. The cluster of correlation in the timing parameters reflects the
weakly informed trade-off between lag attributable to the servo dynamics, and lag attributable to the
linkage-aero dynamics.

The confidence bounds presented in Table [2 show that increased sample rate provides only a mod-
est improvement in parameter confidence. The information-deteriorating effect of process noise is
uniform across gyro sampling rates, and higher gyro sampling rates mainly serve to provide a better
resolved picture of the process noise, but do not de-confound the process noise’s potential to explain
what might otherwise be attributed to a system parameter. The timing parameters { z,, 7, 7,} confi-
dence improves the most at higher sample rate, reflecting their genuine higher-bandwidth behaviour.
The T timing parameter confidence improves only modestly, because it is informed primarily by the
potentiometer data which are included at their native nominal 50 Hz rate in all fits.

10. Conclusion

In this paper we have proposed the Gust Error Method (GEM) as an alternative approach to aircraft
system parameter identification subject to coloured process noise, to complement existing EEM,
OEM and FEM techniques. The primary insight that enables GEM is representing the process noise
realisation as a series expansion in Gaussian random coefficients that multiply basis functions de-
termined by the Karhunen-Loéve transform of the process’ cross-autocovariance, and treating the
coefficients as random effects in a mixed effects model. To apply the technique to flight data prob-
lems, an optimisation routine using the modified Laplace approximation was developed, making use
of the linearity of a linear dynamic system with respect to input signals. Because the Karhunen-Loéve
decomposition of the process noise relies on evaluating the process’ cross-autocovariance over the
experiment domain, the technique is applicable to power spectral densities with fractional power laws,

20



GEM: Parameter Identification under von Karman Process Noise

such as von Karman gust spectra. GEM expands on the scope of problems that FEM is applicable
to, to include parameterised linear models, so that responses with differing linear systems but shared
underlying parameters can be fit jointly in the presence of coloured process noise. Because it pools
information across independent responses, each carrying its own gust realisation as a random effect,
GEM also recovers the parameter consistency that single-response estimation, conditioned on one
realisation of the disturbance, cannot attain.

The modified Laplace approximation formulation has been validated on synthetic data for comparison
against a FEM baseline and the alternative Lindstrom and Bates alternating algorithm for solving
mixed effects models. The performance of the estimation technique with increased process noise
intensity and increased number of system responses was also investigated, affirming the selection of
modified Laplace approximation formulation against the alternative. The mode information ratio was
presented as a means of assessing the rank truncation for adequacy in capturing the modeled noise,
given the available information in the data.

Across two independent datasets, GEM provided consistent parameter estimates. Despite modest
parameter confidence, strong correlation in parameter estimates confines them to a narrow range of
dynamic behaviour. The application showed that parameter confidence in estimates improved only
modestly with higher sampling rate data about the same flight manoeuvres, because process noise
provides an information-deteriorating effect that cannot be overcome by better resolving it.

The present formulation of GEM using modified Laplace approximation estimates process noise re-
alisations using a rank-truncated approximation of the true cross-autocovariance of the process over
the experiment domain. The Karhunen-Loéve rank truncation provides optimality in the process
noise space, but not in the measurement space where the dynamic system is actually observed.
GEM is currently restricted to linear dynamic systems, though they may be parameterised across
responses according to the operating point of each response. This linear restriction is shared with
filter error method as presented in the literature, where the nonlinear filtering the general case re-
quires makes the estimation considerably harder. Output error method, by contrast, applies directly
to nonlinear dynamic systems, which remains a genuine advantage over GEM. Future improvements
to GEM could include expansion to apply to nonlinear dynamic systems, alternative treatment of the
rank truncation, a formulation that incorporates noise colour parameters, optimisation to reduce the
computational cost, and application to more real world data.
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A Gradient and Hessian of the Log Likelihood
1.1 Gradient With Respect To Observation Model and Variance Model
The gradients 45 (%5 and ‘jfg) and dé are required for gradient-based minimisation of (11). First,

define four sub-terms

T

g 5
= ‘5,.:21”1' [1 +1log(2m) “Og(c’z)]

+log |A(¢)] +log|g" (®,Z:,b;)| +log|Ri()], (27)
—_——— T
T pg %

T3

which contribute their per-sampling-unit derivatives additively to the ¢* gradient and therefore can be
examined independently.

Derivative of T

By the envelope theorem, since b = argming g7 implies dg,lg ) -9 (so that the implicit contribution to

i

dd% through % vanishes) the gradient of 7; for x € {6, ¢, b;} reduces to

dT(l) ; )
L ndo (28)
dx o2 dx
dc? 1M dgt(h)
- J 29
dx N& dx (29)
The per-sampling-unit g; derivatives are
dg* T ,1d?i(eazt)

L=-2/R 30
do AT (30)
dg; T o-1dRi(E) o1 37 _1dAi(8) -17
dC rl 1 dC 4 r 4 (C) dC (C) (3 )
dg* avi(6,5)"

i TR RV 4 2A(E) b, (32)
db; db;

with % = Z; — Y(0, b, i)- The gradient with respect to b; vanlshes at the inner optimum &; but is non-zero
for general b;, as required for joint optimisation over ® and b;.

Derivatives of T, and Ty
= log|A;(§)| and Ty = log|R;(&)| are log-determinants of covariances that depend only on ¢, so

0 0 (0 0)
‘Ze = dT =0and — 4T, ddTb = 0. By Jacobi’s formula for the derivative of the log-determinant,
(@)
dTy,” (a1 40i(E)
ic _tr(A,(C) i ) (33)
(i)
ar,’ o1 dRi(E)
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Derivative of Tz

For a linear dynamic system, the Hessian g;” simplifies to
o .dYi(0,b; _, dYi(0,b;
g7 =2 OB g oy dTLOB)

-1
i i +2A:(8) 7, (35)

which is independent of b; (the constant-Hessian property described in but varies with ®. Jacobi’s
formula gives

(i) *I
ary” -1 dgi
dx —tf(( i) dx ) xe{euc}v (36)
(i)
dT. .
d% =0, (37)
with the Hessian derivatives
dg" a4y " L dv
8i _p ¢ R(() =
do db;d6 db;
- T -
dy; dY;
+2—=" Ri(§) ' =+ 38
db, (6) db;do (38)
dg?’ av,” L dR(§) ., dy,
=21 R; R; =t
ac i, (€) 4t (€) i,
L dA; B
—2n0) B o) (39

Assembled gradient
The gradient of ¢* aggregates the per-term contributions with the overall —% factor from (27):

x (i) (i) (i)
df dT dT dT. dT,
dx dx dx
For a linear dynamic system, the per-parameter contributions specialise:
a1 ¥ [ar?  ar)?
== =3 41
de 2; [ doe + do (41)
a1 far)) ary) ary’ ar)’
— = + + + (42)
g~ 2k [ a¢ tar tag ta
* (i)
de 14T,
5> — — <= . 43
db; 2 db; 43)

The assembled gradient %, including the T3 mixed-derivative term, was verified against a real central-
difference of the profile log-likelihood.

1.2 Finite Differencing the Dynamic System Model

MATLAB’s native complex type allows complex step differencing of the observation model evalua-
tion. Complex step differencing requires the observation to be analytic in 8; a linear dynamic system
satisfies this when its matrices are analytic and the integrator uses no non-analytic operations. In
this work, the entire state trajectory is integrated and observations evaluated using imaginary per-

turbations to 6. The second mixed derivative required to evaluate ZZ’ can be exactly evaluated by

i
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noticing that an imaginary step with respect to 6 and a real step with respect to b; gives the Taylor

expansion

Y (©+ihe,, b+kéy) = (¥ +ihde,¥ —5 03 ¥ —i' 03 ¥) +kd; (V+ihde,¥ —5 93 ¥ —i' 03 V) + O(h*),
(44)

which leads to the finite differencing stencil

25 3|Y(®+ihe,, b+ke,) —Y(®+ine,, b
d Yq _ [ ( P )=¥( P )} o). (45)
00, 0db, hk

The model evaluation ¥ (® + ihé,, b) can be reused from the complex step evaluation for the first
derivative of the system model. Because ¥; is exactly linear in b;, the real step k enters the stencil
exactly: there is no &'(k) truncation error, and k may be taken of order unity (indeed k = 1) rather than
small. This is also the numerically prudent choice: the cross term is recovered from the difference
of two nearly-equal imaginary parts, so a small k£ would reintroduce the subtractive cancellation that
complex step differencing otherwise avoids, whereas an ¢'(1) step keeps the difference well above
the round-off floor.

1.3 Variance Parameterisation

Both the measurement-noise and random-effects covariances use an exponential parameterisation,
so each variance enters positively without constraining {. The measurement-noise covariance is
block-diagonal across observation channels, with the channel-; block

R;;(8) =exp(&n) Ly (46)

where £, is the entry of { assigned to channel j. This block is self-deriving (J, R; ; = R; j, and zero
for any other entry of ), and the random-effects covariance A;({) takes the same form with the same
identity. Variance parameters may be shared across channels, for example two channels that are
identical sensors, or two process-noise channels that are gust components sharing a variance scale.

1.4 Hessian and Standard Errors

The standard errors reported in this work are obtained from the Hessian of the profile log-likelihood
with respect to the full parameter vector @, including the profiled scale variance o2, formed by the
method described in [1 6]

Because the gradlent is evaluated to machine precision (the observation-model first derivatives by

complex-step dlfferentlatlon and the mixed second derivative i Y by the imaginary-and-real stencil

described above, both free of subtractive cancellation), this HeSS|an can be formed by ordinary real
finite-differencing of the gradient.
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