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Abstract

This study proposes an integrated framework for real-time informative path planning and hazardous-substance
mapping using an unmanned aerial vehicle (UAV) in an environment where hazardous materials are released
from multiple container structures. To account for the characteristics of mobile sensor measurements collected
during UAV operation, an Extended Reduced-Rank Gaussian Process (ERRGP) is proposed to handle non-
Gaussian measurement models and is formulated to be applicable to various types of sensors. For path
planning, the proposed framework utilizes LiDAR-based frontiers to generate active exploration trajectories that
maximize information gain while avoiding obstacles. The proposed framework is validated through simulation
experiments.

Keywords: Informative path planning, Environmental mapping, Reduced-rank Gaussian Process, Robot in-
formation gathering

1. Introduction
In environments contaminated by hazardous substances such as radiation, toxic gasses, and chemi-
cal pollutants, rapid and safe situational awareness is essential. In such environments, human access
is often restricted, and direct intervention may cause secondary damage. Therefore, environmental
monitoring technologies based on remote or autonomous systems are required [1]. In particular, the
spatial distribution of hazardous substances is generally nonuniform because it is affected by the
locations of sources, shielding structures, obstacle arrangements, and attenuation effects. Conse-
quently, it is difficult to accurately assess the entire field by measuring sensor values only at specific
locations. Therefore, informative path planning is important for quantitatively estimating the spatial
distribution of hazardous substances from limited sensor measurements while actively determining
the next measurement locations [2].
Unlike ground robots, an unmanned aerial vehicle (UAV) is not restricted to traversable ground re-
gions and can move freely in three-dimensional (3D) space while collecting sensor measurements at
different altitudes. This capability is particularly important in industrial environments or accident sites
that include vertical structures such as chimneys, containers, and shielding objects. By using a UAV,
upper regions and 3D spaces around obstacles that are difficult for ground robots to access can be
observed [3]. In addition, sensor measurements may vary with the UAV flight altitude and the 3D dis-
tance between the UAV and the radiation sources. Therefore, hazardous-substance monitoring using
an aerial platform requires 3D environmental mapping that accounts for both position and altitude,
rather than a two-dimensional planar map. Accordingly, this study addresses the problem of real-time
radiation field estimation using UAV-based sensor measurements in a 3D hazardous environment
containing multiple radiation sources inside container structures.
Various regression methods, including interpolation [4], support vector regression [5], kriging [6],
and Gaussian Process Regression (GPR) [7, 8], have been used for environmental field mapping.
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However, many existing approaches consider only the predicted field values and cannot quantitatively
represent predictive uncertainty. Since information theory quantifies uncertainty about the target field,
both prediction and uncertainty must be considered to design an informative path planning strategy.
Although kriging [6] and GPR [7, 8] can provide uncertainty estimates, kriging has limitations in
accounting for measurement noise and real-time scalability. In contrast, GPR models the underlying
function as a stochastic process, enabling spatial correlations and uncertainty to be represented in an
integrated manner. In addition, kernel functions allow the physical characteristics of the environment
to be directly incorporated into the model.
However, standard GPR has a computational complexity of O(n3) with respect to the number of
measurements n, which causes the computational cost to increase rapidly when sensor data are
collected and accumulated in real time during UAV flight. Previous studies on radiation field pre-
diction have mainly adopted offline approaches in which a sensor platform follows a predetermined
path, collects data, and constructs a radiation distribution map using GPR after data collection is
completed [9, 8]. To address the computational complexity of GPR, approximation methods such
as Sparse GPR (SGPR) [10], the Generalized Robust Bayesian Committee Machine (GRBCM) [11],
and the Reduced-Rank Gaussian Process (RRGP) [12] have been investigated. SGPR and GR-
BCM require retraining using the entire dataset whenever new data are collected, whereas RRGP
reduces the computational cost by approximating the process as a linear combination of basis func-
tions. Moreover, by sequentially updating the mean and covariance using a Kalman filter, RRGP can
update both predicted values and uncertainties in real time as new measurements arrive [13]. This
makes RRGP suitable for real-time path planning even on low-power onboard computing platforms.
Meanwhile, the outputs of hazardous-substance sensors such as radiation sensors are not continu-
ous measurements with Gaussian noise, but count-based data representing the number of particles
detected over a fixed time interval. Such data generally follow a Poisson distribution [8]. There-
fore, this study extends the conventional RRGP and proposes an Extended Reduced-Rank Gaus-
sian Process (ERRGP) model that accounts for the non-Gaussian characteristics of radiation sensor
measurements. The proposed model can sequentially update the radiation field estimate using sen-
sor data that follow a non-Gaussian distribution, thereby enabling real-time estimation of both the
contaminant distribution and its uncertainty.
This study proposes a UAV-based framework for 3D hazardous-substance mapping and informative
path planning. The proposed framework observes surrounding obstacles using 3D LiDAR and up-
dates a 3D occupancy map based on the acquired measurements. Subsequently, radiation count
measurements collected at the current 3D UAV position are sequentially incorporated into the ER-
RGP model to update the predictive mean and variance of the hazardous-substance field. In the path
planning stage, 3D candidate points are generated within the currently observed free space, and the
information gain of each candidate point is computed by combining the ERRGP predictive variance
with frontier information [14]. The ERRGP variance is used as an exploitation metric for selecting
regions with high uncertainty in the hazardous-substance field, while the frontier information is used
as an exploration metric for encouraging expansion into insufficiently explored regions.
To validate the performance of the proposed method, predictions were generated from noisy sensor
data collected by a UAV during exploration in a simulation environment and quantitatively compared
with the ground-truth radiation field. The main contributions of this study are summarized as follows:

1. An Extended Reduced-Rank Gaussian Process (ERRGP) model is proposed by extending the
conventional Reduced-Rank Gaussian Process to account for radiation sensor data with non-
Gaussian characteristics collected in 3D space. The proposed model can estimate the pre-
dictive mean and variance in real time by considering the probabilistic characteristics of the
collected sensor data.

2. An informative path planning framework is designed by integrating an ERRGP-based informa-
tion gain function with obstacle information, enabling efficient exploration target selection and
safe path generation in 3D environments suitable for UAV operation.

3. The proposed UAV-based informative path planning framework is validated in a 3D simulation
environment containing multiple radiation sources and shielding structures, demonstrating the
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feasibility of 3D hazardous-substance field mapping using limited sensor measurements.

The remainder of this paper is organized as follows. section 2. describes the ERRGP-based radiation
field modeling method. section 3. presents the informative path planning framework. section 4.
provides the simulation results, and section 5. concludes the paper and discusses future work.

2. Regression Model
This section describes the probabilistic regression model used for UAV-based 3D radiation field map-
ping. Since the UAV collects radiation sensor measurements in 3D space, each measurement loca-
tion is defined as x = [x(1),x(2),x(3)]⊤ ∈ R3, where x(1), x(2), and x(3) denote the spatial coordinates of
the UAV within the 3D domain. A Gaussian Process (GP) is a non-parametric regression model that
defines a distribution over functions as a stochastic process for supervised learning problems [15]. A
GP is specified by a mean function and a kernel function, enabling the prediction of values at unmea-
sured locations by exploiting the spatial correlation between input locations. In particular, because
a GP provides both the predictive mean and predictive variance, it has been widely used in various
regression and interpolation problems.
In this study, we first introduce the Poisson likelihood Gaussian Process (PGP) to account for the fact
that radiation sensor outputs are count-based measurements that follow a Poisson distribution [8].
We then summarize the basic structure of the Reduced-Rank Gaussian Process (RRGP) designed
for real-time computation [13]. Finally, we present the Extended Reduced-Rank Gaussian Process
(ERRGP), which integrates the Poisson likelihood with the RRGP structure.

2.1 Poisson Gaussian Process
Radiation fields exhibit nonlinear spatial distributions because gamma rays emitted from radiation
sources interact with air and surrounding structures, resulting in attenuation and shielding effects.
When a UAV collects radiation sensor measurements at different positions and altitudes, the sensor
values vary depending on the 3D distance between the radiation source and the UAV, the spatial
arrangement of shielding structures, and air attenuation effects [8, 16].
The output of a radiation sensor is count-based data expressed in counts per second (CPS), rep-
resenting the number of particles detected over a fixed time interval. These data take non-negative
integer values and exhibit the characteristics of a Poisson distribution, in which the mean and vari-
ance are inherently coupled. Accordingly, let the i-th measurement location of the UAV be denoted
as xi = [x(1)i ,x(2)i ,x(3)i ]⊤ ∈ R3, and let the corresponding sensor measurement be denoted as yi ∈ Z≥0.
Then, the measurement can be modeled using the following Poisson likelihood:

yi ∼ Poisson(λi), λi = exp( f (xi)) (1)

Here, λi denotes the Poisson rate parameter obtained by mapping the latent function f (xi) through
an exponential link function. The latent function f (x) is modeled as a GP:

f (x)∼ G P
(
m(x),k(x,x′)

)
(2)

Here, m(x) denotes the mean function, and k(x,x′) denotes the kernel function. The kernel function
defines the correlation between two locations x and x′ in 3D space, representing the spatial continuity
and local variations of the radiation field. In this study, a composite kernel consisting of a Matérn 3/2
kernel and a Bias kernel is employed to capture local variations, smooth attenuation characteristics,
and background radiation components of the radiation field:

k(x,x′) = σ
2
f

(
1+

√
3∥x−x′∥

l

)
exp

(
−
√

3∥x−x′∥
l

)
+σ

2
b (3)

Here, σ2
f denotes the signal variance of the Matérn kernel, l denotes the length scale, and σ2

b denotes
the variance of the Bias kernel. The term ∥x−x′∥ represents the 3D Euclidean distance:

∥x−x′∥=
√

(x(1)− x′(1))2 +(x(2)− x′(2))2 +(x(3)− x′(3))2 (4)
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The PGP framework defined above is a nonlinear Bayesian regression model that places a GP prior
on the latent function and adopts a Poisson distribution as the observation likelihood. However,
since the Poisson likelihood is non-Gaussian, the posterior distribution p( f | y) cannot be analytically
derived in a closed Gaussian form. Therefore, a Laplace approximation is employed to approximate
the posterior distribution as a Gaussian distribution:

p( f | y)≈N
(

fMAP,H−1), H = ∇
2
f [− log p(y | f )− log p( f )]

∣∣∣∣
f= fMAP

(5)

Here, fMAP denotes the maximum a posteriori (MAP) estimate of the latent function, and H−1 repre-
sents the posterior covariance approximated by the inverse Hessian evaluated at fMAP.
Although PGP effectively captures the non-Gaussian, count-based characteristics of radiation sensor
measurements, its computational complexity scales as O(n3) with respect to the number of measure-
ments n. As a result, computation becomes prohibitively expensive when sensor data are accumu-
lated in real time during UAV flight. The following section introduces the Reduced-Rank Gaussian
Process, which approximates the GP to mitigate this computational burden.

2.2 Reduced-Rank Gaussian Process
Although GPR has high expressive capability, its computational cost increases significantly as the
number of data points grows due to the inversion of the kernel matrix. The Reduced-Rank Gaussian
Process (RRGP) reduces the computational complexity of GP by approximating a stationary kernel
with a finite set of basis functions [12]. In this study, the input dimension is defined as d = 3 to model
the measurements collected by the UAV in 3D space, and the RRGP basis-function expansion is
defined for the 3D measurement location x = [x(1),x(2),x(3)]⊤.
In RRGP, the kernel function k(x,x′) is approximated as a finite linear combination of m eigenfunctions
as follows:

k(x,x′)≈
m

∑
j=1

S(λ j)φ j(x)φ j(x′) (6)

Here, S(λ j) denotes the spectral density, φ j(x) denotes the j-th eigenfunction, and λ 2
j denotes the

corresponding eigenvalue. In this study, the 3D domain of interest Ω, in which the UAV collects
measurements during flight, is defined as follows:

Ω = [−L1,L1]× [−L2,L2]× [−L3,L3] (7)

Here, L1, L2, and L3 denote the half-widths of the centered coordinate system along the x(1), x(2), and
x(3) directions, respectively. The actual UAV position in the world coordinate system is transformed
into the centered coordinate system during computation. Under Dirichlet boundary conditions, the
eigenfunction in the 3D domain is expressed as follows:

φ j(x) =
√

1
L1L2L3

sin

(
πn j,1(x(1)+L1)

2L1

)
sin

(
πn j,2(x(2)+L2)

2L2

)
sin

(
πn j,3(x(3)+L3)

2L3

)
(8)

Here, n j,1, n j,2, and n j,3 ∈ N denote the mode indices along the x(1), x(2), and x(3) directions, respec-
tively. The corresponding eigenvalue is defined as follows:

λ
2
j =

(
πn j,1

2L1

)2

+

(
πn j,2

2L2

)2

+

(
πn j,3

2L3

)2

(9)

Let the set of measurement locations be denoted as X = [x1,x2, . . . ,xn]
⊤. Then, the design matrix

ΦΦΦ ∈ Rn×m is defined as follows:
ΦΦΦi = [φ1(xi),φ2(xi), . . . ,φm(xi)] (10)

Using this design matrix, the kernel matrix K ∈ Rn×n is approximated in a low-dimensional form as
follows:

K≈ΦΦΦΛΛΛΦΦΦ
⊤ (11)
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Here, ΛΛΛ ∈ Rm×m is a diagonal matrix containing the prior variances of the basis-function coefficients
and is defined as follows:

ΛΛΛ = diag(S(λ1),S(λ2), . . . ,S(λm)) (12)

Therefore, in RRGP, the latent function f (x) is expressed as a linear combination of basis functions:

f (x) = φφφ(x)⊤w, w∼N (0,ΛΛΛ) (13)

Here, φφφ(x) = [φ1(x),φ2(x), . . . ,φm(x)]⊤, and w ∈ Rm denotes the vector of basis-function coefficients.
In a standard RRGP with a Gaussian likelihood, the observation model can be expressed in the
following linear form:

yi = ΦΦΦiw+ εi (14)

Here, yi denotes a continuous observation under the Gaussian likelihood assumption, and εi denotes
Gaussian measurement noise. In this structure, the mean and covariance of w can be treated as
state variables and sequentially updated using a Kalman filter [13]. Therefore, the mean and co-
variance can be updated in real time whenever new data are received, without repeatedly using all
measurements to recompute the full kernel matrix.
However, radiation sensor data are not continuous measurements that follow a Gaussian likelihood,
but count-based data that follow a Poisson distribution. Therefore, a standard RRGP cannot be
directly applied to radiation sensor measurements. The following section describes the Extended
Reduced-Rank Gaussian Process, which integrates the Poisson likelihood with the RRGP structure
for real-time processing of 3D radiation sensor measurements collected during UAV flight.

2.3 Extended Reduced-Rank Gaussian Process
The Poisson Gaussian Process (PGP) described in subsection 2.1 can account for the non-Gaussian
characteristics of radiation sensor measurements. however, as in standard GP inference, its compu-
tational cost increases rapidly as the size of the kernel matrix grows. In contrast, the Reduced-Rank
Gaussian Process (RRGP) described in subsection 2.2 improves computational efficiency by ap-
proximating the kernel with a finite set of basis functions and sequentially updating the mean and
covariance of the basis-function coefficients. Nevertheless, standard RRGP assumes a Gaussian
likelihood and therefore cannot directly accommodate count-based radiation sensor measurements
that follow a Poisson distribution.
To address these limitations, this study proposes an Extended Reduced-Rank Gaussian Process
(ERRGP), which combines the Poisson likelihood with the RRGP structure. ERRGP preserves the
Poisson likelihood structure of radiation sensor measurements while limiting the dimension of the
state vector by representing the latent function with a finite set of basis functions. This enables
sensor data collected by the UAV during flight in 3D space to be incorporated in real time, and
allows the predictive mean and uncertainty of the radiation field to be sequentially updated. As in
the kernel used in Eq. (3), this study uses a composite kernel consisting of a Matérn 3/2 kernel and
a Bias kernel. The Bias kernel represents a spatially independent constant component and is used
to represent background radiation or the overall background component. The Bias kernel can be
separated and expressed as a constant basis function as follows.

φ0(x) = 1, kbias(x,x′) = σ
2
b φ0(x)φ0(x′) (15)

In contrast, because the Matérn 3/2 kernel is a stationary kernel, the reduced-rank approximation
described in Eq. (6) can be applied. Therefore, the Matérn 3/2 kernel component is approximated
using a finite set of eigenfunctions. The spectral density of a general Matérn kernel can be expressed
as a function of the input dimension d and the smoothness parameter ν as follows.

S(λ j) = σ
2
f
(2ν)νΓ(ν +d/2)

Γ(ν)πd/2l2ν

(
2ν

l2 +λ
2
j

)−(ν+d/2)

(16)

In this study, the Matérn 3/2 kernel is used, and thus ν = 3/2. Since the UAV measurement locations
are used as 3D inputs, d = 3. Therefore, the spectral density in Eq. (16) is evaluated with respect
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to the 3D eigenvalue λ 2
j and used as the prior variance of each basis function. By combining the

Bias kernel and the reduced-rank approximation of the Matérn 3/2 kernel, the complete kernel is
approximated as follows.

k(x,x′)≈ σ
2
b φ0(x)φ0(x′)+

m

∑
j=1

S(λ j)φ j(x)φ j(x′) (17)

By adding the Bias term to the design matrix in Eq. (10), the design matrix row can be expressed as
follows.

ΦΦΦi = [φ0(xi),φ1(xi),φ2(xi), . . . ,φm(xi)] (18)

The prior covariance matrix of the basis-function coefficients is defined by including the Bias compo-
nent and the spectral weights of the Matérn 3/2 components as follows.

ΛΛΛ = diag
(
σ

2
b ,S(λ1),S(λ2), . . . ,S(λm)

)
(19)

Using this representation, the latent function f (x) is expressed as a linear combination of basis func-
tions as follows.

f (x) = φφφ(x)⊤w, w∼N (0,ΛΛΛ) (20)

Here, w ∈ R1+m denotes the state vector containing the Bias component and the m Matérn basis-
function coefficients. By transforming the Matérn 3/2 + Bias kernel into a finite-dimensional basis-
function representation, the radiation field estimation problem with a Poisson likelihood can be treated
as a reduced-rank state-space model.
Let the i-th measurement location of the UAV be denoted as xi = [x(1)i ,x(2)i ,x(3)i ]⊤ ∈ R3, and let the
radiation sensor measurement collected at the corresponding location be denoted as yi ∈ Z≥0. If
the entire observation dataset is denoted as y = [y1,y2, . . . ,yn]

⊤, the Poisson likelihood is defined as
follows.

p(y | f ) =
n

∏
i=1

Poisson(yi;λi = exp( f (xi))) (21)

Although the posterior distribution can be defined by combining the prior distribution and the likeli-
hood, the Poisson likelihood is non-Gaussian. Therefore, the posterior distribution cannot be directly
computed in closed-form Gaussian form. Accordingly, this study uses an Extended Kalman Filter
(EKF) [17], which can sequentially linearize the nonlinear observation model, to update the mean
and covariance of the state vector w.
At measurement step i, the predicted state mean and covariance of the EKF are denoted as µµµ i|i−1
and Pi|i−1, respectively. When the UAV obtains the radiation sensor measurement yi at the 3D location
xi, the predicted count rate of the Poisson observation model is computed as follows.

ŷi = exp
(

φφφ(xi)
⊤

µµµ i|i−1

)
Ji = ŷiφφφ(xi)

⊤

Ri = ŷi

Ki = Pi|i−1J⊤i
(

JiPi|i−1J⊤i +Ri

)−1

µµµ i = µµµ i|i−1 +Ki (yi− ŷi)

Pi = (I−KiJi)Pi|i−1 (22)

Here, ŷi denotes the predicted mean count rate at location xi, and Ji denotes the Jacobian obtained
by linearizing the nonlinear observation function h(w) = exp(φφφ(xi)

⊤w) with respect to the state vector
w. Since the mean and variance are identical in a Poisson distribution, the observation noise variance
is set to Ri = ŷi in this study. In addition, Ki denotes the Kalman gain, and µµµ i and Pi denote the state
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mean and covariance after incorporating the i-th radiation sensor measurement. Through this EKF-
based update, the radiation field model can be sequentially updated whenever the UAV collects new
sensor data, without retraining the model using the entire dataset.
Using the updated state mean µµµ i and covariance Pi, the mean and variance of the latent log-count-
rate function at an arbitrary 3D prediction location x∗ = [x∗(1),x∗(2),x∗(3)]⊤ are computed as follows.

E [ f (x∗)] = φφφ(x∗)⊤µµµ i, V [ f (x∗)] = φφφ(x∗)⊤Piφφφ(x∗) (23)

However, the actual mean count rate of the radiation sensor is defined as λ (x) = exp( f (x)) and thus
λ (x∗) follows a log-normal distribution. Using the log-normal moment transformation, the predictive
mean count rate and variance at the prediction location x∗ are computed as follows [18].

µ(x∗) = exp
(
E [ f (x∗)]+

1
2
V [ f (x∗)]

)
σ

2
v (x
∗) = (exp(V [ f (x∗)])−1)exp(2E [ f (x∗)]+V [ f (x∗)])

(24)

Here, µ(x∗) denotes the predicted mean CPS, and σ2
v (x∗) denotes the predictive uncertainty at the

corresponding location. In this study, this predictive variance is used as an information metric in UAV
informative path planning.
Consequently, the proposed ERRGP can sequentially estimate the mean and uncertainty of the 3D
radiation field while incorporating count-based radiation sensor data collected by the UAV during flight
in real time.

3. UAV Informative Path Planning
This section describes the informative path planning method for UAV-based 3D radiation field map-
ping. The proposed method uses 3D LiDAR data and radiation sensor data collected by the UAV
during flight. The 3D LiDAR data are used to construct a 3D occupancy map that contains free-
space and obstacle information of the surrounding environment, while the radiation sensor data are
used to update the ERRGP model and compute the predictive mean and variance of the radiation
field.
To select the next goal point, the ERRGP model is first updated using the accumulated measurements
(xi,yi), and the predictive variance of the radiation field is then computed at each candidate location
x∗.
Subsequently, the Information Gain (IG) is defined for each candidate location x∗ by combining the
ERRGP-based predictive variance with LiDAR-based frontier information. The frontier term is used as
an exploration metric that encourages the UAV to move toward regions that have not been sufficiently
explored, while the ERRGP predictive variance term is used as an exploitation metric that encourages
observations in regions with high uncertainty in the radiation field estimate. Finally, the UAV selects
a goal point x∗g with high IG from the candidate set and generates a collision-avoiding path to the
selected location. Therefore, the proposed IG serves as a path planning metric that jointly considers
exploration of the 3D environment and improvement of radiation field mapping accuracy.

3.1 Information Gain
First, to define the explorable region for the UAV, a 3D occupancy map is constructed using range
measurements obtained from the LiDAR sensor mounted on the UAV. In the occupancy map, the
boundary between free space and unknown space is defined as a frontier, which serves as an ex-
ploration indicator for expanding toward regions that have not yet been observed by the UAV [11].
In general frontier-based exploration, goal points are selected by considering the binary presence of
frontiers. In contrast, this study defines a frontier weight that continuously propagates from the fron-
tier toward the surrounding free space, as shown in Figure 1. The set of candidate cells classified as
free space in the current 3D occupancy map is denoted as Fr. Here, x∗ ∈ Fr represents a candidate
location classified as free space in the occupancy map. In other words, x∗ is a candidate goal point
that can be selected as the next target location for the UAV. For a candidate location x∗, if the position
of the nearest frontier cell is denoted as x f , the frontier-based weight is defined as follows.
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w f (x∗) = exp
(
−

d(x∗,x f )
2

2

)
, x∗ ∈ Fr (25)

Here, d(x∗,x f ) denotes the 3D Euclidean distance between the candidate location x∗ and the nearest
frontier cell x f . This continuous frontier weight assigns higher values to candidate cells near the
frontier, thereby encouraging the UAV to explore regions near the boundary of unexplored areas.

Figure 1 – Two-dimensional example of the frontier-based weight. (A) Simulation scenario, where
white regions indicate free space, gray regions denote walls, and the red circle represents the robot.

(B) Occupancy grid map generated from LiDAR measurements, where blue lines indicate LiDAR
rays, black regions denote occupied space, gray regions denote unknown space, and white regions

denote free space. (C) Spatial distribution of the frontier-based weight computed in free space
around the frontier.

Next, the radiation field variance predicted by the ERRGP is used as an information acquisition metric
for each candidate location x∗. By incorporating sensor measurements that follow a Poisson distribu-
tion, the predictive variance becomes large at locations where sensor data are insufficient or where
the spatial variation of the radiation field is not sufficiently explained. Therefore, the ERRGP predic-
tive variance is used as an exploitation term for selecting locations where additional measurements
are expected to be informative.
Because the predictive variance can have a wide range of values depending on the location, normal-
ization is applied. As shown in Figure 2, conventional min–max normalization can be sensitive to a
small number of large variance values and may not sufficiently represent intermediate differences in
uncertainty. In contrast, log min–max normalization can reduce the influence of large values while
preserving the relative uncertainty structure among candidate locations. Let the set of candidate
locations be denoted as Fr = {x∗i | i = 1, . . . ,N}, and let the predictive variance computed from the
ERRGP be denoted as σ2

v (x∗i ). Then, the normalized variance term is defined as follows.

σ
2
s (x
∗
i ) =

log
(
σ2

v (x∗i )
)
−min j log

(
σ2

v (x∗j)
)

max j log
(

σ2
v (x∗j)

)
−min j log

(
σ2

v (x∗j)
) , x∗i ∈ Fr (26)

Finally, the Information Gain of the candidate location x∗i is defined by combining the frontier weight
and the ERRGP-based normalized variance as follows.

IG(x∗i ) =
λ f w f (x∗i )+λσ σ2

s (x∗i )
counts(x∗i )

, x∗i ∈ Fr (27)

Here, λ f and λσ are weighting factors that control the relative importance of the frontier-based ex-
ploration term and the ERRGP variance-based exploitation term, respectively. The term counts(x∗i )
denotes the cumulative number of measurements already performed within a fixed radius around the
candidate location x∗i . This term suppresses repeated selection of regions that have already been
sufficiently observed and encourages the UAV to select new regions with relatively high information
acquisition potential.
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Figure 2 – Predictive variance estimated by the ERRGP. Colors transition from blue to red with
increasing variance. (A) Standard min–max normalization. (B) Log min–max normalization.

3.2 Goal Selection and Path Planning
This section describes the process of selecting the next exploration goal point for the UAV using the
Information Gain defined in subsection 3.1 and generating a collision-avoiding path to the selected
goal point. Each candidate location x∗i is associated with the information gain vi = IG(x∗i ) computed
using Eq. (27). Although the information gain of a goal location is used to determine where the UAV
should perform the next measurement, the distance and path cost required to reach that location
also affect the exploration process. Therefore, this study selects the final goal point x∗g by jointly
considering the information gain and the distance cost from the current UAV position.

Algorithm 1 Goal Point Selection

Require: Candidate goal points X∗ = {x∗i ∈ Fr | i = 1, . . . ,N}, information gain IG = {vi = IG(x∗i ) | i =
1, . . . ,N}, UAV pose p, maximum number of candidates k, candidate spacing radius r

Ensure: Goal point x∗g
1: M←min(N,k)
2: π ← argsort(IG, descending)
3: C← /0
4: for i ∈ π do
5: if ∀ j ∈C, ∥x∗i −x∗j∥ ≥ r then
6: C←C∪{i}
7: end if
8: if |C| ≥M then
9: break

10: end if
11: end for
12: for i ∈C do
13: Ni←{ j ∈ {1, . . . ,N} | ∥x∗j −x∗i ∥ ≤ r}
14: v̄i← average(v j for j ∈ Ni)
15: end for
16: for i ∈C do
17: Di←∥x∗i −p∥
18: end for
19: for i ∈C do
20: Pi← 1−

Di−min j∈C D j

max j∈C D j−min j∈C D j
21: end for
22: for i ∈C do
23: v̄i,s←

v̄i−min j∈C v̄ j

max j∈C v̄ j−min j∈C v̄ j
24: end for
25: i∗← argmaxi∈C(v̄i,sPi)
26: x∗g← x∗i∗
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Algorithm 1 shows the process of selecting the next goal point of the UAV from the candidate goal
points for which IG has been computed. In Lines 1–3, the maximum number of candidates is set
to M = min(N,k) to limit the computational cost. The candidate goal points are then sorted in de-
scending order of IG, and the candidate set C is initialized. In Lines 4–11, the sorted candidates
are sequentially examined, and only candidates that are separated from each other by at least the
minimum distance r are added to C. This process provides spatially distributed goal point candidates
among the candidates with high IG values.
In Lines 12–15, for each candidate goal point x∗i , the representative information gain v̄i is computed
by averaging the IG values of neighboring candidates within the radius r. This process is intended
to select candidates whose surrounding regions have high information value, rather than relying
excessively on a local peak occurring at a single cell.
In Lines 16–21, the distance Di between the current UAV position p and each candidate goal point x∗i
is computed and converted into the distance-based accessibility score Pi. The score Pi is defined to
have a larger value for candidates closer to the current UAV position and is used to account for the
movement cost during goal point selection. In Lines 22–24, the neighborhood-averaged information
gain v̄i is transformed into v̄i,s using min–max normalization. Finally, in Lines 25–26, the candidate
that maximizes the product of the normalized information gain v̄i,s and the distance-based accessibility
score Pi is selected and defined as the final goal point x∗g. Therefore, the proposed goal point selection
method prioritizes candidates with high information gain while reducing the likelihood of selecting
candidates with excessively high access cost from the current UAV position.
Once the goal point x∗g is determined, the UAV generates a collision-avoiding path to the selected
goal point. In this study, the path is generated based on the Sampling-Based Information Gathering
(SBIG) algorithm [19]. SBIG uses a Rapidly-exploring Random Tree (RRT)-based sampling-based
planning structure and incorporates information gain into the path evaluation process. Therefore,
candidate paths are evaluated by considering not only the travel distance but also the amount of
information that can be acquired along the path. In the path planning process, the objective function
for a candidate location x can be expressed as follows.

max(IG(x)−λpPathCost(x)) (28)

Here, PathCost(x) denotes the path cost required to move from the current UAV position to the can-
didate location x, and λp is a weighting factor that controls the trade-off between information gain
and movement cost. A larger λp assigns greater emphasis to lower-cost paths, whereas a smaller
λp assigns greater emphasis to paths with higher information gain. In this way, the proposed method
enables the UAV to move toward a 3D goal location with high information gain by simultaneously
considering the ERRGP uncertainty and frontier information while avoiding obstacles based on the
3D occupancy map.

4. Numerical Simulation
To validate the performance of the proposed ERRGP-based informative path planning framework,
numerical simulations were conducted in a Python-based 3D environment. The simulation was de-
signed to evaluate whether a UAV can sequentially collect radiation measurements, update the ER-
RGP model in real time, construct a 3D occupancy map using 3D LiDAR measurements, and perform
informative path planning to improve the radiation field estimate.

4.1 Simulation Environment Setup
The simulation environment was constructed as a 3D space with a physical size of 30m×10m×5m.
The space was discretized into a 3D grid for generating the radiation field and updating the occupancy
map. The UAV operates in this bounded 3D domain and collects both radiation sensor measurements
and 3D LiDAR measurements during flight.
The environment contains multiple container-like shielding structures and four Cs-137 radiation sources.
Each radiation source is placed inside a container structure to represent hazardous-material sources
located inside shielding objects. The wall thickness of the container structures was set to 0.17m. The
radiation sources were placed at different horizontal positions and at a fixed source height of 1.0m to
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Figure 3 – Ground-truth radiation field generated in the 3D simulation environment.

generate a nonuniform 3D radiation field. This configuration allows the simulation to represent a more
realistic hazardous environment in which the radiation intensity depends not only on the horizontal
distance from the source but also on the UAV altitude and the shielding geometry.
Since the simulation time is negligible compared with the half-life of Cs-137, the natural radioac-
tive decay over time is ignored. Therefore, the radiation field is assumed to be static during each
simulation run, and each source emits a constant radiation intensity.
For an arbitrary query point x = [x(1),x(2),x(3)]⊤ ∈ Ω, the ground-truth radiation field is computed by
summing the attenuated contribution from all radiation sources. Let xs denote the position of the s-th
radiation source and rs = ∥x−xs∥ be the 3D Euclidean distance between the space cell and source
location. The total radiation dose is modeled using an inverse-square law with air attenuation and
additional attenuation caused by intersections with shielding structures:

Dose(x) =

(
Nsrc

∑
s=1

A ·mCs-137 ·Γ
r2

s
· exp(−µairrs) ·

Nwalls

∏
k=1

exp(−µwall,kLk(x))

)
+Dbg (29)

Here, A is the activity of the radiation source, mCs-137 is the mass of the Cs-137 material, Γ is the
gamma-ray emission constant, and µair is the air attenuation coefficient. The term Lk(x) denotes the
intersection length between the line segment from the source to the query point and the k-th shielding
structure, while µwall,k is the corresponding material-dependent attenuation coefficient. The constant
term Dbg represents the background radiation level. The attenuation coefficients and radiation-related
parameters were set based on the data provided by [20].
The UAV is equipped with two types of sensors: a radiation sensor and a 3D LiDAR sensor. The
radiation sensor is used to collect count-based measurements, while the 3D LiDAR sensor is used
to estimate the surrounding free space and obstacle regions for occupancy mapping. To generate
realistic radiation sensor measurements, the simulated radiation dose Dose(x) is converted into an
expected count rate using a sensor scaling factor K. Since radiation detection is a count-based
process, the radiation sensor output at the UAV measurement location xi is modeled as a Poisson
random variable:

yi ∼ Poisson(λ (xi)) , λ (x) =
Dose(x)

K
(30)

Here, yi denotes the radiation count measurement collected at the UAV position xi, and λ (x) rep-
resents the expected count rate converted from the simulated radiation dose. The scaling factor K
depends on the sensor sensitivity and was set to 0.0042 in this study.
For obstacle perception, a 3D LiDAR sensor with a maximum sensing range of 5 m was assumed.
The LiDAR sensor scans 360◦ in the horizontal direction and covers a vertical field of view from −25◦
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to 15◦. Gaussian noise was assumed in the range measurements. The radiation sensor and the
LiDAR sensor are updated synchronously at each simulation time step.

4.2 Simulation Result
The proposed UAV informative path planning framework was evaluated in a Python-based 3D simu-
lation environment. The mapping accuracy was quantitatively evaluated using the root mean square
error (RMSE) between the predicted radiation field and the ground-truth radiation field at candidate
evaluation points. To evaluate statistical reliability, 100 Monte Carlo simulations were conducted un-
der the same environment configuration, and the final performance was reported using the mean and
standard deviation of the RMSE computed over all Monte Carlo runs.
In each trial, the UAV sequentially selected the next goal point based on the proposed Information
Gain and collected radiation sensor data while moving along a collision-avoiding path. The collected
radiation measurements were incorporated into the ERRGP model in real time, thereby sequentially
updating the predictive mean and variance of the 3D radiation field. Each trial was limited to a
maximum of 3,000 motion steps.
Figure 4 shows the change in RMSE as the UAV sequentially collects radiation sensor data. From
the 100 Monte Carlo simulations, the mean RMSE was approximately 12.9 CPS at the initial step,
decreased to approximately 11.1 CPS at 500 steps, 9.8 CPS at 1,000 steps, 8.9 CPS at 1,500 steps,
8.5 CPS at 2,000 steps, 8.3 CPS at 2,500 steps, and 8.2 CPS at 3,000 steps. These results indicate
that the ERRGP model progressively learns the spatial distribution of the radiation field as sensor
data accumulate, thereby improving the prediction accuracy. The reduction in RMSE was relatively
large during the early stage of exploration and gradually became slower as additional sensor mea-
surements were accumulated. This trend indicates that the UAV obtained informative measurements
in the initial stage by visiting candidate regions with high information gain. As the explored region ex-
panded, the amount of additional information obtained from new measurements decreased, resulting
in a more gradual improvement in RMSE.
In addition, the UAV exploration trajectory shown in Figure 5 indicates that the proposed path plan-
ning algorithm guides the UAV to explore regions with high information gain. In particular, by using
the Information Gain that combines the ERRGP predictive variance with frontier information, the UAV
selected candidate locations that were informative for radiation field estimation rather than repeatedly
exploring nearby regions. As a result, the proposed framework was shown to support effective explo-
ration of information-rich regions in a 3D environment and to generate a more accurate 3D radiation
field map using limited sensor measurements.

Figure 4 – Variation of RMSE with respect to the number of collected measurements.
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Figure 5 – Mapping progress over simulation steps: (A) radiation sensor measurements collected
along the UAV trajectory, (B) ERRGP prediction result estimated from accumulated measurements,

and (C) distribution of the proposed Information Gain.

5. Conclusion and Future Work
This study proposed an Extended Reduced-Rank Gaussian Process (ERRGP)-based informative
path planning framework for UAV-based 3D hazardous-substance mapping. The proposed ERRGP
was designed to account for count-based radiation sensor data that follow a Poisson distribution while
maintaining computational efficiency through a reduced-rank structure. This enables radiation sensor
data collected by the UAV during flight to be incorporated into the prediction process in real time, and
allows the predictive mean and uncertainty of the 3D radiation field to be sequentially updated.
In addition, this study defined an Information Gain that combines the ERRGP predictive variance with
frontier information. Based on this Information Gain, the informative path planning method selects
the next goal point of the UAV by jointly considering regions with high uncertainty in the radiation field
estimate and regions that have not yet been explored. This enables 3D radiation field mapping using
limited sensor measurements.
The proposed framework was validated in a Python-based 3D simulation environment containing
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container structures and Cs-137 radiation sources. The UAV collected measurement data using a
radiation sensor and a 3D LiDAR sensor, and the mapping performance of the proposed method was
quantitatively evaluated through 100 Monte Carlo simulations. The results confirmed that the pro-
posed ERRGP-based informative path planning method can be applied to UAV-based 3D hazardous-
substance mapping.
Future work will apply the proposed framework to a real UAV platform and experimentally validate its
performance. To this end, actual sensor noise, measurement delay, UAV dynamic constraints, local-
ization errors, and scattering effects caused by shielding structures will be considered. In addition,
the framework will be extended to spatio-temporal mapping methods for hazardous substances that
diffuse over time, such as toxic gases or chemical pollutants, by incorporating wind-field or diffusion
models. Furthermore, for large-scale environments, the framework will be extended by combining
multi-UAV cooperative path planning and cooperative reinforcement learning methods, enabling mul-
tiple agents to reduce redundant exploration while increasing the overall information gain.
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