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Abstract 

To address the trade-off between accuracy and efficiency in numerical methods for stealth 
characteristic evaluation, as well as the overfitting tendency of traditional neural networks under 
small-sample conditions, a multi-source stealth data fusion method based on a multi-fidelity Bayesian 
neural network is proposed. The method employs a hierarchical architecture: a deep neural network 
is used to fit low-fidelity Physical Optics data, while a Bayesian neural network combined with an 
improved variational inference learns the nonlinear mapping between high- and low-fidelity data and 
quantifies predictive uncertainty. The proposed method is validated using multiple standard test 
functions, three-dimensional electromagnetic stealth data of the flying-wing X47B configuration, and 
unsteady aerodynamic data of the NACA0012 airfoil. The results demonstrate that, under the same 
numbers of high- and low-fidelity samples, the proposed method achieves significantly lower mean 
square error and higher coefficient of determination compared to the traditional Co-Kriging method. 
Its uncertainty distribution avoids redundant coverage and reasonably widens in extrapolation regions 
without data, and its predicted aerodynamic mean values align more closely with wind tunnel test 
data. The proposed method provides an efficient, high-fidelity, and uncertainty-aware modeling tool 
for multidisciplinary analysis and optimization design of aircraft. 

Keywords: Electromagnetic Stealth Characteristics; Data Fusion; Multi-fidelity Surrogate Model; Bayesian 
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1. General Introduction  
In the aircraft design phase, obtaining stealth characteristic parameters such as Radar Cross Section 
(RCS) primarily relies on theoretical simulation. However, existing electromagnetic numerical 
computation methods still face an inherent trade-off between rapidity and accuracy: numerical 
methods represented by the Method of Moments (MoM) offer high computational accuracy, but their 
computational complexity increases dramatically with the number of discretized elements; high-
frequency methods represented by Physical Optics (PO) are computationally fast and suitable for 
engineering estimation, yet they suffer from insufficient accuracy when dealing with scattering 
problems involving complex targets. 
To address these limitations, data fusion combined with surrogate modeling techniques has garnered 
widespread attention. Currently, the most commonly studied methods for constructing surrogate 
models include Polynomial Response Surface Method (PRSM)[1], Support Vector Machine (SVM)[2], 
Radial Basis Function, Gaussian Random Process, Kriging method[3], and Artificial Neural Network 
(ANN), among others. Building Multi-fidelity Surrogate Models (MFSM) based on data fusion can 
significantly reduce modeling time and computational cost, and has important applications in 
engineering optimization, computational fluid dynamics, materials science, multi-objective optimization, 
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and uncertainty quantification. For example, Espoeys et al.[4] proposed a multi-fidelity Bayesian 
optimization method for reliability assessment of complex systems. By constructing a multi-fidelity 
surrogate model combined with constraint function optimization, this method improves the efficiency 
of reliability assessment. Zhang et al.[5] employed a self-supervised learning method to train a 
physics-driven deep multi-fidelity model (PD-DMFM), which fully leverages the physical characteristics 
of engineering systems and reduces the reliance on large amounts of low-fidelity data during training. 
Jofre et al.[6] evaluated the performance of a range of different multi-fidelity strategies and modeling 
methods to propagate uncertainties encountered in irradiated particle-laden turbulence associated 
with volumetric solar receivers. 
In the field of aircraft design, multi-fidelity surrogate models are predominantly applied to aerodynamic 
optimization. Wang et al.[7] constructed a data fusion framework for flight tests based on the random 
forest method. Zhao et al.[8] made full use of pressure distribution information generated during 
sampling to improve modeling accuracy and generalization, thereby reducing the cost of sample 
acquisition. Peng et al.[9] improved a modeling framework based on hierarchical Kriging for nonlinear 
aerodynamic reduced-order modeling, providing reliable uncertainty estimates for predicted unsteady 
aerodynamic characteristics. Li et al.[10] established a multi-fidelity aerodynamic model based on 
Deep Neural Networks (DNN) for aerodynamic pressure distribution on wing surfaces, incorporating 
both numerical and experimental data into the loss function with appropriate weighting factors to 
balance overall accuracy. 
The modeling methods for multi-fidelity surrogate models have consistently been a research hotspot. 
Park et al.[11] compared the characteristics of different MFSM frameworks and evaluated their 
performance. Existing modeling methods primarily include additive correction[12, 13], multiplicative 
correction[14, 15], comprehensive correction[16], and space mapping[17]. Among these, the most 
widely used is the Co-Kriging method proposed by Kennedy and O'Hagan[18], which is regarded as 
a technique for constructing high-fidelity approximations enhanced by low-fidelity data. It assumes 
zero covariance between high- and low-fidelity data and employs an autoregressive model to model 
their discrepancy. By maximizing the log marginal likelihood, this method simultaneously identifies 
parameters and hyperparameters, thereby improving prediction accuracy and efficiency. Chung et 
al.[19] explored the application of the Co-Kriging method in supersonic business jet design. Zhang et 
al.[20] applied the Co-Kriging method to construct a surrogate model for the aerodynamic performance 
of high-altitude propellers. Huang et al.[21] compared the characteristics of the Co-Kriging multi-fidelity 
model with those of traditional Kriging-based multi-fidelity models using a wing-body integration aircraft 
as an example. However, conventional data fusion methods struggle with high-dimensional and highly 
nonlinear problems. Consequently, artificial intelligence methods, particularly neural networks, have 
begun to be applied to data fusion. Research has shown that neural networks, through their 
autonomous feature learning mechanism, can effectively capture complex correlations between data 
of different fidelities, avoiding the error accumulation of traditional weighted fusion methods under 
specific operating conditions. For example, Meng et al.[22] proposed a multi-fidelity composite neural 
network that combines DNN and Physics-informed Neural Network (PINN), capable of adaptively 
learning both linear and complex nonlinear correlations between low- and high-fidelity data. Li et al.[23] 
proposed a DNN-based multi-fidelity Bayesian optimization method that captures complex 
relationships between different fidelities through a flexible neural network architecture, thereby 
improving surrogate model accuracy. Lee et al.[24] introduced a novel framework using graph neural 
networks to solve multi-agent perimeter defense problems, where the deep neural network is trained 
in a supervised manner using an expert strategy based on a maximum matching algorithm. 
The aforementioned multi-fidelity deep neural network models often lack interpretability, and their 
generalization ability is insufficient, leading to unpredictable and overconfident behavior on data points 
outside the training distribution. To address this, Bayesian Neural Networks (BNNs) have attracted 
considerable attention. By introducing Bayesian inference into neural networks, BNNs enable 
uncertainty quantification, thereby providing greater robustness and interpretability when dealing with 
complex problems. Xie et al.[25] applied BNNs to multi-source aerodynamic data fusion with 
heterogeneous uncertainties, significantly improving fusion accuracy and outperforming multi-fidelity 
Gaussian process regression models. Vaiuso et al.[26] combined BNNs with a transfer learning 
framework to provide both predictions and confidence estimates. Yang et al.[27] proposed Bayesian 
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physics-informed neural networks to solve forward and inverse nonlinear problems described by partial 
differential equations with noisy data, leveraging physical laws and scattered noise measurements to 
predict and quantify aleatoric uncertainty arising from noisy data within a Bayesian framework. 
Compared with PINNs, Bayesian physics-informed neural networks achieve not only uncertainty 
quantification but also more accurate predictions in high-noise scenarios. However, posterior inference 
in BNNs remains challenging. For complex models, directly sampling from the posterior distribution is 
extremely difficult due to the high dimensionality of the sampling space. The most popular algorithm, 
Markov Chain Monte Carlo (MCMC), can sample the posterior exactly but lacks scalability due to the 
need to store a large number of samples. 
In summary, to address the limitations of existing multi-fidelity surrogate models under high-
dimensional and highly nonlinear conditions, the lack of reasonable uncertainty characterization in 
traditional neural networks, and the difficulty of high-dimensional posterior sampling in Bayesian neural 
networks, this paper establishes a Multi-fidelity Bayesian Neural Network (MFBNN) model. This model 
combines the nonlinear fitting capability of deep neural networks with the fusion characteristics of 
multi-source, multi-fidelity electromagnetic data, overcoming the issues of data scarcity and over-
reliance on high-fidelity models in electromagnetic problems. Furthermore, it employs Variational 
Inference (VI) to approximate the true posterior distribution, thereby avoiding the complexity of high-
dimensional posterior sampling and significantly reducing computational cost. In addition to its 
successful application to electromagnetic characteristic data fusion, the proposed model is further 
extended to the field of aerodynamic characteristics, providing a unified modeling framework for multi-
fidelity data fusion across two different physical scenarios. Validation using multiple standard test 
functions, three-dimensional electromagnetic stealth data of the X47B flying-wing configuration, and 
unsteady aerodynamic data of the NACA0012 airfoil, followed by comparative analysis with the 
traditional Co-Kriging method, demonstrates that the proposed model not only effectively reduces 
reliance on high-fidelity samples and significantly improves modeling efficiency, but also achieves a 
breakthrough in prediction accuracy. It outperforms Co-Kriging in capturing local features of complex 
configurations and provides more reasonable uncertainty intervals. 

2. Model Framework 
2.1 Bayesian Neural Network 
BNN is an artificial neural network trained using Bayesian inference. Compared to traditional point-
estimate networks, a BNN, whose weights follow probability distributions, estimates uncertainty over 
the relevant probability distribution by comparing the predictions of multiple sampled models, and can 
ultimately address the overfitting problem under small-sample conditions. If the predictions from 
different models are consistent, the uncertainty is low; if the predictions are inconsistent, the 
uncertainty is high. This process can be summarized as: 

  (1) 

where θ represents the network weights w and biases b, denoted as 𝜃 ൌ ሺ𝑤, 𝑏ሻ, ε is random noise, 
indicating that Φ is only an approximation. 
The first step in designing a BNN is to select a functional model that maps the relationship between 
inputs and outputs. Then, a stochastic model needs to be chosen, namely the prior distribution of 
possible model parameters 𝑃ሺ𝜃ሻ and the prior confidence in the model's predictive capability 𝑃ሺ𝑦 ∣
𝑥,𝜃ሻ . Let  𝐷  represent the training set, with 𝐷௫  and 𝐷௬  denoting the training inputs and outputs, 
respectively. Applying Bayes' theorem and assuming that the model parameters and inputs are 
independent, the Bayesian posterior probability can be written as: 

 
( | , ) ( )

( | ,
( | ) ( | , ) ( )

') ( )'

y x
y x

y x

P P
P D D P

P D D
D D D

d
P

P


 
  

  




  (2) 

Since the posterior probability is a high-dimensional and highly non-convex probability distribution, 
and the evidence is extremely difficult to compute, two mainstream posterior inference methods are 
introduced to estimate the true posterior: MCMC methods and VI methods. 
The fundamental idea of the MCMC algorithm is to construct a Markov chain of samples 𝑆௜, where the 
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probability of the next sample 𝑆௜ାଵ depends only on the current sample 𝑆௜. By constructing a Markov 
chain with a specific transition kernel, its stationary distribution is made to exactly equal the desired 
target posterior distribution, i.e., 𝑃ሺ𝜃 ∣ 𝐷ሻ. In the actual sampling process, the MCMC method exhibits 
two key dynamic characteristics. Samples from the initial phase (called the "burn-in" period) are 
typically discarded because the Markov chain has not yet reached a stationary distribution. Moreover, 
due to the complex correlation structures that usually exist among neural network parameters, the 
speed at which MCMC explores the entire posterior distribution in the ultra-high-dimensional 
parameter space of BNNs is often slow. Nevertheless, because of its high accuracy, this method 
remains widely used. Another important phenomenon during sampling is the autocorrelation of 
samples. Since the current state of the Markov chain depends on the previous state, adjacent samples 
are often highly correlated, resulting in an effective sample size that is usually much smaller than the 
actual number of samples. Therefore, in BNN applications, a sparse sampling strategy is often adopted, 
i.e., retaining only one sample for every k samples, to reduce storage burden and improve 
computational efficiency. 
The MCMC algorithm is the best tool for sampling from exact posterior distributions, but it lacks 
scalability when the model size becomes large. VI is more widely used than the MCMC algorithm. Its 
core idea is to introduce a distribution 𝑞థሺ𝜃ሻ  controlled by parameters  𝜙 , called the variational 
distribution, and to make the variational distribution 𝑞థሺ𝜃ሻ as close as possible to the exact posterior 
by learning the values of the parameters 𝜙. The Kullback-Leibler (KL) divergence is a measure of the 
closeness between the two distributions. For Bayesian inference, its calculation formula is: 
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To avoid directly computing 𝑃ሺ𝜃 ∣ 𝐷ሻ, the Evidence Lower Bound (ELBO) is introduced as the loss 
function. First, substituting the posterior expression (2) into equation (3) yields: 
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Note that log𝑃ሺ𝑌 ∣ 𝑋ሻ does not depend on 𝜙. Rearranging the terms gives: 

   KL KL )log ( ) ||log ( | ) ( ( )) ( ( ||| )q P D D q P D DD PP q
        (5) 

where ELBO is defined as: 

   KLlog ( | ) ( ( ))ELBO( )= ||q P D D q P
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Thus, equation (5) can be written as: 
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Since log𝑃ሺ𝑌 ∣ 𝑋ሻ depends only on the prior conditions, minimizing the KL divergence is equivalent to 
maximizing the ELBO. 

2.2 MFBNN Model Architecture 
Based on the above theoretical foundation, the proposed MFBNN model is constructed in Figure 1. 
The first is a traditional DNN used to approximate low-fidelity data. Since low-fidelity data typically 
have a sufficient number of samples, using a BNN on top of them would incur extremely high 
computational costs. Therefore, to achieve high computational efficiency, this paper employs 
Maximum A Posteriori (MAP) estimation to train the first neural network, without the need to quantify 
its uncertainty. Consequently, every hyperparameter in this neural network is a point estimate rather 
than a distribution. The loss function of MAP is expressed as: 
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Where 𝑁௅ is the number of low-fidelity training data points, 𝑦௅
ሺ௜ሻ and 𝑦෤௅

ሺ௜ሻ are the low-fidelity training 
data and predicted values, respectively. The second term is the 𝐿ଶ  regularization term, where 𝑤௅ 
represents the weights in the first DNN, and 𝛼 is the regularization weight. 𝐿ଶ regularization can reduce 
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overfitting caused by measurement noise as well as by the deep neural network itself. 
The second model is a Bayesian neural network, which is used to learn the correlation between low-
fidelity and high-fidelity data and to quantify the uncertainty of the neural network model. Taking 𝑦෤௅ as 
input, and given the prior distribution, equation (2) can be written as: 
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Figure 1 – Multi-fidelity Bayesian neural network model architecture. 

2.3 VI Optimization 
In the model proposed in this paper, VI is chosen as the posterior estimation method. The goal of VI 
is to maximize the ELBO, so the loss function is designed as the negative of the ELBO, i.e.:  
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The optimization problem is: 
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The first term in equation (10) is the likelihood term. From equation (1), assuming that the error 
between the model output 𝑦ො and the true value 𝑦 follows a Gaussian distribution:  

 2, ~ (0, )H Hu u       (12) 

Where 𝜖 is the noise term with mean 0 and variance 𝜎ଶ. At this point, the data likelihood 𝑃ሺ𝑌 ∣ 𝑋, 𝜃ሻ is 
expressed as: 
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The final objective is simplified to: 
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where the scaling factor 
ଵ

ଶఙమ
 can be regarded as a weight, so the likelihood term can be written in the 

form of Mean Square Error (MSE): 
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This term is often used as an evaluation metric for model fitting ability. Similar metrics include Root 
Mean Square Error (RMSE): 
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and the coefficient of determination 𝑅ଶ: 
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Where 𝑢̄ is the mean of the true values. 
The second term in equation (8) can be viewed as a regularization term, which describes the difference 
between the variational distribution and the prior distribution. The standard practice is to use a normal 
prior with mean 0. 
VI provides an excellent mathematical tool for Bayesian inference, but it needs to be adapted to deep 
learning. The main issue is that stochasticity prevents backpropagation from functioning properly at 
the internal nodes of the neural network. This paper focuses on the Bayesian backpropagation method, 
which combines stochastic VI with the reparameterization trick to ensure that backpropagation can 
work properly. The idea is to represent the random variable 𝜃 as a deterministic function: 

 , ~ (0,1)         (18) 

Thus, the gradient can be propagated to 𝜇 and 𝜎: 
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During optimization, Stochastic Gradient Descent (SGD) is used. The gradient of the likelihood term 
is estimated using mini-batch data, and the KL term can be estimated through sampling. Therefore, 
we have: 
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Where 𝑁 is the total amount of data, and 𝑀 is the batch size. For the KL term, Monte Carlo sampling 
is used: 
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The optimization process of VI is essentially searching for the optimal approximation in the probability 
distribution space, efficiently implemented through reparameterization and SGD, which can 
significantly improve scalability and computational efficiency. 

3. Multi-fidelity Function Tests 
Bayesian neural networks are capable of estimating uncertainty, which is divided into aleatoric 
uncertainty and epistemic uncertainty. Aleatoric uncertainty arises from the inherent noise or 
randomness in the data itself and cannot be eliminated even by collecting more data or improving the 
model; it is typically encoded as part of the likelihood term. Epistemic uncertainty stems from the 
model's own lack of knowledge, such as insufficient training data or inadequate model complexity. 
This type of uncertainty decreases as the amount of data increases or the model is improved. In BNNs, 
it is encoded in the posterior probability, representing the uncertainty due to lack of data and reflecting 
the model's confidence in its predictions. Therefore, this uncertainty can also be viewed as model 
variance, which can be captured through the range of possible functions and the probability assigned 
to each function. Combining these two types of uncertainty yields the total uncertainty. Bayesian neural 
networks model epistemic uncertainty and aleatoric uncertainty separately, where epistemic 
uncertainty is modeled as 𝑃ሺ𝜃|𝐷ுሻ and aleatoric uncertainty is modeled as 𝑃ሺ𝑢ு|ሼ𝑢෤௅, 𝑥ுሽ,𝜃ሻ. 
3.1 Typical 1D Test Function 
Consider an example of data approximation for a continuous one-dimensional function based on two 
fidelity levels, where the low-fidelity and high-fidelity data are generated from the following functions: 
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In the equations, 𝑦ு has a linear relationship with 𝑦௅, and A ൌ 0.5, B ൌ 10, C ൌ െ5. As shown in Figure 
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2(a), there are 11 low-fidelity training data points distributed as 𝑥௅ ൌ
ሼ0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0ሽ  and 4 high-fidelity training data points distributed as 𝑥ு ൌ
ሼ0,0.4,0.6,1.0ሽ. 
First, only low-fidelity data are used to predict the low-fidelity function. Here, the DNN uses 6 hidden 
layers with 64 neurons per layer and no regularization. Second, for the BNN high-fidelity model, only 
one hidden layer with 100 neurons is used, and the KL weight, i.e., the regularization rate, is set to 1e-
6. The final predicted mean and 95% confidence interval are shown in Figure 2(b). It can be observed 
that the BNN predicted mean agrees well with the actual high-fidelity function. Furthermore, the figure 
also plots the predicted posterior mean of the Co-Kriging method, which intuitively shows that MFBNN 
outperforms the traditional Co-Kriging model in prediction accuracy. Unlike Co-Kriging, the MFBNN 
does not require prior knowledge about the correlation between low-fidelity and high-fidelity data, 
indicating that the proposed model can dynamically learn the correlation from the given data. 

 
(a) Distribution of high and low-fidelity data 

 
(b) Comparison of MFBNN and Co-Kriging 

predictions 

Figure 2 – Regression with typical 1D test functions 

3.2 Highly nonlinear 1D test function 
To further investigate the complex relationship between data of different fidelity levels, the following 
nonlinearly correlated function is considered: 
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Fifty uniformly distributed data points and fourteen uniformly distributed data points in the interval [0, 
1] are used as low-fidelity and high-fidelity training data, respectively (as shown in Figure 3(a)). The 
low-fidelity DNN model uses 4 hidden layers with 20 neurons per layer. For the BNN, a single hidden 
layer with 50 neurons is used, and the regularization rate is also set to 1e-6. 
The results of multi-fidelity modeling are shown in Figure 3(b). A comparison of relevant metrics 
between MFBNN and Co-Kriging is presented in Table 1. The mean square error of MFBNN is 
significantly smaller than that of Co-Kriging, indicating better prediction accuracy. 
Although the trend of low-fidelity data is opposite to that of high-fidelity data in some regions (e.g., 
when 0 ൏ 𝑥 ൏ 0.2, the low- and high-fidelity levels exhibit opposing patterns), MFBNN can still provide 
accurate predictions for the high-fidelity configuration. Moreover, the error between the predicted mean 
and the exact solution is largely bounded by two standard deviations across the entire region. 
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(a) Distribution of high and low-fidelity data 

 
(b) Comparison of MFBNN and Co-Kriging 

predictions 

Figure 3 – Regression with nonlinear 1D test functions 

Table 1 – Comparison of evaluation metrics for regression with highly nonlinear 1D test function 

Model MSE RMSE R² 

MFBNN 0.001515 0.038924 0.988812 

Co-Kriging 0.003476 0.058960 0.974330 

 

3.3 4D Test Function 
This section considers a four-dimensional function regression problem. The multi-fidelity training data 
are generated by the following functions: 
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To evaluate the uncertainty in the test cases, the Prediction Interval Coverage Probability (PICP) [28] 
is adopted as a metric: 
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Where 𝑁 is the total number of predictions. If 𝑦ሺ𝑥௡ሻ ∈ ሾ𝑦෤ െ 2𝜎௡,𝑦෤ ൅ 2𝜎௡ሿ, then 𝑐௡ ൌ 1; otherwise 𝑐௡ ൌ
0 . Furthermore, 𝑦ሺ𝑥௡ሻ is the exact value of 𝑥௡  and 𝑦෤  and 𝜎௡  represent the mean and standard 
deviation of the model's predicted output, respectively. Ideally, the closer the PICP is to 95%, the 
higher the accuracy of the prediction interval. 
A total of 25,000 low-fidelity data points and 150 high-fidelity data points obtained by Latin Hypercube 
Sampling (LHS) are used for low-fidelity and high-fidelity training, respectively. The DNN used to 
approximate the low-fidelity data has two hidden layers with 50 neurons per layer; the BNN uses one 
hidden layer, also with 50 neurons. For validation, 100,000 random positions are selected to display 
the predictions of the multi-fidelity model and Co-Kriging. The prediction results are shown in Table 2 
and Figure 4. Compared with Co-Kriging, MFBNN achieves higher prediction accuracy, and the PICP 
value is improved by approximately 10%, demonstrating the relative advantages of the multi-fidelity 
model in both prediction accuracy and uncertainty quantification. 
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(a) Comparison of MFBNN predicted values with 

true values 

 
(b) Comparison of Co-Kriging predicted values 

with true values 

Figure 4 – Regression with 4D test functions 

Table 2 – Comparison of evaluation metrics for regression with 4D test function 

Model Correlation coefficient PICP 

MFBNN 0.9993 99.75% 

Co-Kriging 0.9975 89.85% 

3.4 20D Test Function 
Consider the following 20-dimensional function regression example: 
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4,000 low-fidelity training data points and 500 high-fidelity training data points are randomly selected, 
along with 10,000 test data points. 
The results in Table 3 and Figure 5 show that, at the 20-dimensional scale, the coefficient of 
determination of the MFBNN model is higher than that of Co-Kriging. The PICP values are 98.49% for 
MFBNN and 94.68% for Co-Kriging; therefore, Co-Kriging is slightly better calibrated by the PICP 
criterion alone because 94.68% is closer to the nominal 95% coverage. MFBNN nevertheless provides 
the higher R2 value, so interval calibration should be interpreted together with the point-prediction 
metrics rather than as a standalone claim of superiority. Moreover, the predicted points of MFBNN are 
closer to the ideal prediction line compared to Co-Kriging. 



MULTI-FIDELITY BAYESIAN DATA FUSION 

10 

 
(a) Comparison of MFBNN predicted values with 

true values 

 
(b) Comparison of Co-Kriging predicted values 

with true values 

Figure 5 – Regression with 20D test functions 

Table 3 – Comparison of evaluation metrics for regression with 20D test function 

Model Correlation coefficient R² PICP 

MFBNN 0.965448 0.932089 98.49% 

Co-Kriging 0.9661 0.8226 94.68% 

 

4. Stealth Characteristics Data Fusion 
4.1 Numerical Analysis of Stealth Characteristics 
In high-frequency and full-band electromagnetic calculations, PO and MoM serve as typical 
representatives of high-frequency approximation methods and rigorous numerical methods, 
respectively, exhibiting significant complementarity. PO achieves efficient computation through 
assumptions such as tangent plane approximation and shadow region neglect, making it suitable for 
electrically large targets. MoM, on the other hand, accurately solves for surface currents based on 
integral equations but suffers from high computational complexity for complex problems. To improve 
the scalability of the Method of Moments, the Multi-level Fast Multipole Method (MLFMM) has been 
developed by introducing the addition theorem, plane wave expansion theorem, and multilevel 
structures. It can fully capture the entire physical process of electromagnetic scattering and achieve 
accurate RCS calculation. However, this "high accuracy" comes with high computational cost. There 
exists a significant nonlinear relationship between PO and MLFMM data. The more complex the 
correlation between high- and low-fidelity data, the higher the requirement for model fitting accuracy 
and uncertainty quantification capability. The multi-layer neural network structure of MFBNN can 
autonomously learn these complex correlations, possessing the ability to learn such complex 
mappings, further demonstrating the advantages of the proposed model in highly nonlinear scenarios. 
To validate the proposed method, the X47B-like low-observable aircraft configuration is adopted to 
verify the computational accuracy of the three-dimensional RCS evaluation method. The external 
dimensions of the X47B-like configuration are shown in Figure 6. The wingspan is 20.16 m, the half-
model reference area (based on the single-wing planform) is 42.43 m², the reference center for 
aerodynamic evaluation is taken at 𝑥 ൌ 6.17 m, and the mean aerodynamic chord length is 3.32 m. 
The wing root section (𝑦 ൌ 0.0 m) has a chord length of 11.6 m and a thickness ratio of 16%; the kink1 
(𝑦 ൌ 4.5 m) and kink2 (𝑦 ൌ 8.0 m) sections have a chord length of 2.56 m and a thickness ratio of 11%; 
the wingtip section (𝑦 ൌ 10.08 m) has a chord length of 0.2 m and a thickness ratio of 11%. Each 
section of the basic configuration is obtained by modifying the thickness of the symmetric airfoil NACA 
65016[29]. 



MULTI-FIDELITY BAYESIAN DATA FUSION 

11 

 
Figure 6 – Basic external geometry dimensions of X47B-like configuration 

Different methods are used to solve for RCS in the computational electromagnetic simulation software 
FEKO. MLFMM, based on the Method of Moments, is a rigorous numerical method for solving 
Maxwell's integral equations, and its accuracy can be systematically controlled through mesh 
discretization. The MLFMM solver in FEKO has been extensively validated by the industry and is 
recognized as an authoritative tool for calculating RCS of complex targets. Therefore, the MLFMM 
results calculated in this paper can be approximated as true solutions. The radar wave incident 
frequency is set to 𝑓 ൌ 1 GHz, the far-field angle step is 1∘ , and the average mesh size used is 
approximately 𝜆/8. A schematic diagram of the mesh generation is shown in Figure 7. 
The bistatic RCS under horizontal polarization is calculated in the 𝑥-𝑦 plane. The calculation results 
are shown in Figure 8. It can be observed that the X47B-like configuration exhibits RCS peaks at 𝜑 ൌ
30∘, 𝜑 ൌ 125∘, and 𝜑 ൌ 150∘. A comparison of computation time, mesh quantity, and the calculated 
mean RCS values for PO and MLFMM is shown in Table 4. The Physical Optics method takes only 
about 8.5 seconds, which is extremely fast, while the mesh quantity for the Multi-level Fast Multipole 
Method is 40 times larger than that for PO, directly demonstrating the difference in computational 
efficiency between the two methods. It is worth noting that the RCS values of PO are relatively small 
at most angles, with the mean RCS deviating by approximately -5.40 dBsm from the MLFMM result. 
This deviation is consistent with theoretical expectations, confirming that PO indeed ignores 
electromagnetic scattering characteristics such as edge diffraction and multiple scattering, thereby 
underestimating the contribution of local complex structures to the RCS of the target. 

 
(a) PO mesh 

 
(b) MLFMM mesh 

Figure 7 – Schematic diagram of X47B-like configuration mesh generation 
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Figure 8 – RCS results of X47B-like configuration under horizontal polarization 

 

Table 4 – Calculation time and mesh quantity of X47B-like configuration 

Method Computation Time(s) Mesh Quantity (104) Mean RCS (dB) 

PO ≈8.5 1.6 -18.21 

MLFMM ≈2043 64 -12.81 

4.2 Stealth Data Fusion Results 
A case study is conducted based on the RCS results of the X47B-like configuration under horizontal 
polarization. Since the RCS is symmetric about the azimuth angle of 180°, data fusion is actually 
performed on the results within the range of 0-180°. From Table 4, the total sampling time for high-
fidelity data within this range is approximately 1021.5 seconds. PO data are sampled at 1° azimuth 
intervals, yielding 180 low-fidelity samples. MLFMM data are sampled at 5° and 10° intervals, yielding 
36 and 18 high-fidelity samples, respectively, with corresponding sampling times of 765.4 seconds 
and 440.5 seconds. Therefore, sampling 180 low-fidelity samples and 36 high-fidelity samples saves 
nearly 25% of the time compared to sampling 180 high-fidelity samples, while sampling 180 low-fidelity 
samples and 18 high-fidelity samples saves about 56.5% of the time, demonstrating the efficiency 
advantage of the multi-fidelity data fusion model. 
The low-fidelity model requires modeling the 180 RCS results obtained by the PO method. The DNN 
hidden layer uses 5 layers with 512 neurons per layer. The final mean square error after model training 
is 0.000034. The prediction results and the loss curve during the training process are shown in Figure 
9. After the low-fidelity model is trained, its predicted output, together with the MLFMM data input, is 
used as the input to the high-fidelity layer to train the high-fidelity model. 
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(a) Low-fidelity DNN prediction 

 
(b) Low-fidelity training loss curve 

Figure 9 – Low-fidelity model prediction and loss curve diagram 

In this section, 36 and 18 MLFMM calculation results are used as high-fidelity data, respectively, to 
investigate the performance of the models under different numbers of high-fidelity samples. 
First, 36 high-fidelity data points (sampling interval of 5°) are used for modeling. The AdamW optimizer 
is employed, with the high-fidelity layer using 3 hidden layers containing 128 neurons each, the KL 
weight set to 0.0001, and the learning rate set to 0.001. Figure 10(a) shows the prediction results of 
the MFBNN model. It can be observed that the uncertainty is small near the high-fidelity training points 
and increases significantly in regions without high-fidelity data, which is consistent with physical 
intuition, indicating that the model can reasonably express the degree of uncertainty in its predictions 
when data are insufficient. Figure 10(b) shows the prediction results of the Co-Kriging model. This 
model fits the high-fidelity training data points extremely well but has poor predictive capability in 
regions outside the training points, exhibiting severe overfitting. From the core accuracy metrics in 
Table 5, the MSE of MFBNN is reduced by 47.71% compared to Co-Kriging, the RMSE is reduced by 
27.70%, and the R² is improved by 32%. The error of the predicted mean RCS relative to the MLFMM 
benchmark (-12.81 dB) is about 6.79% for MFBNN, while the error for Co-Kriging is about 9.37%, 
indicating that MFBNN has significant advantages in prediction accuracy and generalization ability. 
Regarding interval calibration, Co-Kriging's PICP of 88.40% is closer to the nominal 95% coverage 
than MFBNN's 72.38%; it is therefore better calibrated by PICP in this case. The narrower MFBNN 
intervals should be interpreted together with coverage and point-prediction metrics, rather than 
described as superior on PICP alone. 

 
(a) MFBNN prediction results and uncertainty 

 
(b) Co-Kriging prediction results and uncertainty 

Figure 10 – Prediction results for 36 high-fidelity data points 
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Table 5 – A comparison of evaluation metrics for 36 high-fidelity data points 

Model MSE RMSE R² Mean RCS (dB) PICP (%) 

MFBNN 0.1508 0.3883 0.7903 -11.94 72.38 

Co-Kriging 0.2884 0.5371 0.5988 -14.01 88.40 

 
When the high-fidelity data are reduced to 18 points (sampling interval of 10°), the number of neurons 
in the high-fidelity layer is adjusted to 32. The results are shown in Figure 11 and Table 6. Compared 
with the results from 36 data points, the mean square error of Co-Kriging increases from 0.2884 to 
0.3111, an increase of about 7.87%, indicating that the covariance function fitting becomes unstable 
under sparse data, and the prediction results tend to deviate from the true values. In contrast, the 
prediction results of MFBNN remain almost unchanged from before, while the prediction intervals 
reasonably widen as the available data decrease, reflecting the stability of model predictions under 
small sample conditions and conservative estimation in data-deficient regions. In terms of mean RCS, 
both models show a slight increase in their predicted values due to the reduction in data volume. 

 
(a) MFBNN prediction results and uncertainty 

 
(b) Co-Kriging prediction results and uncertainty 

Figure 11 – Prediction results for 18 high-fidelity data points 
 

Table 6 – A comparison of evaluation metrics for 18 high-fidelity data points 

Model MSE RMSE R² Mean RCS (dB) PICP (%) 

MFBNN 0.1680 0.4098 0.7664 -11.51 84.53 

Co-Kriging 0.3111 0.5577 0.5673 -13.82 90.61 

In summary, in terms of prediction accuracy, MFBNN implicitly learns the complex nonlinear 
relationships between high- and low-fidelity data through neural networks, while Co-Kriging relies on 
explicit covariance assumptions and lacks flexibility in nonlinear scenarios. Under small dataset 
conditions, MFBNN provides risk-controllable predictions through uncertainty quantification while 
maintaining prediction accuracy, whereas Co-Kriging has potential biases. Therefore, in multi-fidelity 
modeling, MFBNN performs better than the traditional Co-Kriging method, especially in scenarios with 
sparse data and strong nonlinearity, where its accuracy, robustness, and uncertainty quantification 
capability have greater engineering practical value. 

5. Aerodynamic Characteristics Data Fusion 
5.1 Multi-fidelity Data Sources 
In data fusion learning and modeling, numerical calculation results are used as low-fidelity data, while 
wind tunnel test results are used as high-fidelity data. High-precision experimental measurements 
often cannot capture all flow field details, and obtaining such data is difficult, expensive, and very 
limited. In contrast, although numerical calculation methods cannot achieve the accuracy of 
experiments, they can easily obtain global flow field information. 
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The wind tunnel test data provided by the NACA0012 airfoil 9218 case in the NASA report[30, 31] are 
selected for validation, and the aerodynamic response of the airfoil under unsteady pitching motion is 
simulated. This case is a classic dynamic stall case with high-dimensional nonlinear response 
characteristics, making it suitable as a benchmark for validating multi-fidelity modeling. The motion 
parameters and freestream velocity are set as follows: 

 0 )sin(m t      (27) 

Where 𝑀𝑎 ൌ 0.283, 𝑅𝑒 ൌ 3.45 ൈ 10଺ , 𝛼଴ ൌ 14.91, 𝛼௠ ൌ 9.88, 𝑘𝑟 ൌ 0.151. The angular frequency 𝜔 
can be derived from the relationship of 𝑘𝑟: 

 r /2 k cU     (28) 

Where 𝑈ஶ is the freestream velocity and 𝑐 is the airfoil chord length. This setup simulates the periodic 
pitching motion of the airfoil about its quarter-chord, representing a typical unsteady flow condition that 
induces dynamic lift variations. 
Validated coupled Delayed Detached Eddy Simulation and Transitional Delayed Detached Eddy 
Simulation (TDDES) models with transition prediction are used for unsteady numerical simulations. 
The calculation results are used as low-fidelity data. A schematic diagram of the NACA0012 mesh is 
shown in Figure 12, with a mesh size of 197,056. The experimental data are used as high-fidelity data. 

 
(a) Overview 

 
(b) Close-up view 

Figure 12 – Schematic diagram of NACA0012 airfoil mesh generation 

5.2 Aerodynamic Data Fusion Results 
A total of 612 low-fidelity samples and 10 high-fidelity samples are uniformly selected to train the 
MFBNN model. After the model training is completed, the MFBNN model is used to predict each input 
point. Multiple output instances are obtained through Monte Carlo sampling, and their mean and 
standard deviation are calculated as the prediction value and confidence estimate, respectively. The 
differences in the three curves of lift coefficient, drag coefficient, and moment coefficient with respect 
to angle of attack among the numerical calculation results, experimental data, and model prediction 
results are compared (Figure 13). 
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(a) Comparison of CL 

 
(b) Comparison of CD 

 
(c) Comparison of CM 

Figure 13 – Comparison diagram of NACA0012 airfoil aerodynamic coefficient predictions 

The comparison results show that the predicted mean of the MFBNN model is closer to the 
experimental results, and the error is significantly reduced compared to the calculation error of the 
TDDES model. The prediction results of lift coefficient and moment coefficient are significantly better 
than those of the traditional Co-Kriging model. Moreover, the confidence interval of MFBNN basically 
covers all high-fidelity validation data, keeping the error within two standard deviations, demonstrating 
the rationality of the model in uncertainty quantification. Compared with the single-value prediction of 
TDDES, the MFBNN model provides better uncertainty estimation capability. 

6. Conclusions 
This work makes following main contributions:  

The multi-fidelity Bayesian neural network proposed in this paper adopts a hierarchical 
architecture consisting of a low-fidelity deep neural network and a high-fidelity Bayesian neural 
network, which can learn highly nonlinear cross-fidelity correlations without requiring preset 
correlation assumptions, unlike Co-Kriging. Considering the limitations of high-precision MCMC 
posterior inference methods in terms of efficiency and scalability, this paper employs VI to 
approximate the complex true posterior in Bayesian inference, greatly improving feasibility for 
large-scale problems. However, the current VI method is inherently an approximation process. 
Even when made as close as possible to the true posterior distribution, it still falls short of 
capturing complex characteristics such as multimodality. Future work should explore more 
flexible posterior approximation methods based on the current research to better capture the 
complex structure of the true posterior while maintaining computational efficiency; 

In the multi-source stealth electromagnetic characteristic scenario, taking the three-dimensional 
X47B flying-wing configuration as an example, MFBNN fuses high-precision MoM data with low-
precision PO data. Under different high-fidelity sample sizes, MFBNN exhibits lower prediction 

• 

• 
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error and higher goodness of fit compared to the Co-Kriging model, significantly reducing the 
dependence on high-fidelity samples and effectively resolving the inherent trade-off between 
accuracy and efficiency in traditional electromagnetic numerical computations. Meanwhile, the 
Co-Kriging model exhibits severe overfitting under small sample conditions, failing to capture the 
true trend of the data at points far from the training points. In contrast, the uncertainty provided 
by MFBNN converges near the training points and reasonably expands in extrapolation regions, 
which is more reasonable than the redundant predictions of Co-Kriging, highlighting the 
advantages of MFBNN in prediction accuracy and uncertainty estimation; 

• In the aerodynamic characteristic data fusion scenario, taking the unsteady aerodynamic force 
prediction of the NACA0012 airfoil as an example, MFBNN fuses aerodynamic numerical 
calculation results with wind tunnel test data, using lift coefficient, drag coefficient, and moment 
coefficient as core evaluation metrics. The predicted mean of MFBNN is closer to the 
experimental observations than the prediction results of the TDDES model and Co-Kriging, and 
the confidence intervals can reasonably reflect the uncertainty of the predictions, covering most 
of the actual observations. The results demonstrate the cross-disciplinary generalization 
capability of the proposed model from electromagnetics to aerodynamics. Future work can 
provide quantitative basis for robust decision-making in aerodynamic-stealth integrated design 
and multidisciplinary optimization. 
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