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Abstract

Data-driven neural operators have emerged as promising surrogate models for approximating complex nonlin-
ear dynamics, potentially enabling orders-of-magnitude reductions in computational cost once trained, which
makes them attractive for computational fluid dynamics applications involving repeated evaluations or para-
metric analyses. However, the successful application of neural operators often depends on the availability of
high-quality and representative datasets in sufficient quantity to accurately describe the underlying physical
process. In this context, incorporating physical principles through governing equations emerges as a promis-
ing strategy to improve data efficiency and model robustness. The Physics-Informed Neural Operator (PINO)
architecture combines the physics-constrained learning paradigm of PINNs with the operator-learning and gen-
eralization capabilities of neural operators. PINOs embed physical knowledge through the partial differential
equations (PDEs) governing the phenomenon and, unlike conventional PINNs, which are typically trained for
a specific PDE realization, learn solution operators across parameterized families of problems. In the present
work, we evaluate the capability of PINO to recover disturbance fields associated with nonparallel hydrody-
namic stability analyses in incompressible flat-plate boundary layers. PINO predictions are compared against
reference solutions obtained using a Parabolized Stability Equations (PSE) solver over a range of Reynolds
numbers to assess predictive accuracy, robustness, and generalization capability. Our results demonstrate
that the proposed framework accurately reproduces the principal quantities of interest in hydrodynamic sta-
bility analysis, including the complex streamwise wavenumber, disturbance amplitude fields, energy-based
growth rate, and N-factor.
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1. Introduction

The integration of data-driven modeling and machine learning has gained increasing attention in
computational fluid dynamics (CFD), particularly for problems governed by nonlinear partial differen-
tial equations (PDEs) whose numerical solution can be computationally expensive [1]. Among recent
developments, neural operators have emerged as promising surrogate models capable of learning
mappings between input conditions and solution fields for parameterized PDE systems. Once trained,
these models can significantly reduce computational costs in applications requiring repeated evalua-
tions or parametric analyzes.

Physics-Informed Neural Networks (PINNSs), originally introduced in Refs. [2, (3| 4], incorporate gov-
erning PDEs into the training process to constrain the solution space and reduce reliance on large
training datasets. Despite their success across a range of scientific applications, conventional PINNs
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are typically trained to solve individual PDE realizations and may exhibit limitations when address-
ing complex, multi-scale, or stiff problems, including training instabilities and spectral bias [5]. A
complementary line of research seeks to overcome some of the limitations of conventional PINNs
through operator learning approaches. In this context, neural operators have emerged as a promis-
ing framework for learning mappings between function spaces associated with parameterized partial
differential equations (PDEs).

Among neural operator approaches, the Fourier Neural Operator (FNO) introduces a mesh inde-
pendent framework for learning mappings between infinite-dimensional function spaces using neural
networks [6, [7]. By learning operators rather than discretization-specific solutions, FNO enables a
single set of network parameters to generalize across different meshes and problem discretizations.
Furthermore, the use of spectral convolutions significantly reduces the computational burden asso-
ciated with operator learning, making FNO particularly effective for approximating complex nonlinear
PDE systems [8].

The FNO framework has demonstrated a strong capability in approximating complex operators arising
from highly nonlinear PDE systems, including problems characterized by high-frequency modes and
slow energy decay [9].

By incorporating governing PDE constraints into the neural operator framework, the Physics-Informed
Neural Operator (PINO) combines the generalization capability of FNO-based architectures with the
physics-based learning paradigm of PINNs, enabling improved robustness and generalization across
varying PDE instances. In practice, PINO integrates supervised training data with a physics-based
residual loss derived from the governing PDEs, promoting physically consistent predictions while
preserving the operator-learning capability of FNO architectures. This hybrid formulation also helps
alleviate some of the optimization challenges commonly encountered in conventional PINNs, making
PINO particularly attractive for complex and time-dependent PDE systems [10].

In this work, we evaluate the capability of PINO to predict pressure and velocity disturbance fields
computed using a Parabolized Stability Equations (PSE) solver for incompressible boundary-layer
stability analysis [11, [12]. Model performance is assessed across a range of Reynolds numbers
to quantify predictive accuracy, robustness, and generalization capability. The implementation fol-
lows the foundational PINO framework proposed by [10]. The present study focuses on incom-
pressible boundary-layer stability analysis using a PSE solver formulated for spatially developing
disturbances [13], although recent efforts have also explored compressible PSE-based mode am-
plification data [14} [15]. In particular, we investigate the amplification of Tollmien—Schlichting (TS)
waves [16, 17, (18] [19] over a flat plate under zero-pressure-gradient conditions. The present work
aims to predict the spatial evolution of disturbance fields using a trained PINO framework. Automating
flow stability analysis through PINO is particularly attractive because conventional stability tools often
require substantial user expertise and careful numerical setup. In contrast, data-driven approaches
offer the potential for more accessible workflows and straightforward integration with high-fidelity
CFD solvers for transition prediction and aerodynamic analysis. Our results demonstrate that the
FNO-based operator accurately predicts the complex streamwise wavenumber, disturbance ampli-
tude fields, the energy-based growth rate, and the N-factor throughout the trained parameter space.
This paper is organized as follows. Section |2.| introduces the Parabolized Stability Equations (PSE)
theory. Section (3.| provides an overview of the mathematical theory behind the Fourier Neural Oper-
ator, while Sect. |4.| presents the reconstruction of the Physics-Informed Neural Operator for the PSE.
Numerical results are presented in Sect. 5., We end the paper with final remarks in Sect.

2. Parabolized Stability Equations

In modal linear stability theory, the stability problem is solved by using a set of wave modes, each of
which is solved independently. Both PSE and LST are examples of modal linear stability methods.
The overall principle is based on the decomposition of the flow state vector q into a steady base flow
state g and an unsteady disturbance component, 4. The decomposition reads q(X,7) = §(X) +£q(x,?),
where x is the space coordinate vector, t is the time, and q = (u,w,v, p) is the flow state vector, and
ek 1.

The PSE method is appropriate for the analysis of streamwise disturbance growth in slowly varying
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shear flows such as boundary layers [11} 120, [12]. Mathematically, this is expressed as

q<dq; 9.q=0, (1)
q(x) =q(x",y), (2)

where x* is a scaled version of x used to represent the base flow slow variation in the streamwise
direction, while y represents the wall-normal direction.

The base flow velocity components i and v, aligned with the streamwise and spanwise directions,
respectively, exhibit small variations in the streamwise (x) direction and are constant along the span-
wise (z) direction. We introduce the local Reynolds number, Re = U,6(x)/v where v is the kinematic
viscosity and d(x) is a length scale proportional to the boundary layer thickness, d(x) = \/vx/U,,
where U, is the unperturbed boundary layer edge velocity. The length scale, d(x), is typically used in
PSE analysis [21,[13]. The reference length scale used to nondimensionalize the equations is 6 eval-
uated at the first marching streamwise coordinate [11]. The wall-normal component, w, is nonzero
and scales with 1/Re. Formally defining the slowly varying scale x* = x/Re, the scalings are:

W~ —,
Re

9 1
dx*  Re’ (3)
o=oax"),

a=a0,y).

In a linear PSE analysis, the perturbation vector is expanded in terms of a single mode, truncated
Fourier component assuming time-periodicity,

a(x,y,x,1) = q(x,y)exp [i (/Oc (x') dx' + Bz — cot)] ) (4)
X
where q(x,y) has a slow variation in x. The flow disturbance amplitudes, §, present the three velocity
components even when a two-dimensional base flow is considered.
To obtain the linear PSE equations, we replace the flow state vector decomposition, q(x,¢) = q(x) +
£q(x,1), in the linearized Navier—Stokes equations and neglect terms of ¢(¢?). We also consider the
sacaling from Eq. and neglect higher derivatives with respect to x in the viscous terms (noting that
1

SR ™ €2). The resulting linear PSE equations, in compact form, read

. 199 1 9%§ 1 99
—_ -1 —_~ 1.p—2—

Aq+Bhy 8y+ch§ ay2+ I o 0, (5)
where h, and h, are curvature metrics. The entries for the incompressible PSE operators A, B, C, and
D are detailed by Ref. [13]. The compressible PSE operators are detailed in Ref. [21]. The boundary
conditions are:

i=9v=w=0 at y=0, (6)
d=7=w=p=0 as y-—oo. (7)

In the PSE framework, changes in amplitude along the slowly varying spatial direction are contained
both in the amplitude function g and in the phase function defined in Eq. (4). To remove such ambi-
guity, a normalization condition is required. One possibility for the normalization is to impose that the
total kinetic energy of the shape function be independent of x so that fast disturbance variations in
the streamwise direction are absorbed into the phase function [12],

/ "0t 0. (8)
0 ox

where the superscript 1 represents the complex conjugate. This normalization condition also ensures
an assumed scaling of dq/dx with 1/Re.
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The disturbance kinetic energy is used to measure the disturbance growth,
EG) =5 [ @R+ 92+ ) . ©)
The disturbance kinetic energy-based disturbance growth ratio reads

GE:hlx(—(Xi—i—ddxln\/E(x)>. (10)

To compute the onset of the transition region, the ¢¥ method is usually employed, where N is the
amplification factor, or N-factor, defined as

A i
N=In (AO> :/XO o (x) dx. (11)

where Ay is the disturbance amplitude at the first neutral-stability point location, denoted by xy, and x;,
the final station. The N-factor envelope is obtained as the superposition of different N-factor curves
at each station, computed by the PSE code for a range of frequencies and spanwise wavenumbers.
The linear PSE (5) are intended to be parabolic. Therefore, it is possible to treat the streamwise direc-
tion as a pseudo-time and then to implement a marching strategy in this spatial direction. Numerical
instabilities appear when the streamwise integration step is too small [13]. The reason for that, as
explained by Herbert [12], is that there are traces of ellipticity that inject ill-posed characteristics. One
remedy for this is the use of a first-order backward difference scheme with a lower integration step
limit Ax > 1/]a,|. To relax this limit, Andersson et. al. [22] propose a stabilization procedure leading
to Ax > 1/]a,| —2s, where s is a small number.

Due to the predominantly parabolic character of the linear PSE (5), the disturbance evolution is
influenced by both local and upstream flow information and, therefore, the PSE method is recognized
as a nonlocal approach, in contrast to, for instance, the Orr—Sommerfeld equation, which is a local
formulation.

3. Neural Operators

Classical neural networks approximate functions between finite dimensional Euclidean spaces by
mapping input vectors to output vectors [10]. In contrast, neural operators learn mappings between
infinite dimensional function spaces [23]. In this framework, the operator represents the solution map
of a partial differential equation (PDE), associating an input function, such as an initial or boundary
condition, with the corresponding solution field. This continuous formulation alleviates limitations as-
sociated with fixed discretizations and enables predictions across different meshes and resolutions
[9]. Moreover, neural operators can naturally accommodate variations in physical parameters, in-
cluding viscosity, temperature, and material properties, while generalizing across different boundary
conditions and time dependent forcings [10].

3.1 The Neural Operator Formulation

A neural operator aims to capture the mapping between a continuous input function 2" and its cor-
responding continuous output function % [24]. To perform complete training, the pair of functions
(Z,%) is discretized into a pair of instances (x,y) during the training process. The goal is to learn a
mapping ¥ between x and y, denoted by:

y=%9(x). (12)

The mapping ¢ is built as an iterative architecture and involves sequential steps. Initially, a lifting
transformation that increases the dimensionality of the input channel, denoted by &, is performed.
This step is followed by the mapping itself through . layers (74,54, ..., 7). Finally, a projection
back to the original channel dimensionality through 2 [25] takes place. Thus, the operator can be
expressed as:

Y =205 yo---0o7505{0P. (13)

The transformations &2 and 2 are applied pointwise (pixel-wise) and can be implemented using
models such as the Multilayer Perceptron (MLP). In Eq. (13), the circle operator (o) denotes function

4
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composition. For two operators or mappings A and B, the composition A o B indicates that B is applied
first, followed by A.

In each iteration, the update is defined as the composition of a non-local integral kernel operator .7
and a local, nonlinear activation function o [24]. Each layer is therefore composed of a local (pixel-
wise) linear transformation W applied in the spatial domain; an integral kernel operator .7 "; and the
activation o [10]. Formally, a layer can be expressed as:

H(x) = 6(Wx+.# (x)). (14)

This composition is the central mechanism that allows the architecture to approximate highly nonlin-
ear operators: even though the integral operator is linear and global, combining it with local nonlinear
activations enables the representation of complex nonlinear dependencies, in close analogy with how
standard neural networks compose linear multiplications and nonlinear activations.

The integral kernel operator .#" acts on a representation v of the input function [10], incorporating
non-local data across the spatial domain D:

() = [ Ko (x.3, 273, 27() v() (15)

where k, is a learnable kernel, parameterized by a neural network with parameters ¢. In its most gen-
eral form, this kernel depends not only on the pair of points (x,y) in the spatial domain, but also on the
values of the input function 2" (x) and 2 (y), which makes the operator highly expressive. This gen-
erality, however, comes at a cost: evaluating the integral directly in physical space is computationally
expensive, which historically limited the efficiency of neural operators [26].

3.2 The Fourier Neural Operator

The Fourier Neural Operator (FNO) addresses this limitation by replacing the kernel integral operator
(-#) with a convolutional operator in Fourier space [9]. Let .# denote the Fourier transform of a
function f: D — R%, and .# ! its inverse, such that:

(FN0) = [ e Hax, (F7),0 = [ f0emar, (16)

where j = 1,2,...,d, and the imaginary unit is i = /—1. Here, d, denotes the dimensionality of the
latent feature representation v, corresponding to the number of channels over which the Fourier
transform is applied. Assuming that kg (x,y, 2"(x), 2 (y)) = k¢(x —y) and by the spectral convolution
theorem [10], convolutions in the spatial domain correspond to pointwise products in the frequency
domain. Therefore, the kernel integral can be rewritten as:

(#V)@) = F (F(ke) - F(¥)),  VaeD. (17)
The kernel ky must be parameterized in Fourier space. A Fourier integral operator is then defined as:
(V) x)=F (By- F()x),  VxeD, (18)

where R, is the Fourier transform of a periodic function ky : D — R%*% parameterized by ¢. For
frequency mode k € D, it's accepted that (#v)(k) € C* and R, € C**% [9]. Given that k is assumed
to be periodic, it admits a Fourier series expansion; thus, it is valid to work with discrete modes k € Z¢
[10Q]. A finite-dimensional parameterization is selected by truncating the Fourier series at a maximum
number of modes kyux = |Zs,,.| = [{k € Z% : |k;| < kax,j, forj =1,2,...,d}|.

Then, Ry is directly parameterized as a complex-valued (k,..x X d, x d,)) tensor, comprising a collec-
tion of truncated Fourier modes, thereby removing ¢ from the notation. Because x; is real-valued,
conjugate symmetry can be imposed. The set Z; _is not a canonical choice for the low-frequency
modes of v, which are typically defined by an upper bound on the 1-norm of & [9]. The choice of Z;
is motivated by its allowance for greater implementation efficiency [10].

For the discretization, it is assumed that the domain D is discretized with n € N points, v € R4,
and .Z (v) € C™% [9]. Since the convolution of v is performed with a function that possesses only

5
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kmax Fourier modes, the operation can be simplified by truncating the higher modes, resulting in
Z (v) € Chnarxdr The multiplication by the weight tensor R € Chnarxdrxd takes the form:

dy
R(F Ny =Y R j(FVijs k=1, kmax, Jj=1,....d. (19)
j=1

The discretization is uniform with a resolution s; x ... x s, = n, so that .# can be replaced by the Fast
Fourier Transform (FFT) [9] For f € R k= (ky,...,kq) € Zy, X -+ X Z,,, and x = (x;--- ,x4) € D, the
FFT . and its inverse .% ! are defined as:

s1—1 sq—1 Xk s1—1 sq—1 xjkj

j Z Z fl XlyeeoyX 2”:2;[:1 ﬁj/y Z Z fl k17 7 21”2/ : A/ )

=0 x;=0 k=0 k4=
(20)
for I =1,...d,. In this specific case, the set of truncated modes becomes:
kaax = (kl,...,kd) (S Zsl Xoee Xst | kj < kmax,j or Sj—kj < kmax,j>;j: 1,...,d. (21)

In the implementation, R is treated as an s; x --- x 54 x d,, X d,-tensor, and the above definition of
7, corresponds to the "corners” of R, which enables a direct parallel implementation of Eq. via

ma)c

matrix-vector multiplication [9].

4. Physics-Informed Neural Operator

The Physics-Informed Neural Operator (PINO) combines supervised training data with a physics-
based residual loss derived from the governing partial differential equations (PDEs) [27]. By inte-
grating operator learning with physics-constrained training, PINO alleviates some of the optimization
difficulties commonly encountered in purely data-driven neural operators while reducing reliance on
large training datasets. In contrast to conventional Physics-Informed Neural Networks (PINNs), which
are typically trained to approximate the solution of a single PDE realization, PINO learns the solution
operator ¢ associated with a parameterized family of PDE problems [27]. As a result, once trained,
the learned operator generalizes across varying problem configurations without requiring retraining
or problem-specific optimization.

The training process is commonly divided into two phases. The first phase, referred to as operator
learning, trains a neural operator to approximate the solution operator associated with a family of
PDE problems using available data, synthetically generated PDE instances, or a combination of both
[10]. An appealing strategy consists of combining low-resolution training data with high-resolution
PDE residual constraints, enabling accurate extrapolation to finer scales [27].

The second phase, known as instance-wise fine-tuning, refines the pretrained neural operator for
a specific PDE realization by minimizing the governing PDE residual. In this stage, an additional
anchor loss regularization term is introduced to stabilize the optimization and preserve proximity
to the pretrained operator [10]. Because the learned operator parametrizes the solution in function
space, fine-tuning efficiently adapts the model to individual PDE instances without requiring complete
retraining [9].

4.1 PINO Reconstruction for PSE
In this work, we consider a two-dimensional, incompressible base flow over a flat plate. Considering
the incompressible PSE operators A, B, C, and D, and assuming unitary curvature metrics, i, = hy, =

1, Eq. is written as:
i dv

zocu—Hﬁw—Faf—F Iy =0, (22)
8U au,. . . on 1 9% di 8p

oV . di 1 9% 2% dp

6
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oW W . . oW 1 I*W oW
where 1
§:—i(o+iaU+iBW+ﬁ(a2+[32). (26)

In Eq. (26), U, V, and W are the base flow velocity components, i is the imaginary unit, ¢ is the
streamwise wave number, o is the angular frequency, and g is the spanwise wave number.

We employ the PINO framework to learn the solution operator associated with the PSE-based flow
stability analysis. The operator ¢, parametrized by 6 and built upon the Fourier Neural Oper-
ator architecture introduced in Section maps an input function a to the output function ¢ =
(a,9,w,p,a). The input function comprises the base flow velocity components (U,V,W), their gra-
dients (U, U,,Vy,W,,W,), and the physical parameters (Re,w,), evaluated over the spatial domain
(x,y), where subscripts denote differentiation. Sampling the input function from a distribution u over
the parameter and base flow space yields a family of PSE instances, a ~ u, over which the operator
is trained. The base flow velocity gradients U,,U,,V,,W,,W, are computed directly by the PSE flow
solver and supplied to the operator as part of the input function. We are interested in learning the
disturbance amplitude fields i(x,y), ¥(x,y), and w(x,y), the pressure field p(x,y), and the streamwise
wavenumber o(x). Figure [1]describes the operator structure adopted in this work.

Fourier
a P layers
Projection
Lifting
I=1..L

Input function

Qutput
o Differentiation PSE residuals

Lpde
Physics Loss

Lrla:a
Data Loss

Figure 1 — Physics-Informed Neural Operator (PINO) framework adopted for the reconstruction of
disturbance fields obtained from the Parabolized Stability Equations (PSE).

) @
®®

Neural Operator

We write the PSE equations as

i+ W+ i+ 9y, =0, (27)
(C+U)a+Uyd+iap+Viy —Re iy, + Uiy + py =0, (28)
(C+Vy)P+Vidy —Re "9y + U+ py, =0, (29)

Weid + Wy + E0 +iB p + Vidy — Re™ "Wy, + Uy = 0, (30)

where subscripts indicate differentiation. From these equations, we define the residuals R;, R», R3,
and Ry,

Ry := it + i + ity + Py, (31)

Ry = ({+ Ui+ U +iop+Vity — Re ity + Ul + pi, (32)
Rs = ({+V,)0+ Vi, —Re "9, +UD, + py, (33)

Ry := Wi+ WyD+ S+ iB p+ Viby — Re™ Wy + Uiy, (34)

which measure the deviation from zero obtained when the operator outputs are substituted into the
differential operators of Egs. (27)—(30). The derivatives of the operator outputs required to evaluate
the residuals are obtained through Fourier-space differentiation, intrinsic to the FNO architecture;
since the wall-normal direction y is non-periodic, the Fourier continuation technique is applied to
embed the domain into a periodic space prior to differentiation.
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In the operator-learning phase, the operator is trained over the family of instances by minimizing a
composite objective that combines a data loss and a physics loss. The data loss measures the dis-
crepancy between the operator predictions and the reference fields, while the physics loss enforces
the PSE residuals,

/(ge) = /data(ge) + /pde(ge)y (35)
with
1
Hdata(e) =Eup !M];(|ﬁlr(ef_ﬁ§red|2+|9lr(ef pred| +|an Wpred\ +’Pref—ﬁ];red\z+|0‘fef—0‘§red’)
(36)
1 N
Fiool) = a1 1. (IRIF -+ RSP+ RSP + 1R | (37)

where the subscripts d and ¢ denote, respectively, the reference data and the collocation points, N, is
the number of data points, N. is the number of collocation points, and the expectation E,, -] is taken
over the sampled PSE instances. The data loss in Eq. is evaluated on the available reference
fields, which may be provided at low resolution, whereas the physics loss in Eq. is imposed at a
higher resolution, thereby enabling accurate reconstruction at scales finer than those of the training
data.

In the instance-wise fine-tuning phase, the pretrained operator ¢, is refined for a single PSE instance
by minimizing the physics loss together with the anchor loss,

"g(g@) = .,gpde (gei) +A $0p (geng@o)? (38)
where
N,
Zode(Ds,) 2 (IRA2 + RS+ RS+ RGP (39)
and the anchor loss
Lop(Go,:Go,) = |, (@) — Go, (a) ||’ (40)

constrains the fine-tuned operator ¥, at the i-th training epoch to remain close to the pretrained
operator ¥%,, and A > 0 weights the regularization.

Collocation points constitute a fundamental component of the physics-informed formulation. These
points are specific coordinates, selected or generated within the domain, at which the governing
PDEs are explicitly enforced. Their primary function is to embed physical constraints by requiring
the operator output to satisfy the PSE system. This enforcement is achieved by minimizing the PDE
residuals defined in Egs. (31)—(34), which quantify the deviation from zero when the approximated
solution is substituted into the differential operators. The minimization of these residuals across the
collocation points acts as a regularization mechanism that penalizes solutions violating the prescribed
physics, thereby biasing the optimization toward physically admissible functions. Because the physics
loss is evaluated on the operator outputs over the entire family of instances, this constraint promotes
accurate interpolation and extrapolation, allowing the operator to achieve robust generalization even
when trained on limited or sparse observational data.

5. Numerical Results

In this section, we present results obtained with a Physics-Informed Neural Operator (PINO) frame-
work applied to flow stability analysis. The problem addresses the evolution of Tollmien—Schlichting
(TS) wave disturbances in an incompressible, zero-pressure-gradient flat plate boundary layer. The
training, test, and validation data were generated using a Parabolized Stability Equations (PSE)
solver [13], which serves as the high-fidelity ground truth for this investigation.

The dataset consists of 100 PSE solutions covering a parametric space defined by the inlet displace-
ment thickness Reynolds number, Regs, ranging from 300 to 500, the outlet displacement-thickness
Reynolds number ranging from 1,000 to 2,000, and the reduced frequency, F, ranging from 5.6 x 107>
to 1.24 x 1074, with 8 = 0 throughout. Each solution is computed on a grid of 80 streamwise stations

8
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and 250 points in the wall-normal direction. The dataset is split such that 80% of the cases are used
for training, 10% for testing, and the remaining 10% for validation.

We select a Fourier Neural Operator, which is set to operate on the full two-dimensional spatial
field of the PSE solution. The architecture consists of 4 Fourier layers with 64 hidden channels,
retaining 20 modes in the wall-normal direction and 12 modes in the streamwise direction. The input
to the network comprises 13 channels: the spatial coordinates (x,y), the global flow parameters
(Res,w,B), and eight mean flow quantities (u, v, w, uy,uy, vy, we, wy). The network output consists of 10
channels corresponding to the real and imaginary parts of the disturbance eigenfunctions (i, v,w, p)
and the streamwise wavenumber, «. The total loss function is composed of two components: a
weighted data-matching term, and a physics-informed PSE residual. The data loss employs channel-
specific weights, with the a channels weighted twenty times higher than the eigenfunction channels
to improve the prediction accuracy of the growth rate, which is critical for stability analysis. The model
is trained using the Adam optimizer with a learning rate of 3 x 10~%, reduced by a factor of 0.5 when
the validation loss shows no improvement for 100 consecutive epochs, with a minimum learning rate
of 105, Training is halted early if no improvement is observed over 200 epochs. The loss weights
are set to Wyata = Wpsg = 1.

We focus on disturbances aligned with the streamwise direction ( = 0), thereby disregarding the
spanwise disturbance velocity component , which vanishes in this case. The flow conditions are
characterized by the local Reynolds number based on the displacement thickness 6*, spanning from
400 at the inlet to 1,000 at the outlet. The reduced frequency parameter is set to F = @/Reg =
1.0 x 10~*. The base flow represents a laminar, zero-pressure-gradient flat plate boundary layer. The
comparative results presented in the following sections assess the ability of the PINO framework to
predict disturbance field evolution and recover key flow stability features.

As shown in Fig.[2, the PINO framework accurately reproduces the streamwise evolution of the com-
plex wavenumber o in close agreement with the reference PSE solution. The real component, a,,
is predicted with a relative L, error of [2.28 x 1073]. The imaginary component, o;, which directly
governs the disturbance amplification and is highly sensitive to the flow conditions, is also captured
with good accuracy, yielding an error of [4.12 x 1072]. The agreement observed for both components
indicates that the PINO successfully learns the underlying linear dispersion relation, o, (®,Res), ac-
curately capturing the dependence of the perturbation phase velocity on the flow parameters.

011501 — st

0.1125- 0.01001 --- PINO

0.11001 0.00757

0.10751 0.0050

& g

0.1050 0.00251

0.10251 0.0000

0.1000{ — PSE _ |
0005
400 500 600 700 800 900 1000 400 500 600 700 800 900 1000

Res Re;

Figure 2 — Real and imaginary parts of the streamwise wavenumber «a as predicted by PINO and
the PSE solver.

The two-dimensional disturbance amplitude fields for the velocity components i, ¥, and the pressure p
are shown in Figs. and 5} respectively. Each figure presents, from left to right, the PSE reference
solution, the PINO prediction, and the pointwise difference (PSE — PINO). The operator accurately
reproduces the spatial structure of the disturbance fields across the entire domain, capturing both the
streamwise amplification and the wall-normal eigenfunction shape.
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Figure 3 — Disturbance amplitude field |i2| obtained from the reference PSE solution (left) and

Physics-Informed Neural Operators for PSE

400 500 600 700 800 900 1000
Reg

]
“
“

400 500 600 700

Re;

800 900

1

00

0

0.015

0.010

0.005

0.000

-0.005

=0.010

-0.015

predicted by the PINO framework (center), together with the corresponding pointwise error field

400 500 600 700 800 900 1000
Reg

Figure 4 — Disturbance amplitude field |?| obtained from the reference PSE solution (left) and

0.00

(right).

400 500 600 700 800 900 1000
Reg

0.00

“

—

e

400 500 600 700 800 900

Res

1000

0.004

0.003

0.002

0.001

0.000

-0.001

-0.002

-0.003

—=0.004

predicted by the PINO framework (center), together with the corresponding pointwise error field

0

(right).

400 500 600 700 800 900 1000
Reg

400 500 600 700 800 900 1000
Reg

500 600 700

Reg

800 900

|
Em—I

1000

0.002

0.001

0.000

=0.001

—=0.002

Figure 5 — Disturbance amplitude field || obtained from the reference PSE solution (left) and
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(right).

The streamwise evolution of the energy-based growth rate, o, is presented in Fig.[6l The PINO
reproduces the characteristic shape of the growth rate curve, including the damped region near the
inlet, the transition through the first branch of the neutral stability curve, and the amplified region at
higher Reynolds numbers, with a relative L, error of [4.27 x 1072].
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Figure 6 — Streamwise evolution of the energy-based growth rate, og, predicted by the PINO
framework and the reference PSE solver.

The amplification factor, or N-factor, shown in Fig. |/}, is directly relevant to laminar-turbulent transition

prediction via the ¢V method. The PINO prediction follows the PSE reference closely throughout the

domain, yielding a relative L, error of [1.34 x 10~']. The accuracy of the N-factor prediction confirms

that the cumulative errors in the growth rate remain bounded, which is essential for reliable transition
location estimates.
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Figure 7 — Streamwise evolution of the amplification factor, N, predicted by the PINO framework and
the reference PSE solver.

The results presented above demonstrate that the PINO framework successfully reproduces the PSE
solution across all quantities of interest, including the complex streamwise wavenumber, the distur-
bance amplitude fields of the velocity and pressure components, the energy-based growth rate, and
the N-factor, all with low relative errors. Notably, the operator accurately captures both the wall-normal
eigenfunction structure and the streamwise amplification behavior, without requiring explicit integra-
tion of the governing stability equations during inference. The accurate prediction of the N-factor is
particularly important, as it indicates that cumulative errors in the growth rate remain bounded, a
necessary condition for reliable transition-location estimates based on the ¢ method.

6. Final Remarks

This work presents a Physics-Informed Neural Operator (PINO) framework for approximating the
solution operator of the Parabolized Stability Equations (PSE) for incompressible boundary-layer sta-
bility analysis over a prescribed range of flow parameters. The framework combines the operator-
learning capability of the Fourier Neural Operator (FNO) with physics-informed constraints derived
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directly from the governing PSE system, enabling the reconstruction of disturbance fields associated
with spatially developing instability waves.

The results demonstrate that the proposed framework accurately reproduces the principal quantities
of interest in hydrodynamic stability analysis, including the complex streamwise wavenumber, distur-
bance amplitude fields, energy-based growth rate, and N-factor. In particular, the operator success-
fully captures both the wall-normal eigenfunction structure and the streamwise amplification behavior
of Tollmien—Schlichting disturbances. The accurate prediction of the growth-rate-critical al pha; com-
ponent leads to reliable estimates of the disturbance growth rate and bounded cumulative errors in
the N-factor, which is essential for transition prediction based on the ¢V method.

A fundamental distinction between the present approach and a conventional Physics-Informed Neural
Network (PINN) lies in the nature of the learned mapping. While PINNs are generally formulated as
instance-specific solvers, the proposed PINO learns an approximation of the PSE solution operator
over a parameterized family of flow conditions. As a result, once trained, the framework produces
predictions for unseen flow configurations within the training domain through a single forward pass,
without requiring explicit marching or integration of the governing stability equations. This characteris-
tic makes the approach particularly attractive for applications involving repeated stability evaluations,
including parametric studies, uncertainty quantification, transition prediction workflows, and gradient-
based aerodynamic design optimization.
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