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Abstract

This work proposes the conjoined use of the aerodynamic unsteady vortex lattice method (UVLM) and the
structural discontinuous Garlerkin (DG) method for the general aeroelastic analysis of aircraft wings. While DG
methods have been profitably employed for the analysis of solid and fluid mechanics, the coupling between
DG methods and UVLM constitutes the novelty of the proposed study, which grants several advantages over
more established approaches. The proposed DG structural formulation offers seamless higher order accuracy
and straightforward coupling with the aerodynamic UVLM, which is implemented both in the planar and non-
planar versions. In particular, different orders of accuracy can be easily selected in the structural model, both
throughout the transverse section and along the span of the wing, thus offering the opportunity of tailoring
the order of approximation to the features of the considered aeroelastic component. The obtained results
agree well with available literature data and confirm the potential of the DG-UVLM framework for early aircraft
conceptual analysis.
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1. Introduction

The capability of analysis the behaviour of structures operating in aerodynamic flows is of crucial
importance for aeronautic and aerospace applications: poor aeroelastic design may have conse-
guences ranging from simple performance degradation to catastrophic safety loss [1]. Aeroelastic
analyses are becoming even more relevant due to the trend towards high aspect ratio, and thus more
flexible, aircraft, motivated by the quest for higher aerodynamic efficiency, reduced fuel consumption,
and more stringent environmental constraints.

Aeroelastic assessments must be considered in aircraft design since the very initial conceptual stage
and often constitute the discriminating factor allowing the choice among different design options.
In such initial stages of design, when several alternative architectures and structural configurations
are generally considered, the availability of fast and reasonably accurate computational tools is an
important industrial asset, while the employment of highly refined models, undoubtedly useful for
detail and production design, might result unduly costly and time consuming. This motivates the
interest in developing novel computational tools for effective and accurate preliminary aeroelastic
analysis.

In the literature, different approaches have been developed for the analysis of aeroelastic problems,
which include: high-fidelity frameworks coupling computational structural dynamics (CSD) and com-
putational fluids dynamics (CFD) solvers [2, 3, 4, 5]; models adopting specific structural idealizations,
aimed at reducing the cost of structural computations, coupled with CFD [6, (7, [8, 9, (10, 11, 12, [13];
reduced order modelling (ROM) strategies for reducing the cost of the aerodynamic analysis, while
maintaining reasonable accuracy 115, [16]; fast approaches based on beam or plate/shell struc-
tural models coupled with low/medium- fidelity aerodynamic models, such as the vortex lattice method
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(VLM) that, although limited to specific flow regimes, offer acceptable estimates of the aerodynamic
loads on lifting surfaces [17,118, 19, 20Q].

The method developed here could be classified as belonging to the latter group. In this work, we pro-
pose a framework based on the combined use of a structural Interior Penalty discontinuous Galerkin
(DG) method and an unsteady Vortex Lattice method (UVLM) for the analysis of dynamic aeroelastic
problems. The work extends the approach successfully developed in Ref. [21], [22] for static aeroe-
lastic analysis and it is built on a recent DG model for beams featuring general cross-sections, which
allows using variable-order polynomial approximations for the structural analysis, enabling high-order
accurate solutions for the wing problem [23].

The paper is organised as follows. Section [2.briefly introduces a schematic description of the anal-
ysed problem, providing the readers with some reference definitions. Section [3.discusses the DG
formulation adopted for the wing structural analysis. The fundamentals of the unsteady VLM are
briefly recalled in Section 4. while the coupling between the structural and aerodynamic models is
detailed in Section [§. Eventually, the results of the computational tests are reported and discussed in
Section [§. before drawing some Conclusions that confirm the potential of the developed framework
for aeroelastic assessment in the conceptual stage of aircraft design.

2. Geometry description

Fig.(1) shows a schematic representation of the analysed aeroealastic system. Isotropic wings with
generic transverse sections Q and featuring taper, sweep and dihedral angles are considered. The
geometry is described with respect to the body reference system Ox;x,x3, defined according to stan-
dard aeronautics conventions, with the x; axis identified by the orthogonal projection of the wing root
section chords over the aircraft symmetry plane. A gap A/2 between the wing root sections and
the aircraft symmetry plane is considered for generality, to account for the possible presence of the
fuselage. The location x = (x;,x2,x3)T of a generic point within the wing is identified by the mapping

x=x(1,8,8), (1)

where the coordinate &, spans the line .# of the quarter-chord points of the wing, i.e. & € ¥ =[0,L],
being L the length of .#, and the coordinates (£,&;) span the wing cross-section, i.e. (&;,&3) € Q.
Eventually, the wing cross-section may be a bulk solid or consist of a thin-walled structure, as in the
case sketched in Fig.(TR). Finally, the wing is subject to an incoming aerodynamic flow with velocity
V.. forming an angle a with the x; axis.

& Gs (o — DG elements
_ ’;4‘1___’_,__1/ I3 — VLM elements
Cross-section {2 —

Figure 1 — (a) Wings structural arrangement: the wings feature generic cross-section Q, lying on
planes parallel to the reference plane x1x3; (b) Schematic representation of the 1D DG structural
elements and of the aerodynamic VLM grid.

3. Structural model
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3.1 Governing equations

The wing structure is assumed to undergo small deformations such that the strain-displacement
relationship reads

(2)

where u = (u;,uz,u3)™ denotes the displacement vector, vy= (111, 22, 133, 123, 713, Y12) T denotes the vec-
tor containing the strain components in Voigt notation, and I, with k = 1,2,3, are constant matrices
containing ones and zeros only, whose explicit expression can be found in Refs.[23]. In Eq.(2) and in
the continuation of the paper, the Einstein implicit summation notation is employed for repeated Latin
subscripts taking values in {1,2,3}.

The material behavior is also assumed to be linear such that the relationship between strain and
stress is expressed as

Ju
I
Y=L+ ox

o= C’}/a (3)
where ¢ = (011, 022,033,023, 013,012)T denotes the vector containing the stress components in Voigt
notation and C is the 6x6 matrix containing the stiffness coefficients.

Upon introducing the density p and the vector b = (b, b,,b3)T of the external forces per unit volume,
and following the hypotheses introduced above, the governing equations of the structural model read

u 9 du —
Poz~ o (Cklaxl) =b, (4)

where Cy; = I]ICI].

3.2 Discontinuous Galerkin formulation

From the structural perspective, the wing is discretized into N, non-overlapping elements along the
line .Z of the quarter-chord points, such that the modeling domain 2 of the beam is approximated
as 9~ 9" = UQ’;I 2¢, where 2° = Q x [y¢ ,y¢ ] is a generic e-th element, and y° and y¢ are the e-th
element’s end points along .. This allows us to introduce the space 7”7 of discontinuous basis
functions as

Y= 9" S R|v(E € D)€ PP(P°)Ve=1,...,N,}, (5)

where 27(9¢) is the space of tensor-product polynomials up to degree p defined over the element
2°. Itis then possible to show that the DG solution u” of Eq. must satisfy

B,(V,u") +Bpg(V,u") = Lpg(V,b) (6)
for any V € (#")3, where
82 h
BV = [ pviSiay, (7)
ovVT 8uh
h
BDg(V,ll ) o I —Cyy = B l V+
ou” A
f/ﬂ <[[V]]k{Ck18 } {an ck,} )dS+/ u[V] [u"]ds+
—/ <nkVTCk[au—|- oVt Cklllhl’ll> dS—i—/ uVTuhdS (8)
Q(&=0) dx;  Ixy Q(&=0)
and .
Log(V.B)= [ VThav. 9)
2

In Eqgs.(7), (), and (9), the terms fjh odV =Y, [y edV and [, edS =}, [o,—,)*dS, denotes the
so-called broken integrals, where y' is the location of a generic i-th interface between two adjacent
elements along the quarter-chord-point line .Z. Eventually, n; is the k-th component of the element’s

3
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outward unit normal, while the terms {e} and [[e] denotes the so-called average and jump operators,
which are defined as

fo} =3 (st ) and [l = o+ ng (10

Finally, it is worth noting the weak form given in Eq.(6) is an extension to beam elasto-dynamics of
a recently-developed class of Interior Penalty discontinuous Galerkin solvers for various structural
components, such as beams [23], plates [24, [25] and shells [26, 27, [28, [29]. It is also worth noting
that, upon integration over the wing cross-section, the present discretization consists of a set of one-
dimensional DG structural elements that are attached to the quarter-chord-point line of the wing, as
sketched in Fig.(1b).

3.3 Semi-discrete structural model

Upon evaluating the element integrals and following a standard assembly procedure, Eq.(6) leads to
the following semi-discrete set of ordinary differential equations

M5X+K5X:FS (11)

where Mg is the structural mass matrix, Kg is the structural stiffness matrix, the vector X collects
the coefficients of the discontinuous basis functions and Fs collects the components of the external
forces. As discussed in the next section, the loading term Fs depends on the aerodynamic flow and
will provide the fluid-to-structure coupling. It is worth noting that Eq.(11) does not contain damping
terms, which may be included using Rayleigh approach [30], whereby the structural damping matrix
Cs is defined as a linear combination of the mass and the stiffness matrices, i.e., Cs = azgMs + BrKs;
here, oz and By are suitably defined coefficients whose values are given during the discussion of the
numerical results. Upon introducing such a damping term, Eq.(11) becomes

MsX + CsX +KsX = Fs. (12)

4. Aerodynamic model

The aerodynamic model is based on the UVLM [31], whereby the wing camber surface is replaced
by a grid of aerodynamic panels and a ring vortex is attached to each panel; as such, the aerody-
namic grid can be planar or non-planar, see e.g. [21] [22]. Figure (Tb) shows a sample non-planar
aerodynamic grid corresponding to the wing configuration shown in Fig.(Th).

When the lifting surfaces are modelled by N vortices, the aerodynamic impenetrability condition leads
to a discrete system of equations of the form

AX)T =b(X,X,1). (13)

In Eq.(13), A is a N x N matrix, I is the N-dimensional vector of unknown values of the ring vortices
circulation, and b is the N-dimensional right-hand side, which contains terms stemming from the free-
stream velocity, the motion of the structure, and the velocity induced by the wake vortices that are
shed by the wing trailing edge.

The solution of the system given in Eq.(13) allows computing the forces acting on the wing structure.
In particular, the force 7 acting on a generic p-th panel is evaluated as follows, see, e.g., [32, [33],

7 = pov? X IPIP 4 p I PAPn?, (14)

where p.. is the density of the fluid, 17 is the vector associated with leading segment of the attached
ring vortex, v” is the local flow velocity evaluated at the midpoint of 17, and n” and A? are the unit
normal vector and the area, respectively, of the p-th panel. Additionally, I'? is the time-derivative of
the attached vortex’ circulation and I'” is the circulation at the leading segment of the ring vortex;
I? coincides with the circulation I’ of the attached vortex if the p-th panel is at the leading edge of
the wing, or otherwise with the difference between the circulation values of two adjacent ring vortices
along the chord direction.
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5. Fluid-structure coupling

The aeroelastic problem is inherently coupled. In general, both aerodynamic loads Fo and non-
aerodynamic loads Fs, e.g. weight, act on the wing. Recalling Eqgs.(12)j13), the general aeroelastic
system may be written as

{A(X)F: b(X,X,?) (15)

MsX + CsX + KsX = Fs (1) + Fa (T, I, 1),

where the fluid-structure coupling is reflected both in the dependency of the VLM coefficients and
right-hand side on X and X and in the dependency of the aerodynamic forces on I, I". The explicit
dependency on time is expressed to allow for the consideration of independent external factors, e.g.
the variation of the velocity of the incoming flow or general servo-mechanic actions on the lifting
surface.

System (15) can be tackled adopting different schemes for different purposes or at different levels
of approximation, as discussed also in Ref.[21] [22] for static aeroelastic problems. The linearized
version of system with respect to the equilibrium condition reads

{AOF =b, +b X+bhX

.. . . 16
MsX+ Cs X+ KsX =Fa1I'+Fpol” (16)

where, the explicit dependece on ¢ has been dropped, Ao = A(X =0), and

db db 2) N dFa

IX | (x x)=0 P27 5% (X,X)=0 a1 = r (1) =0 2= 5r (FT)=0 1)
is generally used for flutter analysis; eventually, in Eq.(T6), b,, represents the contribution of the wake
to the induced velocity.

As customary for aeroelastic analysis, Egs.(16) are formulated expressing the unknown vectors as
X =Xe? and I’ =Te”, with p =6+ jo € C being the generic complex eigenvalue, which leads to the
classical flutter equations

by =

[p°Ms + pCs + (Ks — Q(p)) X =0, (18)
where Q is the generalized aerodynamic force matrix defined as
Q(p) = (Fa1 + pFa2) (Ao +Au(p)) " (b + phy), (19)

with the term A,,(p) representing the effect of the wake on the wing’s circulation. Eq.(18) is solved
iteratively, adopting the standard p-k method, where Q(p) is replaced by Q(jw).

6. Computational results

The conjoined use of VLM and the structural DG method has already been successfully demonstrated
for the static aeroelastic analysis of wings featuring arbitrary cross section in Ref.[22], where the
method has been validated against literature data. As an example of the obtained results, Fig.(2)
shows the wing-tip twist as a function of the free-stream velocity V.. approaching the divergence
speed Vp for a wing with rectangular plan-form and aspect ratio equal to 5. For further discussion the
reader is referred to Ref.[22].

The framework has thus been extended to include the presence of structural dynamics and unsteady
aerodynamics, so to enable the analysis of transient aerodynamic problems and aeroelastic flutter.
Fig.(3) shows few snapshots of the evolution of the wake shed by a rectangular wing, as obtained
from the implemented in-house UVLM code, which is being coupled with the dynamic DG structural
method.

Fig.(4) shows the results of the free-vibration analysis of a wing with rectangular planform and sweep
angle A, as that analysed in Ref.[34], to which the readers are referred for further details. The figure
compares the frequencies computed for the first four structural modes using a DGs scheme with those
obtained in Ref.[34] using a FE plate theory.

Fig.(5) reports the results of the flutter analysis of the same wing considered above, with the sweep
angle set to A =20°. The analysis has been performed implementing the p-k method within the DG-
UVLM framework. The results are compared with those obtained using the aeroelastic module of
NASTRAN, which agree well with those reported in Ref.[34].

5
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Figure 2 — Effect of the free-stream velocity on the wing tip twist for the wing configuration analysed
in Ref.[22]. The plot shows how the method is able to capture the wing static divergence.

= Bound vortices

= Wake vortices

Figure 3 — Wake evolution and force distribution for a rectangular wing with aspect ratio equal to 4
as reconstructed by the implemented UVLM to be coupled with the DG structural method.
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Figure 4 — Predicted values of frequency versus sweep angle for the first four structural modes of
the wing considered in Ref.[34].
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Figure 5 — Flutter analysis of a rectangular wing with sweep A = 20° — see Ref.[34] for details. The
analysis has been performed implementing the p-k method in the proposed DG-UVLM
computational framework.
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7. Conclusions

In this contribution a novel framework for dynamic aeroelastic analysis has been formulated, devel-
oped, implemented and validated. The scheme is based on the simultaneous use of a discontinuous
Galerkin method for the structural analysis of beams or shells and of an unsteady VLM for the repre-
sentation of the unsteady aerodynamics. The method had already been proven apt to capture static
aeroelastic responses, while in this work it has been validated for dynamic aeroelasticity by a stan-
dard p-k method. The flexibility of the structural model, which may represent generalized kinematics,
and the ease of coupling with the UVLM make the method suitable for early aeroelastic assessment
in conceptual aircraft design, which will be explored in future investigations.
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