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Abstract

This paper presents an advanced strategy for Medial Axis Transformation (MAT)-based Convex Model Predic-
tive Control (CMPC) for multirotor indoor autonomous flight. The main idea of this proposed framework is the
collaboration of Moptimizinggraph(CFG) generation with a set of circles, piecewisely-and-sequencially defined
safe flight corridor(SFC), and CMPC encompassing constraints arising from surrounding obstacles, dynamic
equations, and system saturation for the local planner. The proposed approach is capable of generating near-
optimal trajectories that closely approximate the optimal solutions, thereby ensuring efficient path planning.
Moreover, the computational efficiency of the proposed method is demonstrated through promising results in
various aspects of trajectory planning tasks.

Keywords: Convex Model Predictive Control(CMPC), Safe Flight Corridor(SFC), Medial Axis Transforma-
tion(MAT), Global & Local Planner

1. Introduction

In the advancements seen in autonomous UAV flight indoors, obstacle avoidance methods are fre-
quently used because indoor spaces tend to have more obstacles, aiming to avoid collisions. Sce-
narios where these methods are essential include exploring unknown areas like disaster sites or
underground caves, situations where human pilots might struggle to control the multirotor due to
communication issues, and tasks such as surveillance or reconnaissance in indoor settings.

The challenges associated with the mentioned instances can be grouped by the nature of obstacles
encountered: moving obstacles such as humans, collaborating robots of similar or different species,
and stationary obstacles like walls, pillars, or indoor surfaces. Notably, advancements in indoor
collision avoidance and autonomous flight have diverged based on these categories of obstacles.
Particularly concerning stationary obstacles, employing tools such as depth cameras or LiDAR on
multirotors allows for early detection, generating a map represented as an occupancy grid map. This
facilitates proactive planning based on pre-existing mapped data.

Indoor obstacle avoidance and autonomous flight strategies for multirotors, concerning stationary ob-
stacles, commonly involve two main components: global and local planners. Firstly, global planners
establish a rough path from the starting point to the intended destination, outlines feasible routes.
These planners typically rely on methods such as RRT* that use random searches[13-15], A*, D*,
or Dijkstra employs dynamic programming(5, 6, [10, [22], and geometric techniques based on
obstacles such as the Generalized-Voronoi-Diagram (GVD) or Medial-Axis Transformation (MAT)
13, [7, 18, 11]. MAT techniques, specifically, play a pivotal role in crafting a safe path from the cur-
rent position to the target while maintaining a set distance from nearby obstacles. This process
concurrently generates a Collision-Free-Graph (CFG)[1] or safe area[12].

Additionally, while the global planner generates a brief global path, the primary objective of the local
planner is to perform trajectory planning that avoids obstacles and collisions while following this path,
considering the platform’s dynamic characteristics. For this purpose, Model Predictive Control (MPC)
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is widely used, particularly due to its faster computational speed compared to non-convex or nonlin-
ear solvers. Moreover, Convex Model Predictive Control (CMPC) techniques are widely employed,
particularly to leverage the computational time advantage, as extensively explored in the literature, as
evidenced by [1}, 9] [18]. Previous research has constructed piece-wise convex Safe Flight Corridors
(SFCs) by discretizing convex geometries into cylindrical/rectangular or convex polygonal/convex
polyhedral elements. However, when formulating optimization problems using such SFCs, complex
inequality conditions arise. In convex optimization, the simpler the constraints defining the problem,
the faster the solver can solve it. Therefore, a simple formulation of convex problems is crucial.
Meanwhile, the MAT technique, introduced earlier, consists of trajectories that gather the centers
of inscribed disks and include information about the radii of each inscribed disk. When applied to
spatial graphs described by the Medial Axis (MA), a subset of graph node sequences renders the
space piece-wise convex. Additionally, each space comprising the MA consists of circles or spheres,
making the construction of inequality constraints extremely simple.

In this paper, inspired by these characteristics of MA, we propose the MAT-CMPC technique and
framework. The primary contribution of this proposed framework lies in integrating MAT-based CFG/SFC
generation with a set of circles for the global planner and CMPC formulation encompassing con-
straints arising from surrounding obstacles, dynamic equations, and system saturation for the local
planner. This integration is significant as it associates MAT techniques with the creation of SFCs
using piece-wise convex yet simple quadratic forms represented by circles, essential for formulating
the local planner as a CMPC problem.

The remaining parts of this paper are structured as follows: Chapter [2.introduces the definition of
the indoor autonomous flight problem addressed in this study. In Chapter [3.the methodology for
constructing CFG and piece-wise convex SFC based on MAT is described. Chapter [4.presents the
MAT-CMPC problem incorporating the previously constructed SFC, dynamics, and other constraints,
along with an iterative solution approach. Finally, Chapters [.and [6.analyze the performance of the
proposed MAT-CMPC problem solution in terms of constraint appropriateness and optimal trajectory
by comparing aspects such as path length and computation time, concluding the research.

2. Problem Definition

Before addressing the issue, two coordinate systems, denoted as J and B, are introduced. These
represent the inertial and body frames in 2D, respectively, as depicted in Fig. [1, assuming the multi-
rotor maintains a constant altitude.
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Figure 1 — Definition of coordinate system

Furthermore, the current state variable of the multirotor are denoted by x = [pT, vT], where p(t) =
[X(r), Y(r)] represents the position in frame J, and v(¢) = [v,(1), v,(¢)] represents the velocity in frame
B. The control input of the multirotor is defined as the acceleration u(t) = agmg(?) = [dcmd.x, demd,y) IN
frame 8. We assume that the velocity and acceleration of the multirotor are subject to the following
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saturation conditions as: .,
I¥(0) 3 < Vipax 0
u(®)[7 < amax-
where vmax and amax denote the maximum allowable velocity and acceleration, respectively. The
dynamic equation for the multirotor concerning the previously defined state variables is defined as
follows:

x= f(x,u). (2)

Multirotor operations in a globally known map environment assume the presence of only static ob-
stacles, with all obstacle-free spaces represented by Si.. C R?, where R denotes the set of real
numbers. Then, the proposed conditions for ensuring that the multirotor avoids collisions can be
defined as follows:

P C Stree (3)

The problem addressed in this paper is to enable the multirotor to reach the final destination pgoq
in frame J while considering given obstacle information, state variables, and the dynamics of the
multirotor. This can be formulated as an iteratively solved optimal control problem, as expressed
below:

Minimize J(x,u),
x(t), u(t) (4)
subject to x(z.) = x¢, Eqgs. t € [teste + Tpred),
where 1., X9, and Tpeq denotes the current time, initial state of multirotor, and the prediction horizon
range, respectively. To define the optimal control problem defined above as a convex optimization
problem, the following chapters elaborate on deriving each constraint and defining objective functions
for CMPC problem.

3. MAT-based Piece-wise convex Safe Flight Corridor
3.1 Medial Axis for Collision Free Graph and Global Path Corridor

In the preceding chapter, we defined S;ee With respect to the given global map. Typically, obstacle
information is provided in the form of an occupancy grid map or binary grid, denoted as Mgyig C N,
where N represents the set of natural numbers, comprising all positive integers starting from 1, and
Mg represents a 2D grid of size (r x s). As briefly mentioned in Chapterﬂ,.previous attempts have
been made to describe specific spaces based on discrete MAT. Particularly, techniques based on
the Euclidean-Distance-Transformation (EDT), as introduced in [16, 17], have been proposed. In this
paper, we employ the aforementioned techniques to construct the CFG, denoted as Ggrg € N™,
using the discrete MA approach to represent spaces devoid of obstacles, akin to See, Within the
given Mgiq. At this point, Gerg is defined as follows: for an r x s grid, the parameters at the centers
or skeleton positions of empty spaces have values equal to the distance to the nearest obstacle in that
grid, while parameters corresponding to other positions have a value of 0. The Euclidean Distance
Map (EDM), Mgpwm, and the CFG, Ggrg, with respect to Mg are represented as follows:

Mepm = EDT (Mgrig) (5)

Gerg = MAT (Mepr) (6)

where EDT (-) and MAT (-) denote the conversion processes using the EDT and the MAT, respectively.
Furthermore, the global path corridor Cgp can be computed based on p(z.), the current position,
Pgoal; the global goal position, and G¢rg. This is achieved by generating sequential nodes of the
shortest path between p(z.) and pgoa based on Ggrg. As a brief explanation, we first identify the
nodes pcrg start aNd PcFG goal IN the graph Gerg that are closest to psiart and pgoal, respectively. Sub-
sequently, employing the A* algorithm, we compute the shortest sequence of corridor nodes Cgp »
within Ggrg between pcrg start @Nd pera goal- Finally, we concatenate Cgp , with the shortest diagonal
paths Cgp | between pgiart and pcrg start; and Cgp 3 between psiart and perg start; Which completes
Cgp- The algorithm for computing Cgp is as follows:

3
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Algorithm 1 Global path corridor

Function CALCULATESHORTESTPATH(GGFG; Pstart; Pgoal)

PCFG,start < FINDCLOSESTNODE(GgFg, Pstart)

PCFG,goal < FINDCLOSESTNODE(GcFa, Pgoal)

Cgp,1 < SHORTESTDIAGONALPATH(MEDM, Pstart, PCFG start)
Cep < A*(GcFa, PCFG starts PCFG,goal)

Cgp3 < SHORTESTDIAGONALPATH(MEDM, Pstart, PCFG,goal)
Cgp < CONCATENATE(Cgp,1,Cgp2,Cap3)

7: return Cgp

@ k0 h 2

The obtained Cgp includes not only the positional information of nodes representing the shortest
path, but also the obstacle distance information corresponding to each grid position on Mgpy. Thus,
Cgp can be represented using Pgp and Rgp as follows:

Cep = {[pepis Rap,| | i=1,2,...,ngp}. (7)
Here, Pgp is the sequential vector of node positions:
Pep = {pep, | Pap; = Xap» Yap,] € R?, fori=1,2,... ngp}, (8)
and Rgp represents the sequence of distances to the nearest obstacles for each node:
Rgp ={Rap, | i=1,2,...,ngp}, (9)

where ngp represents the number of elements in Cgp.
The examples of Mepm, Gerg, and Cgp with the given My,iq are illustrated in Figure |2, utilizing the
occupancy grid map provided by [21].

(a) Occupancy Grid Map (B) Euclidean Distance Map

3

4
X [m]
(d) Global Path Corridor

3 4
X [m] X [m]

Figure 2 — The example of (a)given map, (b)euclidean distance map, (c)collision free graph, and
(d)global path corridor
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3.2 Piece-wise convex SFC with Prediction Horizon Update
With given z., p(t.), Tpred,0, and Cgp, @ SFC in range of Tpeqo can be defined as Csrc(:). To ob-
tain Cgrc(t.), we first discretize the originally given prediction horizon Tpreqo to map Csrc(z:) with
discretely defined Cgp as below:

Tpred70 = npred,OAta (10)

where At and npeq,0 denotes the time step-size and the original number of discretized prediction hori-
zon, respectively. Then, we find the node on Cgp closest to p(z.) denoted as pnear(z.) and the diagonal
node sequence with the nearest distance with obstacles Csrc (), adopting the same method as the
"FINDCLOSESTNODE" and "SHORTESTDIAGONALPATH" in Algorithm Additionally, by connecting
Csrc,1(f) with the node sequence in Ngp following the index of pnear(.), a temporal path and dis-
tance sequence Csrcimp(t:) is created for the current multirotor position p(z.). Finally, Csrc(z.) is
defined as the augmented system of psrc and Rsrc by taking the initial elements of Csrc imp(Z:) Up
to the number of the prediction horizon. However, as p(t.) approaches pgoa, there may be fewer
elements in Csrcmp(t:) than the initially given number of time steps npreq0. In such cases, the time
step number npeq is updated to the number of elements in Csrcimp(t:). Otherwise, the initially given
value npreq o is used as npreq. Obtained Cgrc can be represented using Psrc and Rgrc as follows:

Csrc = {[PsFc,i» Rsrc] | i=1,2,....npred } (11)
where Psec and Rgre are the sequential vector of positions and radius as:
Psrc. = [Xsrc., Ysrc € R, fori=1,2,... npred } (12)

Rsrc = {Rsrc,i | i=1,2,...,npred } - (13)

The pseudo-code for this process is provided below:

Psrc = {Psrc.i

Algorithm 2 Definition of safe flight corridor (SFC)

Function CALCULATESFC(Cgp, Mepwm, P(Zc), Mpred 0, At)
Initialization: Cggg(z.) « ||
Pnear(t.) < FINDCLOSESTNODE(Cgp,p(Z.))
Csrc.1(fc) + SHORTESTDIAGONALPATH(MEgpm, p(t:), Prear(tc))
Csrc tmp(tc) <~ AUGMENTPATHCURRENT2GOAL(CsFc i (tc), Cap, Pnear(c))
if length(Csrc tmp(tc)) < npred,o then

npred < length(Csec tmp (fc))

Filag <= 0
else

Npred < Npred,0

Tflag < 1
: for i =110 npreq do
Csrc(tc) + Append i element of Csrg imp(tc)

© ® N RGN

— —
N2 e

13: return Csrc(2.), Npred, Tflag

In the above algorithm flow, rq,4 is a flag variable that indicates whether Cgrc includes pgoa. The
subspace comprising Cgec(f.) consists of circles, making it piece-wise convex, which is crucial for
defining the subsequent CMPC problem. The example of Cggc(z.) for arbitrarily given p(z.)is illus-
trated in the Figure. [3]

4. MAT-based Convex MPC
4 1 Definition of Constraints

As a equality constraint, the discretized dynamic equations are first introduced. For convenience,
nominal dynamics are utilized in a linearized form. By utilizing Eg. for the state variables x

5
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Safe Flight Corridor

X [m]

Figure 3 — Example of safe flight corridor

introduced in Chapter [3.the discretization can be represented as follows:

1 Ar 0 O 0 0
0 1 0 O At 0
Xi(te) = Axg—1(tc) +Bug_1(t) = 00 1 A X (tc) + ém 0 w(te), (14)
0 0 0 1 0 Ar/m
for
ke[la---anpred] (15)
where discretized state x(7.) and control input u(z.) are defined as:
x;(tc) = [pi(tc) Vi(IC))]T =X(t. +iAt), i € [1,...,npred], (16)
uj(tc):u(tc+jAt)v je [Oa"'vnpredfl]v (17)

and m denotes the mass of multirotor. Furthermore, to ensure continuity in the state of the multirotor,
the first element of the discretized state variable sequence must be equal to the current state of the
multirotor. This can be expressed as follows:

xo(te) = x(t.). (18)

Inequality constraints can be broadly divided into two categories: saturation constraints on state or
control variables, and conditions regarding positions where the multirotor should not collide. Firstly,
considerations for saturation can be defined simply using Eq. [1l Additionally, the conditions regarding
positions, as expressed in Chapter 2.by Eq. [8) can be detailed for the SFC represented by Eq.
and discretized x; over nyeq €lements as follows:

ka _pSFC,kH% < RéFC,ka Vk € {172w~-anpred} (19)

To ensure that the multirotor avoids collisions, each x; must reside within the corridors of Cggc, which
comprise individual convex-shaped regions (or circles) within.

Meanwhile, only when ry,g = 1, the following inequality constraint is additionally given to ensure that
the multirotor approaches and stops near pgoa;:

||Pnpred - Pgoal”% < gpz)os (20)

||vnpred||% S‘(ﬁeh (21)

where g505 and g, denote the thresholds for the position and velocity of the multirotor’s last state,
respectively.
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4.2 lterative MAT-CMPC Problem Formulation
The constraints defined earlier can all be represented as affine or quadratic sets, allowing for the for-
mulation of CMPC when the cost function is defined in a quadratic form. The cost function depending
oN 714, is as follows:

Tpred —1 2 Npred 2 5 .
Z Huk||2+ Z |’VkH2+”pnpred _pSchnpred” 7|f (rﬂag :0)7
J= k=0 k=1 (22)
Npred— 1 Npred
2 2 .
kZO [l + kZI Ivell3 ,otherwise .

Therefore, with the constraints and cost function defined above, we can formulate CMPC as follows:
Minimize J(x,u),
Xi, UWp—1
subject to x(r.) = xo, Egs. ke [1,2,...,npred],

which is called MAT-CMPC. Furthermore, assuming iterative solving of the CMPC problem Eg.
would enable the multirotor to reach and stop near pgoa. Representing this process in an algorithmic
chart yields the following:

(23)

Algorithm 3 lterative MAT-CMPC

Given : Cgp, Mgpw, Npred,0s Mctrl,05 Pgoals AL, Epos, Evel

1: Inltlallze tc, X(tc), npred, nctr|

2: while |[|po _PgoaIHZ > €pos & Ivoll2 > €vel dO

3: Csrc(te), npred, Tiiag < CALCULATESFC(Cgp, Mepm; P(tc), pred.0, At)
4 x;, u;_, < Convex MPC from Eq. 23| k € [1,2,...,npred]

5: if nctrLO g npred then

6: Nctrl < Retrl,0

7: else

8 Nctrl < Npred

9 xo(t.) < X
10 te < to + N At

5. Simulation Setup and Result
5.1 Environment Setup

For validation through simulation, the CPU environment utilized was Ryzen7 7700x, along with Python
3.8 and the "scikit-image" library [19]. The CMPC problem was solved using the MOSEK solver [2]
with [4]. Moreover, the constants used to solve this problem are listed in Table [{] as follows:

Table 1 — Initial parameters for simulations

Parameter Value
Npred,0, Mctrl,0 200,10
€pos Evel 0.001 [m], 0.2 [m/s]
At 0.1 [sec]
m 2 [kq]
g 9.807 [m/s?]
Vmax 1 [m/s]
Amax gsin(z/6) [m/sz]

The occupancy grid environment used in the simulation is the same as that utilized in Figure 2| and
the set of psiart @and pgoal for performance validation is identical to Table 2. Additionally, it is assumed
that the multirotor is stationary at the beginning of the simulation.

7
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Table 2 — Start and goal position for each scenario

Scenario # Pstart [71] Pgoal [m]
1 [0.20 0.20]" [6.60 3.00]"
2 [0.20 0.20]" [7.00 1.00]"
3 [0.36 3.05]" [6.60 3.00]"
4 [0.36 3.05]" [7.00 1.00]"

5.2 Simulation Result

The trajectory outcomes corresponding to the scenarios outlined in Table [2| are depicted in Figure
In this figure, we present the trajectory results obtained using the MAT-CMPC proposed in this paper,
applied with the given nyeqo. Additionally, we include the optimal trajectory (OT) results calculated
by assuming the global path corridor Cgp as Csrc, for the purpose of comparing trajectories and
paths across each scenario. Additionally, the maximum and minimum values of control variables and

Trajectory Result, Scenario 1

®  Global Path Corridor
® MAT-CMPC Trajectory

Trajectory Result, Scenario 2

®  Global Path Corridor
® MAT-CMPC Trajectory

. Optimal Trajectory A A W 1 . Optimal Trajectory

X [m]

Trajectory Result, Scenario 4

®  Global Path Corridor
® MAT-CMPC Trajectory
. Optimal Trajectory

®  Global Path Corridor
® MAT-CMPC Trajectory
. Optimal Trajectory

0 1 2 0 1 2

Figure 4 — MAT-CMPC and optimal trajectory result

velocity for each iteration are depicted in Figures [B{6|to ensure the satisfaction of constraints.
Furthermore, in Table [3} it can be observed that the length of the trajectory traversed by the multi-
rotor using the proposed MAT-CMPC is approximately 1% longer compared to the optimal trajectory.
This indicates that there is not a significant difference in trajectory length compared to the optimal
trajectory.

Table 3 — Comparison of trajectory length

Scenario # MAT-CMPC Length(A) [m] OT Length(B) [m] Ratio(A/B-1) [%]

1 7.8972 7.8337 0.8114
2 8.8086 8.7147 1.0775
3 7.4224 7.3078 1.5686
4 8.2937 8.1853 1.3212

Below in Figure [/} we illustrate the time taken to compute x* and u* for each step of MAT-CMPC
8
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Figure 5 — Velocity and acceleration command in scenario 1(left) & 2(right)
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Figure 6 — Velocity and acceleration command in scenario 3(left) & 4(right)

and the optimal trajectory techniques. For MAT-CMPC, multiple calculation steps are necessary for
the multirotor to reach pgyoa1, hence, we display the average and the maximum/minimum computation
times for each step within a scenario. This illustrates that the average computation time of MAT-CMPC
is approximately five times faster.

Time (s)

6 | — MAT-CMPC Scenario 1

5F A A | |— MAT-CMPC-Scenario 2

n A A | |=MAT-CMPC-Scenario 3
— MAT-CMPC-Scenario 4

30 -| &  Optimal Trajectory

2 | |

1 [ e i ——— T _——_ |

Scenario 1 Scenario2  Scenario3  Scenario 4

Figure 7 — Comparison of calculation time for each scenario with MAT-CMPC and optimal trajectory

6. Conclusion

The proposed MAT-CMPC technique is based on MAT to generate global path corridor and safe
flight corridor, enabling the creation of CMPC. In this paper, validation of the proposed approach’s
performance is demonstrated through promising results in various aspects of trajectory planning

tasks.

The trajectory obtained with MAT-CMPC showcase the effectiveness of the proposed approach in
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generating feasible and smooth trajectories. By comparing these results with the optimal trajectory
(OT) results, we can assess the performance of MAT-CMPC across various scenarios.

Furthermore, the analysis of trajectory lengths reveals that the trajectories produced by MAT-CMPC
are only marginally longer (approximately 1%) than the optimal trajectories. This indicates that MAT-
CMPC is capable of generating trajectories that closely approximate the optimal solutions, thereby
ensuring efficient path planning.

Additionally, the computation time comparison highlights the computational efficiency of MAT-CMPC.
Despite the need for multiple calculation steps to reach the goal, MAT-CMPC exhibits an average
computation time approximately five times faster than the optimal trajectory technique. This empha-
sizes the practical viability of MAT-CMPC for real-time trajectory planning applications.

In conclusion, the MAT-CMPC approach, by leveraging MAT to define the Global Path Corridor/Safe
Flight Corridor and formulating trajectory planning as a convex optimization problem, offers a promis-
ing solution for addressing complex trajectory planning tasks in various scenarios. Its ability to gener-
ate near-optimal trajectories efficiently makes it a valuable tool for autonomous navigation systems,
particularly in dynamic environments where real-time decision-making is crucial.
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