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Abstract

Earth’s atmosphere is humanity’s last defence against the potential threat of asteroid impacts. To assess
the impact risk and devise effective mitigation strategies, it is essential to understand the interaction be-
tween asteroids and the atmosphere. This paper presents a comprehensive study that employs a system
of differential-algebraic equations (DAEs) to model the trajectory and associated physical processes involved
in an atmospheric entry and the consequent impact of an asteroid. The Apophis asteroid is utilized as a case
study to compare and evaluate the performance of two numerical methods for solving these equations. The
findings from this research contribute to advancing our understanding of asteroid entry dynamics and provide
valuable insights for enhancing asteroid impact mitigation strategies. The Apophis asteroid, represented as a
340 m diameter sphere with a density of 3190 kg.m~3, enters the atmosphere at a velocity of 30759 m.s~!
and a 45-degree angle from an altitude of 81 km. The first method employed is the 4th-order Runge-Kutta
method (RK4) with a constant time-step, commonly used for solving highly non-linear problems like this. The
second method is based on the Dormand-Prince method, which utilizes a dynamic time step and provides a
4th-order solution with error estimation using a 5th-order solution. Computational efficiency and the resulting
solutions are compared between the two methods. The study finds that the Dormand-Prince method offers
a more accurate numerical solution with less computational effort. However, both approaches demonstrate a
correspondence of at least three significant digits, confirming their validity. Overall, during its traversal through
the atmosphere, the Apophis asteroid experiences a decrease in initial velocity by 0.83%, a loss of 22% of its
initial mass, and a variation in its angle with the horizontal by 1.5%.
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1. Introduction

Asteroids colliding with Earth pose an existential threat to civilisations. While the Earth’s atmosphere
acts as a barrier against cosmic objects, events releasing energy comparable to the Hiroshima nu-
clear bomb occur annually at high altitudes, avoiding ground impact [1]. While the probability of an
individual experiencing an asteroid impact is low, the potential consequences are significant, making
it difficult for people focused on day-to-day concerns to comprehend. The impact hazard shares simi-
larities with destructive natural processes like earthquakes, fires, and floods, but with the potential for
simultaneous devastation [2]. Studies on asteroid impacts reveal insights into their consequences.
Collins et al. [3] quantified impact processes and their effects, showing seismic shaking as the most
widespread, followed by ejecta deposition and air-blast pressure, with thermal radiation being highly
destructive near impact sites. Svetsov [4] found that significant collisions can vaporize water layers
and create uninhabitable rock vapour atmospheres. Wiinnemann et al. [8] discovered that preventing
cratering in the ocean floor requires a water depth 6-8 times the asteroid’s diameter, with distinct rim
and collapse waves generated by water impacts. Rumpf et al. [B] developed vulnerability models,
highlighting aero-thermal effects as major contributors to surface impact losses, while offshore im-
pacts exhibit decreasing vulnerability. Morais et al. [7] assessed the consequences of a hypothetical
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Apophis asteroid impact on the ocean, determining that deep-ocean collisions result in inconsequen-
tial crater formation, seismic shaking, and material ejection, with tsunamis posing the greatest threat.
Morais et al. [B] further analysed regional consequences, estimating casualties for Portuguese mu-
nicipalities and emphasizing the importance of understanding and preparing for potential asteroid
impacts.

This comparative study focuses on the asteroid Apophis, estimated to have a diameter of 340 meters
[9]. Apophis is an Sqg-class asteroid resembling low iron, low metal (LL) ordinary chondrite meteorites
[10], with an average bulk density of 3.19 g.cm? [AT]. Initially, Apophis gained attention due to its
non-trivial impact probability with Earth in 2029, but updated observations dismissed this scenario
[12, 13, 14]. However, there is a possibility of a collision in 2036 [15], which later diminished, resulting
in a Torino Scale rating of 0 [16, 17]. Although Apophis will make a close approach in 2068, this
possibility has been ruled out as of 2021, and it is no longer on NASA’s Sentry Risk Table [18, 19].
Before an asteroid impact occurs, it must pass through the Earth’s atmosphere. Understanding the
effect of atmospheric passage on the asteroid’s trajectory and physical properties is crucial for es-
tablishing a relationship between pre-entry and pre-impact characteristics. Meteor physics theory
enables the description of a space body’s ballistics through Earth’s surface using a system of differ-
ential equations [20] solvable through numerical methods.

2. Modelling
2.1 Physical Model

The physical model utilizes the International Standard Atmosphere (ISA) model to determine air
properties up to an altitude of 81 km. A two-dimensional X-Y coordinate system is adopted as the
reference frame, with its origin located at the center of the Earth and co-rotating with the Earth, Figure
.

The physical model assumes the Earth as a circle with radius R, and the atmosphere as an annulus
with a thickness of h,,, The asteroid, with radius R, and density p,, pierces the atmosphere at an
angle a with the horizontal. Figure B depicts the variables that characterise the asteroid’s position
along the trajectory. These variables include the asteroid’s position 7, which gives the asteroid alti-
tude, and the velocity v, whose initial direction is determined by the entry angle o and mainly governs
the asteroid’s trajectory. The altitude of the asteroid 4 is the difference between the position vector
magnitude and Earth’s radius. The angle 6 is the angle between the velocity and position vectors.
When h =0, 6 represents the impact angle. Two main aspects of meteor physics describe the ballis-
tics of a space body passage through Earth’s surface: the dynamic aspect, i.e. the description of the
asteroid’s motion in the atmosphere, and the physical aspect, i.e. the interaction of the asteroid with
the oncoming airflow [20]. Consequently, the simple physical theory focuses on the deceleration and
mass loss of a non-fragmented body in the atmosphere, assuming constant drag ¢, and heat transfer
¢, coefficients. The first fundamental equation represents the momentum of the asteroid under ap-
plied forces, such as gravity and aerodynamic drag, with the assumption that the momentum lost by
the asteroid is proportional to the momentum of the oncoming airflow.
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In equation (i), m is the asteroid’s mass, ¢ is time, p, is the air density at altitude 4, v is the magni-
tude of the asteroid’s velocity vector, S is the body’s middle cross-section area, G is the gravitation
constant, m, is Earth’s mass, and r is the magnitude of the radius vector. The contribution of the
lifting force in equation (i) is not present, as the asteroid is assumed spherical. The Coriolis and
centrifugal forces in the rotating reference frame, along with the stratospheric winds, are negligible
compared to the hypersonic velocity of the asteroid. The drag coefficient ¢, expresses the portion of
the flow’s momentum that decelerates the body. According to multiple authors [21, P2, 23], ¢; = 0.9
is a reasonable assumption for a hypersonic sphere in the atmosphere. In addition, we can define ¥
as the derivative of the radius as a function of time:
dr
il (2)
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Figure 1 — Coordinate system X —Y of the Figure 2 — Schematic representation of a
atmospheric traverse of an asteroid. The potential asteroid’s trajectory and its defining
thickness of the atmosphere is exaggerated for parameters.

representation purposes.

The area S is obtained as a function of the current asteroid mass m, its initial mass mg, and initial

cross-sectional area Sy: .
Sz&(m) (3)
my

Assuming the material loss from the asteroid’s surface is isotropic, i.e. the object does not deform and
remains a sphere, the parameter of shape variation u corresponds to 2/3 as defined by Bronshten
[20].
The second fundamental relation in meteor physics is the mass-loss equation that assumes that a
ratio ¢, of the kinetic energy of the oncoming stream of molecules is expended on the ablation of the
asteroid. Assuming H is the specific heat of sublimation of the asteroid’s material, the equation takes
the form: J i
m ChPrv
dt ~ 2H @
The heat transfer coefficient ¢;, depends on the asteroid’s velocity, the flight altitude, the air density,
the boundary layer temperature, the dissociation and ionization processes in the boundary layer, and
the absorption coefficient, among others. In the literature, the commonly accepted value is ¢;, = 0.1
[P0, P2, P4].

2.2 Numerical Model

The 4th order Runge-Kutta (RK4) method is commonly used for solving simultaneous non-linear
equations [22, PR, PH]. It approximates the solution at discrete time steps by evaluating the derivative
of the function at multiple points within each step. The method estimates the slope of the solution
curve using a weighted average of these derivatives, providing a more accurate prediction of the
next point. To determine the stopping criterion for an asteroid’s impact on the surface, the altitude
reaching zero is considered. Discretization errors are estimated by performing three simulations with
progressively finer grids.

The Dormand-Prince (RKDP) method is a widely used numerical algorithm that efficiently approxi-
mates the solution of ordinary differential equations with adaptive step size control. It uses a fourth-
fifth order Runge-Kutta approach to calculate intermediate approximations. By comparing the fourth-
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and fifth-order approximations, the method estimates the local truncation error and adjusts the step
size accordingly, maintaining accuracy within predefined tolerances. The RKDP method selects
an appropriate number of steps with dynamic intervals, adjusting the time step based on a pre-
established tolerance. For the Apophis case study, a tolerance value of 10° is used. This adaptive
step size control enables the method to dynamically adapt and balance accuracy with computational
efficiency

3. Results and Discussion

To simulate the Apophis atmospheric passage, the initial conditions of the asteroid must be estab-
lished, including its diameter D,, velocity v,, density p,, and entry angle «. Table @l presents the
assumed values of Apophis’ initial properties.

Table 1 — Apophis initial physical properties [9, A0]

Dy [m] va[m/s] palkg.m~°] a [deg]
340 30756 3190 45

The diameter and density of Apophis are well-established in the literature. However, its entry velocity
depends on the position along its orbit at the time of its close approach with Earth. As Apophis is no
longer a threat to Earth, the periods of closest approach that could result in an impact are no longer
relevant. Therefore, the magnitude of Apophis entry velocity is assumed to be the mean orbital speed
of Apophis [27].

The initial conditions for solving the differential-algebraic system of equations (DAE) can be deter-
mined by setting the entry point at position X = 0, where the Y coordinate represents the full distance
between Apophis and the center of the Earth. These initial conditions, as shown in Table B, depend
on the given physical parameters. The initial velocities v, and v, are the projections of the velocity
vector in the respective X and Y axis. The initial mass of Apophis assumes the asteroid is an homo-
geneous sphere of density p,, resulting in a circular cross sectional area Sy. The initial density py is
the air density at the entry altitude #,,,,. By setting 7y = 0, the numerical method can be initiated once
the integration step s is established. To choose the initial step, a time scale was computed based on

the asteroid’s properties:
_ Dy (5)
4y,

To obtain units of time, the Apophis radius D, /2 was divided by its entry velocity v,. To further ensure
the time independence, this result was divided in half. To validate the results, and to ensure indepen-
dence from the chosen time step, three consecutive simulations were performed with increasingly
smaller steps, Table B.

N

Table 2 — Definition of the Apophis’ atmospheric entry initial conditions

reo M) 1y [M] veo [M.s'] vy [mes™] my [kg] So [m?] po [kg.m™]

0 R+ Nnax vacos(o) —v,sin(a@) pamtD3 /6 nD?/4 p/RT
0 6.452 x 10° 2.175x10* —2.175x10* 6.585x 10! 9.079 x 10* 1.570x 107

Table 3 — Final properties of the atmosphere passage of Apophis in three different simulations

tn[s]  ha[m] vy [km.s'] m,x10° [kg] 6,[deg]

s 3.7503 40.445  30.4905 512.974 44.3158
s/2 37503 11.145  30.4890 512.302 44.3156
s/4 3.7496 11.212  30.4888 512.197 44.3156
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Figure 3 — Apophis trajectory through Earth’s atmosphere. The dashed line corresponds to the
coordinate pair (r,;,ry,;) over the entire time + computed.

At first glance, the results seem to be converging with each additional simulation. Furthermore,
observing the Figures B and 8, the solution seem stable as the three simulations overlap each other
and are indistinguishable. In less than four seconds the asteroid travels from the entry point at 81
km to the surface, this is mainly due to its high speed and entry angle. From observing Figure B3,
Apophis trajectory seems a straight line and Earth’s curvature is barely noticeable. The absence
of a perceptible curvature is due to the low horizontal distance the Apophis traverses compared
to Earth’s radius. Apophis almost straight trajectory can also be explained, albeit through more
elaborate means. In the employed model, two distinct forces dictate the direction of Apophis trajectory
- the drag force and the gravitational force. Initially, the direction of the trajectory is defined by the
entry velocity v and the respective entry angle, the drag force acts exactly in opposition, so it will only
affect its magnitude and not the direction of the velocity, the gravitational force acts in the direction
of Earth’s center and its thereby the only force responsible for the change in direction. Due to the
Apophis high initial velocity and short time on the atmosphere, gravity does not affect the direction
in a major way. Figure B shows the variations of velocity and mass along the Apophis trajectory.
Both velocity and mass depict a similar behaviour, having slight changes in the first two thirds of its
trajectory, followed by a sudden drop in the last third. Furthermore, before significantly decreasing,
the velocity slightly increases throughout the majority of the trajectory. This increase in velocity means
that the force of gravity surpasses the drag force in magnitude due to the low air density at higher
altitudes. As the altitude decreases and consequently the density increases, the drag force increases
significantly, decreasing the velocity and the mass.

However, to properly validate the results and find the discretisation error, a grid convergence study is
necessary. Even though the reference frame utilised has two spatial dimensions, the grid is one di-
mensional as it corresponds to the trajectory of the asteroid, meaning there is a dependency between
the X and Y coordinates. Additionally, the time and space domains are also interconnected, because
for a given time 7; there is only one set of correspondent coordinates (r.;,ry;). The grid refinement
ratio is 2, because the step is reduced in half in each subsequent simulation. As the time step is
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Figure 4 — Apophis velocity magnitude variation and mass-loss along its trajectory through Earth’s
atmosphere obtained via the 4th-order Runge-Kutta method.

refined, the discretisation error should asymptotically approach zero, excluding computer round-off
errors. However, the mass and velocity values from Table B cannot be used in the convergence study
because they correspond to different values of time. To properly validate the results, solutions com-
puted for the same r must be compared. Thus, Table B presents the mass and velocity solutions for
t =3.7476 s.

Table 4 — Grid convergence study of the atmosphere passage of Apophis

Grid Spacing mx 108 kgl v [km.s™'] Cm o
0 0 512555  30.4896
s/4 1 12892304904 ¢ 1367 104 3.13506 x 107
5/2 2 513.227 304911 s 107 6.25181 x 107
s 4 513.896 304926 '

The fourth-order Runge-Kutta method exhibits a theoretical order of convergence of 4. The order of
convergence represents the rate at which the numerical solution approaches the exact result with
diminishing step sizes. A convergence order of 4 implies that the error in the numerical solution
diminishes approximately in proportion to the fourth power of the step size. Consequently, a higher-
order convergence is advantageous as it enables accurate results even with relatively larger step
sizes, thereby enhancing computational efficiency. However, it is noteworthy that the actual order of
convergence is 1.00 for both mass and velocity, attributable to non-linearities inherent in the equa-
tions. Despite this deviation from the expected 4, the solutions remain within the asymptotic range of
convergence. While the convergence rate is slower than anticipated, the associated error bands are
narrow, indicative of the solutions closely aligning with the exact value. It is pertinent to acknowledge
that this set of results does not align with the position 2 =0, Table 8. Given the observed convergence
and decreasing error bands, the final solution is obtained with the intermediate grid and employing
the finer grid to assess the relative error. Consequently, the ultimate solutions for velocity and mass
during the Apophis atmospheric passage are 30.4890 4+ 0.0002 km.s™' and 512.302 +0.105 x 10® kg,
respectively. Throughout the atmospheric traverse, Apophis experiences a 0.868 +0.001% reduction
in velocity and a 22.2+0.016% decrease in mass.

Despite not knowing the error between the results and the true physical solution of the equations,
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Figure 5 — Apophis velocity magnitude variation and mass-loss along its trajectory through Earth’s
atmosphere obtained through the RKDP.

Apophis diameter estimate is 340 +-40 m, meaning its total mass, assuming an homogeneous sphere
of density p, = 3190 kg.m~3, ranges from 4.52 x 10'° kg t0 9.19 x 10'° kg. The mass uncertainty range
is three orders of magnitude larger than the estimated final mass error.

Figure B depicts the variation of velocity and mass along the Apophis trajectory obtained with the
RKDP method. The final solution converged until 7, = 3.7493, where the altitude was 4, = 6.2 x 104
At this point, the velocity and mass of Apophis atmosphere traverse are v, = 30.5004 km.s~! and
m, = 511.861 x 10® kg, respectively. With this trajectory, the impact angle of Apophis is 6, = 44.3155
deg. Due to the traverse of Apophis through Earth’s atmosphere, the asteroid loses 0.83% of its initial
velocity and 22% of its initial mass. Table B compares the solution of both numerical methods.

Table 5 — Comparison of the final results of the Apophis passage through Earth’s atmosphere obtain
with different numerical methods

tn [S] hy, [m] Vn [km.s“] my X 10® (ka] 6,[deg]
RK4  3.7503 11.145 30.48904+0.0002 512.302+0.105 44.3156
RKDP 3.7493 00.00062 30.5004 511.861 44.3155

4. Conclusions

This study focused on the outcome of the Apophis atmospheric passage obtained through two nu-
merical methods. The final altitude reached by Apophis is the most notable outcome, clearly showing
a significant difference between the two methods employed. The RKDP method resulted in an alti-
tude of five orders of magnitude closer to zero than the estimate obtained using the RK4 constant-
step method. Moreover, the dynamic-step model required much less computational effort than the
constant-step method. The results obtained from both methods exhibit a correspondence of at least
three significant digits, reinforcing the methods’ validity and implementation. However, it is funda-
mental to note that although the numerical solution obtained through the system of equations was
successful, there may still be a difference between the numerical and physical solutions. Additionally,
the physical methods used in the study have limitations, which can affect the accuracy of the solu-
tion. Therefore, using more complex and realistic physical models can yield better and more accurate
results, as the ultimate goal of physical modelling is to emulate real-world conditions and limitations.
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