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Abstract

The closed form maximum flight speed formulae have been derived for use in the conceptual design phase.
The formulas have been derived to calculate the maximum flight speed that satisfies both the available power
and torque of the designed aircraft. To this end, assumptions are proposed to simplify the formula and the
suitability of the proposed assumptions is verified. It is assumed that the nacelle is aligned with the freestream
direction and that the propeller advance ratio and efficiency are constant. An analysis of the maximum flight
speed variation due to available power and torque is presented for demonstration. The effect of the advance
ratio is also assessed. The demonstration confirms that the maximum flight speed is determined by the
available power or torque constraints. The higher advance ratio requires higher torque for a given available
power. With sufficient available power, the higher advance ratio results in a slower maximum flight speed for
a given available torque.
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1. Introduction

The increasing demand driven by advancements in battery technology and the need to address
urban traffic congestion has increased interest in electric vertical takeoff and landing (eVTOL) aircraft.
In line with this trend, various concepts of eVTOLSs with different operational concepts and powertrain
architectures, distinct from traditional fixed-wing or rotorcraft, are being proposed. Unlike traditional
rotorcrafts that combine a gas turbine engine and a large rotor, the distributed propulsion with
multiple rotors, propellers, or fans combined with a motor is mainly considered the propulsion system
for urban air mobility (UAM). The electric distributed propulsion system is advantageous for noise
reduction and safety [1-3]. Furthermore, the application of motors increases the freedom in
controlling the rotating speed of the propeller. Unlike traditional aircraft, which can only operate at a
rotating speed set by a designed gearbox, motors can control the rotating speed through the input
of current and voltage [4]. In other words, the application of motors offers advantages, such as the
ability to adjust rotating speeds based on flight speed for optimal efficiency in operation [5, 6]. These
configurations can be categorized into tilt-rotors with tilting propellers to obtain both lift and thrust,
lift-cruise which feature separate propellers for lift and thrust, and multi-rotor types that utilize
propellers solely for generating lift [7]. In particular, the tilt-rotor type, which tilts the propellers based
on the flight mode, does not require additional propellers for lift and thrust. This design allows for
weight reduction and eliminates drag caused by stopped propellers for lift, resulting in a higher cruise
speed compared to other designs [8].

It is necessary to design configurations that meet requirements and evaluate numerous parameters.
Therefore, rapid conceptual design tools are essential. Various simplified design exploration
methods for distributed electric propulsion [9] and sizing techniques [10-14] have been developed
for utilization in the conceptual design phase. These tools determine the total power, torque, and
energy required for each configuration to meet the specified requirements. Once the design is
complete, validation is required to assess the maximum distance, endurance, and speed. Formulas
for the maximum performance of traditional aircraft are well-established [15-18]. However, obtaining
the maximum performance for a new type of aircraft with distributed propulsion based on batteries
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and motors requires some modifications to existing formulas. Numerous studies have been
conducted on the maximum flight distance and maximum endurance [19-28]. The maximum flight
speed is suggested as a result of parameter studies along with battery specific energy [29] or MTOW
[30]. However, research has been absent in formulating equations for the maximum flight speed of
eVTOL aircraft.

This study aims to derive the formula for the maximum flight speed of a tilt-rotor type electric-powered
aircraft with determined available power and torque. Assumptions and simplified equilibrium
equations are applied to reduce the complexity of deriving formulas. Parameter studies are then
carried out to demonstrate the potential application of the derived formulas.

2. Configuration and flight condition

The analysis is based on a designed electric powered quad tilt-rotor with a predetermined
configuration, normal cruise speed, and required power and torque. The specifications are
summarized in Table 1. In this paper, "propeller” is used instead of "tilt-rotor" since the discussions
in this paper mainly focus on the cruise conditions. Under the normal cruise condition, the freestream
velocity is assumed parallel to the natural horizon. It means that the angle of attack is the same as
pitch attitude. Therefore, pitch attitude is used instead of angle of attack to emphasize the control of
pitch attitude during maximum flight speed. An arbitrary propeller that could achieve more than 0.8
for both FM and propeller efficiency are designed. The chord distribution and twist distribution of a
propeller are shown in Fig. 1.

3. Assumptions

3.1 Simplification of equilibrium equations

It is assumed that the nacelle tilt angle aligns with the freestream direction to take advantage of
simplified equilibrium equation. In other words, even though the pitch attitude is adjusted to generate
enough lift according to freestream velocity, the propellers' thrust direction is constantly parallel to the

drag direction. To verify the feasibility of applied assumption, aerodynamic performance was
compared.

Table 1 - Configuration information

Configurations
MTOW [kg] 3175 Propeller radius [m] 3
Reference area [m?] 25.2 No. motors 4
Aspect ratio 11.3 No. propellers 4
Lift slope 5.27 No. blades 5

Oswald efficiency 0.72

Flight conditions under normal cruise condition

Density [kg/m3] 1.0 Pitch attitude [°] 0
Gravity acceleration [m/s?] 9.8 Flight speed [m/s] 67
Lift-to-drag ratio 15 Advance ratio 4.12
Efficiencies
Electric efficiency 0.85
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Figure 1 — Propeller radial distribution

Prior to formulating equations along with flight conditions, some aerodynamic coefficients related to
viscosity are obtained based on the assumptions for normal cruise condition. Since the angle of attack
has been replaced by the pitch attitude, the lift is defined as Eq. (1).

L=1/5pSV2(Cyo + CL00) (1)

Under normal cruise condition, pitch attitude is assumed to be 0°. Therefore, C;, is obtained as Eq.
(2) by rearranging the Eq. (1).

Cuo = mg/(1/5p SV2) @)
The drag is defined as Eq. (3) by applying thin airfoil theory [32].
D=1/ pSVZ[C +L(c +C @)2] 3)
2 o [“po T ap \HLo La

In a similar manner to the calculation of C;q, Cp, is oObtained by restructuring Eq. (2) and inserting
Eq. (3). It is expressed by Eq. (4) when D = L/(L/D)cruise @nd L = mg by equilibrium equation.

myg CL02
Cpo = - 4)
1/2 p SVog (L/D)Cruise meAR
For the actual flight condition, the equilibrium equation is defined as Eqg. (5) and (6).
L =mg — Tsin® (5)
D = TcosO (6)

By replacing the thrust in Eq. (6) with the expression represented by the drag, the equilibrium
equation is consolidated into Eq. (7).
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L =mg— D(sin® /cos ) 7

If a small pitch attitude assumption is applied, it is possible to denote as Eq. (8) by inserting Eq. (1)
and (3). Note that, in this condition, the freestream velocity may not always be the same as in the
normal cruise condition, as it could represent the maximum flight speed.

1
1/ p SVZ(Cuo + CLa®) + 1/ p SVE[Coo + —— (Cro + C1a0)?| 0 = mg (®)

It could be rearranged for pitch attitude as Eq. (9).

mg___,
1/2:DSV0§

1
C2.6%+2 Co0* + (CLa + Cpo + MCEO) 0 + Cyo — )

meAR meAR

The coefficients of each term in Eqg. (9) are denoted as A, B, C, and D to obtain the exact solution for
pitch attitude. The pitch attitude is acquired through Eq. (10), excluding complex or non-physical
solutions.

1
0 _ (sqrt((—27 A’D + 9ABC-2B%)?+ 4 (3AC- B?)®)- 27A’D + 9ABC- 2B*)3

1
323A
1
23(3AC- B?)

1
3 A (sqrt((—27 A2D + 9ABC- 2B3)2+ 4(3AC- B2)3)- 27A2D + 9ABC- 2B3)3
B

"3 (10)

The solution for the fourth-order equation regarding pitch attitude is derived in a highly complex form.
It leads to the derivation of equations of the fifth order or higher as the influence of pitch attitude
cannot be separated when calculating power and torque. Since obtaining an exact solution for a fifth-
order or higher equation is not feasible [33], the actual flight condition is unsuitable for deriving a
maximum flight speed with a closed-form solution.

On the other hand, the equilibrium equation under the assumed flight condition is suggested in a more
straightforward form as D=T and L=W. Therefore, the pitch attitude is derived as Eqg. (11) by

rearranging C;, = Cpo + C;,0, when C, = mg/(l/zp SV2).
CL — Cro

O =—— 11

Drag is calculated using Eg. (12). This is possible since the lift coefficient is derived from C;, =
mg/(l/z p SV.2), without considering the pitch attitude.

1
D=1/,psV2 [CDO + mCLZ] (12)

Figure 2 compares the predicted pitch attitude and power obtained through both flight conditions. To
assess the influence of flight speed reflecting nacelle angle control, limits imposed by available power
and torque are neglected. Through the figure, it can be seen that the pitch attitude at cruising speed
is 0° according to the applied assumption. As the flight speed increases, the pitch attitude gradually

4



MAXIMUM SPEED OF BATTERY-POWERED TILT-ROTOR

decreases due to the increase in dynamic pressure. The required power gradually increases with the
increase in both flight speed and required thrust. This indicates that the derived formulas well reflect
the general trend for flight speed. The difference in pitch attitude is less than 3.4%, and the difference
in required power is less than 0.6% across the analyzed range. Therefore, the assumed flight
condition, which permits a simplified formula, is applied for further study as the difference is negligible.
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Figure — 2 Pitch attitude and power in accordance with flight speed

3.2 Applying constant advance ratio

In order to minimize the change in propeller efficiency at maximum flight speed, the advance ratio is
assumed to be constant under all flight conditions. The propeller efficiency of conventional aircraft
decreases with increasing flight speed. However, if advance ratio is constant and the thrust is
proportional to the square of the freestream speed, the propeller efficiency is constant.

The total drag is expressed as the sum of the parasite drag and the induced drag which proportional
and inversely proportional to the square of the freestream velocity, respectively. As the maximum
flight speed is determined by the speed at minimum drag, the maximum flight speed is the speed
thereafter. This means that the drag near the maximum flight speed is dominated by the parasite drag.
Since it is assumed that T=D and the drag is defined by Eq. (12), it can be assumed that the thrust
near the maximum flight speed is proportional to the square of the freestream velocity. Therefore, the
assumption of a constant advance ratio can be suggested as a way to minimize the change of
propeller efficiency.

Figure 3 presents a comparison of propeller efficiency under the constant rotating speed and constant
advance ratio. The rotating speed and advance ratio are selected based on the normal cruise
conditions of the design aircraft. For a constant rotating speed, 160 RPM is considered for all analysis
conditions, with the advance ratio increasing from 3.5 to 9.7. When a constant advance ratio of 4.21
is considered, the rotating speed increases from 130 RPM to 360 RPM.

The figure illustrates that the change in efficiency is relatively minor when the advance ratio remains
constant. At the maximum flight speed to normal cruise conditions when rotating at a constant
speed, the efficiency decreases by 31%, while at a constant advance ratio, the efficiency decreases
by 6.1%. Furthermore, the change in propeller efficiency after the cruise speed is evident. This is
due to the fact that the target thrust is more proportional to the square of the freestream velocity.
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Figure — 3 Comparison of propeller efficiency

4. Derivation of maximum flight speed equation

In the case of performing a table-lookup on propeller efficiency, iterative calculation for propeller
efficiency convergence is required to calculate the maximum flight speed using the available power
and torque. On the other hand, if efficiency is assumed to be constant, exact solutions can be obtained
that do not require repeated calculations. The previous chapter shows that the variation of propeller
efficiency with flight speed is negligible for a constant advance ratio. In order to derive a simple formula
for application in the conceptual design phase, the formulas assuming constant propeller efficiency
are derived.

The maximum flight speed is defined as the speed at which the aircraft is capable of flying with the
maximum power or maximum torque. This implies that the required power or torque for the maximum
flight speed match the available power or torque. Furthermore, both the required power and torque
should be less than the available power and torque. While the velocity satisfies the maximum power
constraints, the corresponding torque determined could be greater than the available torque.
Conversely, if the velocity indicates an aircraft in flight with maximum torque, the required power could
exceed the available power. Consequently, the maximum flight speed that satisfies both available
power and torque requirements is determined by selecting the lower of the two velocities as Eq. (13).

Vmax = min( Vmax,power' Vmax, torque) (13)

The torque and power for each condition, whether utilizing maximum power or maximum torque, are
calculated by considering the rotating speed that ensures the same advance ratio as in normal cruise
condition. In other words, the rotating speeds of each condition are different. Maximum flight speeds
satisfying the available power and torque are derived separately to calculate speed that satisfies both
conditions.

4.1 Maximum flight speed with available power
Inserting Eg. (12) into the power equation results in Eq. (14), where P=TVand D =T.

DYV, 1
Preq = = — CDO(l/Z er%axS) +
Nau Nau

(mg)*
meAR 1/2 anzlaxS

Vmax (14)

The V.« is the maximum velocity that satisfies maximum power or maximum torque. The 7, is the

cross of propeller and electric efficiency. The required power from Eq. (14) is substituted with the

determined available power to derive a closed-form solution to calculate the maximum velocity the
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available power allows. Rearranging in terms of maximum flight speed yields the expression given by
Eq. (15).

4 2NauPavair 1 4(mg)? _
max,power m max,power meAR CDO ,02 Sz -

(15)

Consequently, the maximum velocity that available power allows is obtained by solving Eq. (15).

4.2 Maximum flight speed with available torque

The propeller angular speed is defined as Eqg. (16), assuming the same advance ratio is used in
normal cruise condition.

=——n (16)

The power is expressed as Eqg. (17) by inserting Eq. (16) to reflect the available torque of each motor.

1V,
Preq = QavaitNmotor) = QavaileotorE T” 7)

Inserting Eq. (17) into Eq. (14) results in Eq. (18).

1 Ve 1 (mg)?
QuvairN — 2x= —|Cpo(L/, pVi2S) + — v, 18
avail'Ymotor R ] Nall DO( /2.0 ) meAR 1/2 pVo§S ( )
Rearranging Eq. (18) to maximum speed yields Eq. (19).
1 2¢2 4 11 1 2 1 5
/4.0 S CDOVmax,torque - Qavaileotor E 777:771111 /2 pSVmax,torque + eAR (mg) =0 (19)

The closed form equation for the maximum velocity that the available torque allows is obtained by
solving Eq. (19), which is the 4th order equation for Vi, ax torque-

4.3 Comparison of maximum speed

The maximum flight speed obtained by performing a table-lookup on the propeller efficiency and the
assuming the constant efficiency are compared. Fig. 4 illustrates the maximum flight speeds as a
function of available power and torque. Through the figure, it can be seen that the differences between
the two method are insignificant. For the maximum speed constraint by available power and torque,
the average error by applying a constant advance ratio is 0.8% and 1.5%, respectively. From the
comparison, it is concluded that the applied assumption is reliable in qualitatively and quantitatively.

5. Demonstration

The demonstration is conducted to present the usefulness of derived formulas. The analysis ranges
for power and torque are selected to refer to the conceptual design of UAM [34-36]. All values, aside
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from the pitch attitude and lift-to-drag ratios that differ with flight speed, are applied with the same as
presented in Table 1.

The maximum speed in accordance with torque is illustrated in Fig. 5. The impact of the advance ratio
and the maximum speed due to available power are also compared. For a designed aircraft, different
values of the advance ratio imply variations in the propeller efficiency. However, in this demonstration,
all input values are kept the same except for the advance ratio to present its impact solely on the
formula. The maximum flight speed limited by available torque is represented by solid lines with
markers, while that determined by available power is depicted by dashed lines. The result shows that
the maximum speed determined by power remains constant for all torques, as it is not affected by the
advance ratio and available torque. Assuming an aircraft with an advance ratio of 4.2 and available
power of 1200 kW, the maximum flight speed increases with the increase in torque until it reaches
9000 Nm. However, when the torque exceeds 9000 Nm, the maximum flight speed is limited to 140
m/s since the speed determined by available power becomes smaller. All available torque is utilized
up to 9000 Nm, and beyond this point, there is a margin in torque as the required torque has a
relatively minor value compared to the available torque. The intersection point of the solid and dashed
lines represents the point at which both available power and torque are fully utilized to achieve the
maximum flight speed. For the comparison of the influence of the advance ratio, three different
advance ratios are compared. It can be seen that a larger torque is required to achieve the same
maximum speed with a higher advance ratio for the same available power. In cases where the
available torque is the same, a higher advance ratio results in a slower maximum flight speed under
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Figure — 4 Comparison of maximum flight speed
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conditions that the available power has enough margin. It is based on the relationship between
advance ratio and torque, which can be derived through Eg. (22).

Through demonstrations, it is confirmed that the derived equations show trends that satisfy the
fundamental theorem. The analysis presented in this manner is expected to help predict the maximum
flight speed for the designed aircraft.
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Figure 5 — Variation of maximum flight speed with various advance ratios

6. Conclusion

The objective of this study was to derive closed-form formulas for maximum flight speed, with the
intention of applying them during the conceptual design phase. To this end, assumptions were
presented for simplifying the formulas and their suitability was verified. The nacelle tilt angle was
assumed to align with the freestream direction, which allows for the simplification of pitch attitude
calculations and the derivation of a closed-form solution for maximum flight speed. The discrepancy
between the proposed assumption and the actual flight condition in terms of airframe pitch attitude
was less than 3.4%, and less than 0.6% in required power. A constant advance ratio and propeller
efficiency were assumed. The difference in maximum flight speed between performing a table-lookup
on the propeller efficiency and assuming a constant efficiency was less than 1.5%.

The formulas have been derived to calculate the maximum flight speed that satisfies both available
power and torque of the designed aircraft. An analysis of the maximum flight speed variation due to
available power and torque was presented for demonstration. The effect of the advance ratio was
also assessed. The demonstration confirmed that maximum flight speed is determined by available
power or torque constraints. The higher advance ratio requires a higher torque for a given available
power. With sufficient available power, the higher advance ratio leads to a slower maximum flight
speed for a given available torque.

This study is limited in that it does not account for efficiency changes due to 3D effects from the
propeller, thereby neglecting variations in propeller efficiency at the same advance ratio. Nevertheless,
the results provide insight into the maximum flight speed of a designed aircraft during the conceptual
design phase. While the demonstration is specific to the generic quad tiltrotor eVTOL aircraft, the
derived formulas are applicable universally to various eVTOL aircraft. It would be suitable for rapid
prediction of maximum flight speed.
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