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Abstract

The effects of shock impingement location on the aeroelastic stability and nonlinear responses of a two-
dimensional shock-heated panel in Mach reflection are investigated through theoretical analysis. The influ-
ences of aggravated, nonuniform aerodynamic heating induced by shock waves are also investigated, which
decrease the critical temperature but have no impact on the nondimensional stability boundary. The impact
of shock impingement location on the stability boundary is explored, which forms the unique stability region
of post-divergence flutter. Comparing the stability boundaries obtained through stability analysis and numer-
ical simulation, the limitations of the stability analytical methods are illustrated. The evolution of the chaotic
motion is observed through several nonlinear tools, indicating the complicated nonlinear features of aeroelas-
tic response in Mach reflection. The nonlinear behaviors of the panel response also exhibit sensitivity to the
shock impingement location, which is demonstrated through the largest Lyapunov exponent (LLE) and proper
orthogonal modes (POMs). The research provides insight into the aeroelastic behavior of shock-heated panels
in Mach reflection, which has important implications for the design of high-speed aircraft structures.
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1. Introduction
Due to the lightweight requirement of high-speed vehicles, thin, flexible panels are widely equipped,
which leads to the risks of undesirable aeroelastic problems threatening structural safety. Shock
waves are commonly encountered when traveling at supersonic/hypersonic speed, which cause se-
vere pressure and thermal loads on the flexible panels, seriously increasing the risk of aeroelastic
damage.
In recent years, the aeroelastic performance of the panel impinged by oblique shock, which forms
either regular reflection or Mach reflection, has aroused the interest of researchers. For regular
shock reflection, the crucial role of shock impingement location in the aeroelastic behaviors of the
panel has been revealed [1], which displays a nonmonotonic impact on the stability boundary. For
Mach reflection, the effects of shock impingement location are still under question, which may sig-
nificantly alter the aeroelastic stability and response considering the complicated flow field formed
by the Mach stem shock. Furthermore, the panel in Mach reflection displays multiple aeroelastic
responses, whose stability boundary is much more complicated [2]. Thus, it is necessary to investi-
gate the effects of shock impingement location on the panel aeroelastic behaviors in Mach reflection.
Besides, across the shock waves, the temperature increases dramatically and forms a nonuniform
temperature distribution on the panel. In the previous research[3, 2], the temperature distribution is
either ignored or assumed to be uniform. Therefore, a discussion on the thermal stress brought by
shock-induced heating will be valuable in disclosing the impacts of nonuniformity and aggravation of
the heat field.
Due to the nonlinear factors in the panel aeroelastic systems, the aeroelastic response contains rich
nonlinear characteristics, among which chaotic motions are of special interest. Dowell [4, 5] revealed
the chaotic motions of a fluttering buckled plate and summarized effective descriptors to observe the
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Figure 1 – Schematic of a panel impinged by an oblique shock forming Mach reflection.

evolution of chaos, including Poincare maps, phase diagrams, etc. Besides, the largest Lyapunov
exponent (LLE) is subsequently introduced as a quantitative measure to determine chaotic motions.
The investigation of chaos was then extended to various panels, such as viscoelastic panels [6] and
damaged panels [7], and different flow conditions, such as subsonic flow [8] and turbulent flow [9]. For
the shock-dominated flows, the involvement of shock waves will introduce additional nonlinearity into
the aeroelastic system, enriching the nonlinear characteristics of its response. The chaotic motion of
the panel in Mach reflection might be more complicated, which is worth further investigation.
This paper presents an aeroelastic model for a two-dimensional panel subjected to shock-induced
heating in Mach reflection. A detailed discussion is conducted to illustrate the impact of aggravated,
non-uniform temperature distribution induced by shock waves. The stability boundary is exploited,
which proved sensitive to the shock impingement location. A comparison is conducted between
analytical results and numerical results, which demonstrates the limitation of the stability analyti-
cal methods. A comprehensive description of the chaotic motion is provided to reveal the complex
nonlinear features of aeroelastic response in Mach reflection, demonstrating its sensitivity to shock
impingement location.

2. Model Formulation
A schematic of the panel impinged by an oblique shock wave forming Mach reflection is depicted in
Figure 1. β represents the shock angle of the incident shock and xi represents the shock impingement
location on the panel. To investigate the panel aeroelastic stability, the emphasis is on the area near
the incident point of the oblique shock. Only the flowfield near the panel is taken into consideration.
The Mach stem shock can be approximately treated as a normal shock, which divides the area into
a supersonic region and a subsonic region.

2.1 Aerodynamic pressure theory
For a supersonic region, the quasi-steady first-order piston theory is employed to evaluate the un-
steady aerodynamic pressure.
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For a subsonic region behind the Mach stem shock, where the flow is compressible, the compressibility-
corrected potential theory is applied. The compressibility-corrected potential theory is a modifcation
of classical potential theory by introducing a Prandtl-Glauert compressibility correction, which has
been verified and proved to be valid and efficient [2].
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2.2 Structural theory
In this paper, the emphasis is on the panel stability boundary with thermal stress considered, thus
the static pressure differential across the panel is ignored for simplicity. According to the von-Karman
large deflection plate theory, the coupled partial differential governing equation of motion for the panel
is established.

D
∂ 4w
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Since the panel in Mach reflection may lose its stability in the form of divergence, it is necessary
to include a structural damping c into the system to complete the structural model. The term NT

x
represents the thermal stress induced by temperature rise caused by aerodynamic heat, for which a
detailed discussion will be presented in the following text.
The governing equation for the panel can be transformed to the dimensionless form as
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where the details of the dimensionless parameters are defined in Appendix A.
To solve the 4th-order partial differential equation, the Galerkin method is employed to discretize the
continuous system into a multi-degree-of-freedom system.

2.3 Thermal stress
Since a thin panel is considered here, the temperature is assumed to be invariable across the panel
in the thickness direction. The temperature distribution in the panel along the length direction is
assumed to be consistent with the temperature distribution of the flowfield after heating. Thus, em-
ploying the quasi-steady thermal stress theory, the thermal stress caused by the temperature rise
can be expressed as
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where the ∆T2(x) can be obtained from normal shock theory.
Usually, the temperature status of the panel are described by the nondimensional ratio ∆T/∆Tcr,
which can be obtained through

∆T
∆Tcr

=
RT

x

π2 (6)

And the stability boundary considering thermal stress are expressed in terms of λ vs ∆T/∆Tcr. Xue
and Mei [10, 11] conducted a detailed investigation on the temperature effects on the panel aeroelas-
tic stability. It is found that for a two-dimensional panel with different temperature distribution ∆T (x)a

and ∆T (x)b, for the case of same temperature ratio

∆T (x)a

∆Tcr(x)a
=

∆T (x)b

∆Tcr(x)b
(7)

The panel responses are identical, except for in-plane displacements. And the stability boundary
depicted in terms of λ vs ∆T/∆Tcr are the same for different temperature distribution. It demonstrates
that with ∆T/∆Tcr to describe the thermal stress, the results for nonuniform temperature distribution
will make no difference with the one for uniform temperature distribution. However, the dramatic
increase of the temperature across the shock waves is nonnegligible, which will result in a lower
critical temperature. For a simply supported two-dimensional panel the critical temperature can be
obtained from the expression. ∫ l

0
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l
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(a) Shock reflection regions (b) Temperature distribution hysteresis

Figure 2 – Shock-induced hysteresis phenomenon in temperature distribution

The relation between the critical temperature in shock reflections and that in supersonic flow can then
be established, which can be expressed as

∆Tcr =
∆Tcr,0

T2/T1(l − xT )+ xT
(9)

where ∆Tcr,0 represent the critical temperature in entire supersonic flow.
Despite no impact of non-uniformity of the temperature distribution, the temperature increase caused
by shock waves will result in the increase of critical temperature. Besides, in the previous research
[12], it was found that the transition between Mach reflection and regular reflection will induce an
aeroelastic hysteresis for the panel. Similarly, induced by the shock-reflection transition, a hysteresis
will be formed for the temperature ratio T2/T1 and subsequently for the critical temperature. As shown
in Figure 2, the temperature ratio across the shock reflection is plotted in the oblique-shock frame to
exhibit the hysteresis phenomenon. The temperature ratio for the Mach reflection is larger than that
for regular reflection. Due to the existence of the dual solution region, a hysteresis loop is formed,
which will then induce a hysteresis in the critical temperature.

2.4 Galerkin Approach
Considering the simply supported boundary conditions, the lateral displacement can be expressed
as

W (ξ ,τ) =
N

∑
i=1

qi (τ)sin(iπξ ) (10)

where qi(τ) are the generalized coordinates.
By substituting the expression into Equation 4 and multiplying by another set of the primary spatial
function and integrating from 0 to 1, the discrete motion equations are obtained.
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The equation above is a set of nondimensional ordinary differential equations, where the term A
represents the aerodynamic pressures terms with details given in Appendix B. By assuming that
q̇i = qi+N , the motion equations are converted into 1st-order ordinary differential equations, which are
solved by the 4th-order Runge-Kutta direct numerical integration method.
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3. Stability Analysis
Bolotin et al. [13] clearly illustrated a systematic approach to investigate the instability of an elastic
panel, which is then widely applied to deal with the aeroelastic stability of panels in different flow
conditions [14]. In the present stability analysis, the analytical approach is also applied, including
the Lyapunov indirect Method and buckled equilibrium modes. Since the nonuniform temperature
distribution has no influence on the aeroelastic boundary of two-dimensional panels, the stability
boundaries in this paper is still plotted in terms of λ vs ∆T/∆Tcr.

3.1 Lyapunov Indirect Method
To study the aeroelastic stability of the panel, the nonlinear ordinary differential equations of a two-
mode (N = 2) panel aeroelastic system is established as
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The Jacobi matrix of the aeroelastic system at the equilibrium point of the initially flat panel q1 = q2 = 0
can be expressed as
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The characteristic polynomial of the Jacobi matrix can be expressed as

λ
4 +A1λ

3 +A2λ
2 +A3λ +A4 = 0 (14)

where the coefficient of each term can be expressed as: A1 =−a33 −a44, A2 = a33a44 −a42 −a31,A3 =
a42 +a31a44 −a32a34 −a41a34, A4 = a31a42 −a32a41.
Only when all the roots of Equation 14 have negative real parts, the aeroelastic response of the
panel will be stable. Thus, the Routh-Hurwitz criterion is employed here to determine the stability of
the panel aeroelastic system, which can be expressed as

A1 > 0, A3 > 0, A4 > 0 (15)

A3(A1A2 −A3)−A2
1A4 > 0 (16)

The last condition of Equation 15 and Equation 16 represents the divergence (buckling) boundary
and flutter boundary, respectively. In the case of supersonic flows, the analytical expression of the
stability boundaries can be obtained from the above equations. However, for the Mach reflection,
the terms in the Jacobi matrix are relatively complex, which makes it difficult to obtain the analytical
expression. Thus, numerical approaches are employed to solve the above equations.

3.2 Buckled Equilibrium Modes
By ignoring the time-dependent terms in Equation 12, the motion equations can be reduced to the
static equilibrium equations.
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By assuming H = 3(q2
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2), the condition for the non-zero solutions existing for the static equilibrium
equations can be expressed as
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(a) Stability boundary (b) Flutter amplitude

Figure 3 – Verification
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Once is Equation 19 no more satisfied, there exists no non-zero solution for the static equilibrium
equations, which means it is impossible for the panel to be stabilized in the form of a buckled panel.
Thus, the equation represents a part of the buckling boundary.
A further discussion on the solution situation of the static equilibrium equations will reveal another
part of the buckling boundary, which is the same as the one obtained from Equation 15. Besides,
the solutions determine the situation of the equilibrium points and their stability in the stability plane.
Since we focus on the stability boundaries, the situation of the equilibrium points and their stability is
not discussed in the paper.

3.3 Verification
To verify the methodologies and illustrate the stability regions, the stability boundary of the elastic
panel in the entire supersonic flow is plotted and compared with the previous result obtained by
Zhou et al [14]. The panel exposed to the entire supersonic flow is achieved by moving the shock
impingement location to the trailing edge ξT = 1.0 in the preset aeroelastic model.
As shown in Figure 3(a), the plane is divided by the stability boundaries into four regions with different
stability situations. (I) Flat and Stable (AEDC): The panel will not lose its stability and remain stable
in the form of a flat panel. (II) Buckling (CDBEF): The panel will lose its static stability in the form of
buckling. (III) Flutter (AEF): The panel will lose its dynamic stability in the form of flutter, including
limit cycle oscillations (LCOs) and chaotic motion. (IV) Transition Region (DEB): The panel will be
stable in the form of a flat or be statically unstable in the form of a post-buckled panel due to multiple
asymptotically stable equilibrium points.
As shown in Figure 3(b), the flutter amplitude of the panel with different temperature ratios ∆T/∆Tcr

in the supersonic flow are plotted and compared with the results obtained by Dowell[15]. The panel
aeroelastic responses are calculated with a four-mode aeroelastic system with the 4th-order Runge-
Kutta method. It can be seen that both the stability region and flutter amplitude calculated from the
present model correspond well with the previous results in the literature.
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Figure 4 – Stability boundary varying with shock impingement location

4. Results and Discussion
4.1 Stability Boundary
Before the introduction of thermal stress, the stability boundary varying with shock impingement
location is plotted in Figure 4. The divergence (buckle) and flutter boundary are indicated with blue
and red curves, respectively. The analytical results are obtained through stability analysis and the
numerical results are calculated through the 4th-order Runge-Kutta numerical method with four-mode
aeroelastic system.
The shock impingement location, determining the instability situation of the panel, is a crucial factor
for the panel aeroelastic stability in Mach reflection. With the Mach stem shock impinging at the
front portion, the panel displays divergence instability. While, with the Mach stem shock imping-
ing at the rear portion, the panel exhibits flutter instability. Despite different orders of aeroelastic
systems, the analytical and numerical results correspond well with shock impingement location at
0 < ξT < 0.5. However, as the shock impingement location further increases, differences emerge:
The critical dynamic pressure for divergence increases dramatically when the shock impingement
location approaches ξT = 0.55 for the analytical results, but for the numerical results, it does not in-
crease remarkably until ξT = 0.67. For the flutter boundary, the numerical results are larger than the
analytical results, but the trend corresponds well, which is consistent with the situation for the panel
in regular reflection [16].
More importantly, the divergence boundary and flutter boundary intersect near ξT = 0.65 for the nu-
merical results. Above the intersection point of the two boundaries, the panel exhibits both diver-
gence instability and flutter boundary, which is the so-called post-divergence flutter instability. Below
the intersection point, despite a large freestream dynamic pressure, the panel remains stable, which
suggests a strategy to implement aeroelastic control. By reasonably arranging the shock impinge-
ment location, the divergence or flutter instability can be suppressed and even eliminated. However,
for the analytical results, the two boundaries intersect near ξT = 0.55 and increase dramatically after
the intersection, resulting in barely any post-divergence flutter region.
Through the Lyapunov indirect method, the aeroelastic stability boundary can be calculated rapidly,
which can reflect the trend of critical dynamic pressure varying with shock impingement location
approximately. However, the Lyapunov method can only deal with the two-mode aeroelastic model,
resulting in a lack of accuracy. Especially for the panel in Mach reflection, the stability boundary
obtained through the Lyapunov indirect method cannot reflect the location of the intersection between
divergence/flutter boundaries and the subsequent post-divergence flutter instability properly.
Considering the crucial impact of shock impingement location on the stability situation of the panel,
the stability boundaries of the shock-heated panel with different shock impingement locations are
plotted in Figure 5. With shock impinging at the leading portion of the panel, there exists only the
buckling boundary, which decreases with increasing temperature. With shock impinging at the trailing
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(a) (b)

Figure 5 – Stability Boundary varying with temperature ratio with different shock impingement
locations

portion of the panel, the stability boundary distribution is similar to that for supersonic flow. The
critical dynamic pressure for buckle boundary decreases with increasing shock impingement location.
However, the flutter boundary varies nonmonotonously with increasing shock impingement location,
which corresponds with the tendency exhibited in Figure 4.

4.2 Chaotic/Periodic Motions
To investigate the impact of shock impingment location on the nonlinear behaviors of the panel,
the aeroelastic responses are plotted, accompanied by different nonlinear descriptors, as shown in
Figure 6. The phase diagram is plotted, where the red dots indicate the Poincáre points obtained
with identifying/event point ξ = 0.25. The fast Fourier transform (FFT) is employed to calculate the
frequency spectra. Here, the temperature increase ∆T/∆Tcr = 5 and dynamic pressure λ = 150 are
used. It is noted that the shock impingement location ξT = 1.0 correspond to the situation in the
supersonic flow without shock impingement. For ξT = 1.0, the characteristics of chaotic motions
are observed in the time history and phase diagram. the Poincáre points displays a cloud of discrete
points, further demonstrating a chaotic motion, and visualizes the existence of strange attractors. The
frequency spectra have a broad frequency bandwidth, which shows the features of a random signal.
With the shock impingement location moving to ξT = 0.9, the chaotic motion is transformed to a 3-
periodic limit cycle oscillation, which is indicated by the three discrete Poincáre points. The frequency
content is also regulated in the frequency spectra. Despite the significant regulation in the nonlinear
behavior, the flutter amplitude hardly changes. However, as the shock impingement location further
decreases, the chaotic motions emerge again for ξT = 0.8 and ξT = 0.7. The phase diagram and
frequency spectra display different characteristics for the two shock impingement location, indicating
the effects of shock impingement location on the nonlinear characteristics of the panel.
To further disclose the sensitivity of nonlinear aeroelastic response to the shock impingement loca-
tion, the largest Lyapunov exponent (LLE) is applied, which provides a quantitative indicator for the
chaotic motions. The tendency of LLE varying with shock impingement location is plotted in Figure 7.
It can be seen that LLE varies sharply with shock impingement location, indicating the alteration of
the nonlinear characteristics of the panel response. An appropriate shock impingement location can
regular the nonlinear behaviors, reducing the chaotic motions to regular motions. Despite a similar
flutter amplitude, the variation in the shock impingement location results in a alteration in the nonlinear
behaviors of the panel in Mach shock reflection.
In recent years, data-driven modal decomposition methods have served as a technique in fluid-
structure interaction problems for extracting physically important features. Especially for the panel
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(a) (b)

(c) (d)

Figure 6 – Nonlinear panel response with different shock impingement locations

aeroelastic problems in shock-dominated flow, the application of modal decomposition analysis pro-
vided valuable insights into the underlying physics [17, 18]. To further explore the influence of vis-
coelastic damping on the nonlinear behaviors of the panel, proper orthogonal decomposition modes
(POMs), as one of the most representative modal decomposition approaches, are applied here. The
panel aeroelastic responses calculated with λ = 150 and ∆T/∆Tcr = 5 are chosen as the temporal
snapshots. For concision, the detailed procedure for POMs is omitted here, for which Taira et al. [19]
provided a detailed description of its algorithm. The energy distribution and modal shapes of POMs
with different shock impingement locations are plotted in Fig.8. The POMs are ranked in the order
of importance depending on their energy distribution. From Fig.8(a), it can be seen that the POMs
provide a concise description of the panel response with high efficiency, for which the first two modes
occupy most of the energy contribution. Thus, only the first two dominant POMs are analyzed here.
It can be seen that the variation in shock impingement location results in a significant alteration of the
modal shapes.
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Figure 7 – Largest Lyapunov exponent varying with shock impingement location

(a) energy distribution (b) 1st POM (c) 2nd POM

Figure 8 – Modal energy and shapes of POMs with different shock impingement location

5. Conclusions
In this paper, the aeroelastic stability and nonlinear response of a two-dimensional shock-heated
panel with Mach stem shock impingement are investigated. The effect of shock impingement location
on the aeroelastic behaviors is investigated in detail. The main conclusions are as follows.
1) Although the shock-induced nonuniform temperature distribution has no impact on the nondimen-
sional aeroelastic stability boundary for the two-dimensional panel, the critical buckling temperature is
lowered due to the temperature rise across the shock waves. However, the nonuniformity of temper-
ature distribution may influence the stability boundary of the three-dimensional panel, which is worth
further investigation. Furthermore, the potential hysteresis phenomenon in the temperature distribu-
tion may further aggravate the panel aeroelastic hysteresis, resulting in an enlarged gap between the
aeroelastic performance in Mach shock reflection and regular shock reflection.
2) The shock impingement location plays a crucial role in the panel aeroelasticity in Mach reflection,
determining the instability form. As the shock impinges at its front 2/3 portion, the panel displays
divergence instability; As the shock impinges at its rear 1/3 portion, the panel displays flutter insta-
bility; As the shock impinges near its 2/3 chord, the panel displays post-divergence flutter instability.
By arranging the shock impingement location, a control strategy might be developed to suppress
aeroelastic instability.
3) The shock impingement location significantly alters the nonlinear characteristics of the panel
aeroelastic response, whose tendency is nonmonotonic and relatively complicated. Despite simi-
lar flutter amplitude, the chaotic motion can be reduced to regular motions with an appropriate shock
impingement location. The largest Lyapunov exponent and proper orthogonal modes prove efficient
in revealing the sensitivity of nonlinear behaviors to the systemic parameters.
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Appendix A. Nondimensional Parameters
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Appendix B. Aerodynamic Terms
The aerodynamic pressure term A can be expressed as follows.

A = A1 +A2 +A3 +A4 +A5 +A6 +A7 +A8

where A1 to A4 correspond to the aerodynamic terms ahead of the incident shock and A5 to A8
correspond to the aerodynamic terms behind the Mach stem shock.

In the supersonic region In the subsonic region
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