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Abstract

This paper addresses the 3D path-following control problem of a fixed-wing UAV on SO(3). To accelerate the convergence
to the path and consider the control input saturation and external disturbances, an adaptive control scheme for the 3D path-
following problem is proposed. First, an adaptive auxiliary frame is introduced so that the velocity vector of the UAV is nearly
perpendicular to the path when the UAV is far from the path and the velocity vector is almost along the tangent of the path
when the UAV is close to the path. The adaptive auxiliary frame accelerates the convergence of the path-following control
scheme significantly. Based on the adaptive auxiliary frame, the models of the path-following error and attitude error are
established. Then a control law for the progression rate of the virtual target and a saturated attitude control law with varying
gains are proposed to stabilize the 3D path-following system jointly in the presence of external disturbances. The stability
of the closed-loop system and the singularity avoidance is proved via Lyapunov analysis. Finally, numerical simulations are
conducted to demonstrate the effectiveness of the proposed scheme.
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1. Introduction

To accomplish specific tasks, UAVs must follow predefined paths, so path-following control is essential to UAVSs.
Compared with trajectory tracking, path following possesses several advantages [1]: The convergence of path-
following controllers is typically smoother than that of trajectory-tracking algorithms; Moreover, path-following
algorithms do not impose specific temporal requirements on the vehicle motion; As a result, the speed of the
vehicle can be adjusted at will (online, by a human operator, or simply set to a constant value), which becomes
a path-independent extra degree of freedom that can be fully used to regulate the path-following controller.

Path-following methods are usually classified into three categories: geometric methods, vector field methods,
and control-technique-based methods [3} [4]. The early work of geometric methods can be found in [5, [6, [7, 18],
including the pure pursuit method, the carrot-chasing method, the LOS method, and their variants. Geometric
methods are designed according to the geometric relation between the velocity of the UAV and the virtual target
base on the kinematics of the UAV. Geometric methods are easy to implement but are not accurate enough
[9,]. The vector field method virtually places a set of vectors around the path in such a way that the vehicle will
converge into the path if the vehicle follows the direction of the vectors. The desired course can be generated
by those vectors as the inputs of the inner-loop attitude controllers. The vector field method applied to UAVs
was reported in for the first time. Pothen and Ratnoo proposed a Lyapunov vector field with a modified
circulation term for standoff target tracking. Compared with the conventional vector field, the proposed vector field
has a faster settling. In [10], a gradient vector field was optimized so that the gradient vector field guidance can
be used for obstacle avoidance with minimal deviations from an original path. The vector field method is suitable
for following a straight-line path and a circular path. For a general path, it is hard to construct a corresponding
vector field. The path-following method based on control theory is accurate enough and can be applied to any
paths. A path-following control scheme based on the high-order sliding mode control theory was proposed in [13]
with a nonlinear sliding surface used and saturation of the guidance commands considered. Hamada et al. [14]
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applied the nonlinear receding horizon optimization technique to the planar path following of a small UAV. In [15],
Chen t al proposed a new path-following guidance scheme by combining the virtual target concept and a missile
terminal guidance law, which possesses high accuracy and fast convergence. By using geometric concepts,
Jain et al. [16] developed a control scheme to follow a geometric path specified with respect to a reference frame
moving in three dimensions using geometric concepts, wherein the attitude control problem is formulated on the
Special Orthogonal group SO(3).

The path-following control problem of UAVs has been studied extensively, but most of them just follow a planar
path and do not consider the minimal velocity requirement of fixed-wing UAVs. Though Cichella et al. [17]
addressed the 3D path-following control scheme on SO(3) for a fixed-wing UAV, the physical limit of the UAV’s
angular rate and external disturbances are not considered and the convergence rate to the path is not fast enough.
To cope with the issues, an adaptive path-following control scheme with saturation considered is developed on
SO(3) in this paper. First, an adaptive auxiliary frame is introduced to accelerate the convergence of the path-
following control scheme, based on which the models of path-following error and attitude error are established.
Then a control law for the progression rate of the virtual target and a saturated attitude control law with varying
gains are proposed to stabilize the 3D path-following system in the presence of external disturbances.

This paper is organized as follows. In Section 2, the 3D path-following problem is formulated on SO(3). In
Section 3, the path-following control scheme is developed. Section 4 gives the simulation results to validate the
effectiveness of the proposed algorithm. Section 5 concludes this paper.

2. Problem Formulation

Before proceeding to the formulation of the 3D path-following problem, some useful coordinate frames are intro-
duced firstly. The inertial frame is a right-handed frame fixed on the ground and denoted by ¥;. The axes of ¥;
are determined by a triple {x7,y1,27}, Wwhere x1, y;, and z; are orthogonal unit vectors. To described the attitude
motion of the UAV, a velocity coordinate frame Fy is introduced. The origin of Fy is at the mass center of the
UAV, and its x-axis is aligned with the velocity vector of the UAV. The z-axis of Fy is perpendicular to the x-axis
and points upward in the symmetric plane of the UAV. The y-axis completes the right-handed frame. To follow the
path, a virtual target moving along the desired path is introduced and denoted by P. Let p p;(s) be the position
vector of the virtual target relative to ¥, where s is a variable that defines the instant position of the virtual target
on the path. A parallel transport frame ¥p is right-handed and attached to the point P, which is defined by a triple
{t(s),n(s),n2(s)}. The unit vector ¢ defines the tangent direction to the path at the point P, while n; and n, are
orthogonal and define the plane perpendicular to £. The triple satisfies the following equation [1]:

& (s) ki(s) ka(s) ][ 2(s)
dmm %mw 0 0 ni(s) (1)
dn2 —k» (S) 0 n (S)

where k1(s) and k,(s) are related to the polar coordinate of the curvature «(s) and torsion 7(s) as

K(5) = \Jk7 () + k3 (5) (2)

d 2(5))}
t 3
T(s)= [arc an(kl ®) (3)
Then, the dynamics of ¥p can be described by
dt
a =[ki(s)n +ka(s)na]s (4)
dny .
T ki(s)ts (5)
dny )
T ka(s)ts (6)

The relations between the frames are illustrated in Fig.
The angular velocity of ¥p with respect to 77 is expressed in ¥p as

wpy =10, =ka ()3, ki (s)$]7 (7)
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Figure 1 — lllustration of the path-following geometry.

The position of the UAV’s mass center can be represented by the position vector of Fy relative to Fp, which is
resolved in Fp as
Pivp =[xp, yp, zp] (8)

Then the position of the UAV’s mass center with respect to #; is obtained by
Pwi=ppr+pPwp (9)
The time derivative of py taken in 7 is given by
"pwi =st+wprxpwp+" pwe (10)

where § is the progression rate of the virtual target, w p; is the velocity vector of Fp with respect to 77, and Pwp
represents the time derivative of pyw p taken in Fp. Since we also have that

IPWIZVXW (11)

where v denotes the magnitude of the UAV’s velocity vector, the dynamics of the position error between the UAV
and ¥p is

Ppwp =—st—wpr xpwp +vxw (12)
Eq. resolved in Fp is given by
Xp $ 0 Xp %
e | == 0 |=|| ka(s)s |x| yp [|[+RE, | O (13)
Zp 0 ki(s)s$ zp 0

When the UAV is far from the path, it should approach the path as fast as possible. Hence, the velocity should
be almost perpendicular to the path. As the UAV is in the vicinity of the path, the UAV is preferred to fly along the
tangent of the path. Though this goal was achieved roughly in [17] by using an auxiliary frame, the convergent
performance can be further improved by introducing an adaptive term into the definition of the frame. The adaptive
auxiliary frame is defined by an unit vector triple {xp, yp,zp }, which is given by

xD:& (14)

VA +Ipxll2

_ ypt + hny

,/h2+y%)

Zp =XpXYp (16)

YD
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where i > 0 is the parameter that needs to be designed to enhance the path-following performance, and px =
ypn| +zpny is the cross tracking error vector of the UAV with respect to the path. To achieve the goal of the
path-following, /# should be large when the UAV is far from the path and small when it is close to the path.

The orthonormal basis of Fp can be used to construct the rotation matrix from Fp to 7 as

R}, = [xp. yps 2p] = Rp [¥D ¥D» 21 (17)

where xllj, yllj, and zfj are the coordinates of the vectors xp, yp, and zp expressed in ¥;, respectively. The
superscript P indicates the vectors are resolved in Fp. Similarly, the rotation matrix from ¥p to ¥ is given by

Ry =[t', n{, n}| =R} [¢", n{, n]| (18)

Hence, the rotation matrix from ¥p to Fp can be obtained by

h yp zph
Vit ity VP )ieor)
R = (R R =| Viore Vi Vi (19)
D= \rp D = | Vhryh+zh  AR2yh A(h2yh 4z )(h2+yd)
—zp 0 Vh2+y3,
The rotation matrix from Fy to Fp is
;
RY = (R)"RY, (20)
where R}, is determined by )
Rf, =Ry, (1) (1)

where (o) : R? — 50(3) denotes the hat map [{], and wwp is the angular velocity of Fyw with respect to ¥p
expressed in . One of the control objectives is to steer the UAV’s velocity to coincide with the x-axis of Fp,
so the attitude error on SO(3) is defined by
. 1 .
¥ (R) = St [(Is - 11} ITR) (I, - R)] (22)

where R = R@, and tr(e) represents the trace of a matrix. The matrix I is given by

010
Mr = [ 00 1 } 23)
Thus, Eq. is equivalent to
- 1 .
¥ (R) =5 (1-Ru) (24)

where R;| represents the (1,1) entry of R. It should be noted that R;; = 1 implies that the UAV’s velocity vector
is aligned with the x-axis of ¥p (i.e. unit vector xp), which defines the desired attitude of the vehicle.
The relative attitude kinematics between Fy and Fp is described by

R=R(wll,) (25)

where w%D denotes the angular velocity of ¥y, with respect to ¥ resolved in Fy . Substituting Eq. (25) into
the time derivative of Eq. (22), one obtains the dynamics of the attitude error as

. 1 - A
¥ (R) = —Etr[(lrnlgnR)R(w%) ] (26)
After some algebraic operations, the following equation is obtained:
- 1 L T
¥ (R) = {EHR [(Is -1 ITR)R—-R™ (I —H;HR)]V} MRV, (27)
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where (e)" : s0(3) — R3 denotes the vee map [{]. Define the attitude error of the UAV with respect to Fy as

g (I -3 HR)R - R (I - ML TR)]” (28)

€R

| —

Then, Eq. is simplified to
¥ (R) =eR-(HwaD) (29)

According to the relations between the frames, w%D can be written as
w w 5 D, P D
wywp =0y~ RT (RP“’PI +wDP) (30)

where wwl is the angular velocity of Fw with respect to F; expressed in Fyy, wﬁ, is the angular velocity of Fp
with respect to ¥; expressed in Fp, and wg p is the angular velocity of ¥p with respect to Fp expressed in Fp.

Substituting Eq. into Eq. yields

¥ (R) = e | Hrwl, - HrRT (RRwf; +wf,) | (31)
Recalling the definition of ITg, one has IIngl =g, r]7, where g and r are the y-component and z-component
of wy;,, respectively.

Finally, considering the external disturbances exerted on the UAV, the dynamics of the path-following errors are
described by

Pp'Wp:—St—a)pprWp+va+d1 (32)

T(R):ek-[u—HRI?T (R?w£,+a)gp)+dz] (33)

where u = [g, r]7; d; € R? and d, € R? are disturbances, which are bounded by ||d1||> < dimax and ||da]|» <
drmax- g and r are taken as the inputs of the path-following control scheme, while the rate of progression § of the
point P along the path becomes an extra variable that can be manipulated at will.

3. Path Following Controller Design

To enhance the convergent rate, and meanwhile, properly damp the path-following control scheme, an adaptive
design for the parameter of the auxiliary frame is proposed. Then, on the basis of the path-following error model, a
path-following control scheme considering input saturation is developed in the presence of external disturbances.

3.1 Adaptive Auxiliary Frame

When the UAV is far away from the path in the initial phase of the path-following problem, the desired velocity
vector should be almost opposite to p« to reduce the cross tracking error as fast as possible. However, when
the UAV reaches the neighborhood of the path, the UAV may overshoot the path and fly back-and-forth due to
the lack of damping if the velocity vector is still opposite to px. To solve this problem, we propose an adaptive
auxiliary frame by designing / in Egs. and as follows:

h = (ho+2hy)—hi[1+tanh (5]l px]l2)] (34)

where hg, h1,6 > 0 are constant. Obviously,

lim h=hy (35)
lpx ll2—c0

lim h=ho+h (36)
lpx1.—0

According to Eq. , a large h implies that xp is dominated by ¢ and a small 4 indicates that xp is nearly
opposite to the cross tracking error px. If the velocity of the UAV is commanded to coincide with x p, the UAV will
approach the path rapidly with the help of an small & and then fly along the path smoothly by virtue of a large A.
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3.2 Path Following Control with Input Saturation
To facilitate the analysis of the control scheme, the following lemma is introduced.
Lemma 1 [2]: For any a > 0 and all real scalar x, the following inequality holds

xtanh(g) > |x| - atanh(| l) (37)

In Egs. (32) and (33), s and u are taken as the control inputs of the path-following model. The progression
rate of the virtual target is not implemented by any physical device, so it can be used to assist in stabilizing the
path-following control scheme. The control law for the attitude subsystem is proposed as

u = —u,, tanh ((%) (38)

where @ > 1 is constant, and k is given by

;;:_E umak? |tanh | ! +tanh @ +e IR R™ wtanh M
k| ak? ak2]| "R e
2 |e;éHRRTw| cv
+ak? tanh | —E—>— +[?(8+1)+cd1max] pwrl, (39)

where 8 > 0is constant, and & = xy, (xp + axw) = @+ xy,xp > 0; e; and e, are the first and the second entries
of eg, respectively. Then, s is designed as

§=Oxw+kspwp)-t (40)
where k; is given by
1
ks = LA S 0 (41)
h2 + || pxll;

Theorem 1: Consider the 3D path-following error model of a fixed-wing UAV composed of Egs. and .
With the application of the adaptive auxiliary frame ¥p, the proposed control law in Egs. and stabilizes
the path-following error system asymptotically in the presence of input saturation and external disturbances.
Meanwhile, the parameter k is prevented from being 0 to avoid singularity of the control law.

Proof: Consider the following Lyapunov function candidate

V=¥+ EPWP pwp+ ﬁkz (42)
The time derivative of V is
V= S"/+chp-p'Wp+%kic
=eg-|[u—HrR 0 +d>]| +cpwp - (-5t —wp; X pwp +vxw +d;) + %kic (43)
where w = xR (RBw?, + B ). Substituting Eqs. (40) and (38) into (43) yields
V=—unegp -tanh(%) —es-IIgRR " w+ej-dy—cpwp - [(vew +kspwp)-tlt +cpwp - vxw +cpwp - d)
+—kk (44)
For the forth term of the right-handed part, we have
pwe - [(vxw +kspwp) -1t = ks (pwp - 1)> +vpwp - [(xw - )1] (45)
Thus, V becomes
V=-uneg- tanh( k2) egx IMrR"w+ep-dy —cksx% +cvpwp - [xw —(xw - ) t]+cpwp-di + %kfc (46)

6
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where xp is the first element of p£, . To further reduce Eq. (46), we have to resort to
Pwp

pwe-[xw—(xw-t)t] = (xpt+px)-[xw — (xw - 1)t]
= Xpt'xW—Xp(xW -t)+p;xw

= PxXw
T px(xp+axw) p)(xp+axw)
=PxXw + -
x x (xp+axw) x% (xp+axw)
w w
1
== {p; (xp +axw)+p, {xW [x‘fv (xp +0/xw)] —(xp+ a/xw)}} (47)

In addition, the following equalities hold:

ht — py Ipxll3
Py (xp+axw)=pl| ————+axw |= ——————+apxXw (48)
h? +|pxli3 h? +|pxli3
Py {xw |x), (xp +axw)| - (xp +axw)} = p [xw (xy,xp) —xp] (49)
Hence, we have
(73 CV”PX”%

V:—umeR-tanh( )—eR-HRléTw+eR-d2—cksx%,—

ak?

e[h? +Ipxll3

cva cv 1 .
+ Tp;xw + ;p; [xw (x},xp) —xp| +cpwp-di +—kk

B
ey . 5 CV ||P><||§
<-upep -tanh(?) —ep HRR"w + dymaxll€ gl — cksxp — — ———
£
¢ PP+l
cva 1 .
+T(S"'1)”px”2+Cd1max”pWP“2+Ekk (50)

In the derivation of Eq. (50), the following inequality is used:
cv cv cv
. {a/p;xw + Py [xw (XJVXD) _xD]} = ;P; (exw —xp) < ;”Px”Z”ng -xpll2
cv cv
< ;||P><||2(||8xw||2+ lxpll2) < ?(8+ Dllpxll2 (51)

Substituting Eq. into Eq. and invoking Lemma 1, one has

. 5 CV ||Px||§
V< Gt = o) el = ek =
2+l
:_(um_d2max)“eﬁ”1_CksHpWPHg (52)

where u,, > drmax because the control input must dominate the dynamic system, or the system is not controllable.
Hence, we have e € Lo, pwp € Lo, and k € L,. Provided that pw p is bounded by ||pw p|| < pmax, and then
k, satisfies

Vmin Vmax
- Vmin <y < (53)
eV + Phoa eh

where vyin and v,y is the minimum and maximum of v, respectively.
Integrating the both sides of Eq. on the time interval [0, +o] yields

+00 +00
/ Vdr < - / (tm - o) el + chsllpw oI di (54)
0 0

Hence, .
/O (ttm — damax) le g ll1 + cksllpwpll3 df < V(0)=V (c0) < V(0) (59)

7
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Invoke Barbalat’'s lemma, we have
lim ez =0, tlim pwp=0 (56)

r—o00

Next, we will show that it is possible to prevent k from reaching 0 to avoid the singularity of the control scheme
by choosing appropriate parameters. Considering the following equation

. e e
kk=-p8 {umak2 [tanh (%) + tanh (%)
|8£HRRT(U|

ak?

- elgHRliTw
+ eITéHRRTa)tanh o

+ak? tanh (

cv
+| = e+ D+ cdima] ||PWP||2}

>~ {um (ler] +le2]) +2|egll[TRRT 0]+ | = (e + 1)+ cdima] w1

2 —ﬂ{(um+2dw)lleﬁlll+ ||PWP||2} (57)

1
CVmax (— + 1) +cdimax
a—1

where 4,, is the upper bound of w. Integrating the both sides of Eq. on the time interval [0, +co] yields

1 +oo
Vmax (_+1)+dlmax}/ ||PWP||2 dt}
a—1 0
(58)

1 e
5 [ (o) = K2(0)] —ﬂ{(um+2Ap) /0 legll, dr+c

From Eq. (60), we known that

+00 V(O)
- d< ——-
[ Nl ar < 20— (59)
oo V2 + pax
[ el < Py (60

According to the Cauchy-Schwarz inequality, one has

t 2 t t
( /0 ||pWP||zdt) s( /0 12dt)( /O ||pwp||§dz) 61)

1 t 2 t
;(/0 ||PWP||2dt) S‘/o lpwell; dt (62)

Evaluating the limits of the both sides of Eq. yields

t 2 2 2
lim %( [ iowee dr) < OV Py (63)
—00 0

Vmin

That is

Assume that lim;_, o (/Ot llpwell dt) is unbounded, and then the limit of the left part of Eq. can be evaluated

by
VI + phax

. 2 , )
lim — (/ lpwpll2 dt) =2 lim |[pwepl (/ lpwelk dt) <
t—oo f 0 00 o -

Because ||pwpll2 < pmax and Eq. holds independent of lim,_,., pwp = 0, it can be derived from Eq.
that lim; 0 (/Ot llpwellz dt) is bounded, which conflicts with the assumption. Hence, one has

V(0) (64)

t
tlim (/ lpwepll2 df) <p (65)
—oo \ Jo

where ¢ > 0 is a constant. According to Eq. (58), it is obvious that

5 ) Um +24, cp 1
k (+OO> >k (O) - 2ﬁV(O){Mm —dma + V(O) [Vmax (ﬁ + 1) + dlmax}} (66)

8
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For a given k(0) = ko > 0, and a constant w satisfying 0 < @ < k(0), there always exists a sufficiently small 8
satisfies

Uy + 24 cp 1
ké > TD'Z +2ﬂv(0){um _ d2mZx + V(O) [Vmax (ﬁ + 1) + dlmax]} (67)
Thus,
k? (+00) > w? (68)

In addition, recall that kk < 0 and ko > 0, and therefore k (r) > @, V¥t > 0. Evidently, the singularity of the
proposed control scheme is avoided. [ |

4. Simulation Results

In this section, a 3D circle is taken as the desired path. The 3D circle presented by Eqs. (4)—(6) with &, (s) =0.01
and k; (s) =0. The velocity of the UAV is set to v = 22m/s, and the initial position of the UAV relative to ¥p resolved
in Fpis p{;,P =[100, 10, 100]™ m. The initial unit vector of the parallel frame resolved in ¥; is

t1(0) = [cos(%)cos(%), cos (%)sin (%), sin(%)]T, (69)
n! (0) = [sin(g), —cos(%), o]T, nl(0) = ¢ (0)xn! (0) (70)

The initial rotation matrix from ¥y to Fp is given by

1 0
RE(0)=]| 0 0 (71)
0 1

S = O

Fig. [2 gives the trajectories result from the path-following control schemes with an adaptive & or a constant 4. In
the initial phase, the UAV flies away from the desired path because the initial velocity vector points away from the
path. After the initial adjustment, both the trajectories almost overlap the desired path finally, but the trajectory
with the adaptive i approaches the desired path in a more preferable way. When the UAV is far from the desired
path, the proposed path-following control scheme drives the UAV to move almost perpendicularly to the desired
path. As the UAV is near the path, 4 becomes larger to make the velocity of the UAV tend to fly along the tangent
of the path. The position of the UAV relative to the virtual target is illustrated in Fig. [3| It is seen that the position
errors converge to the neighborhood of zero smoothly.

Trajectory with an adaptive h
Trajectory with a constant h

— Desired path

200

y, (m) x, (m)

-150  -50

Figure 2 — Following trajectories with adaptive h or constant .

Fig. [4] compares the convergence rate of the path-following control law with adaptive A to that with constant A.
The result shows that the proposed control scheme converges more rapidly. The attitude errors between Fw
and Fp are shown in Fig. [5, where the errors converge to zero accurately. In the profile of e, there is a hump
above the zero line because control saturation occurs in this period. The saturation can be clearly seen in Fig.

9



PATH FOLLOWING CONTROL ON SO(3)

T T
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I I I I I I
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Figure 3 — Profiles of pé’},P under the control of the proposed control scheme.

150
£ Adaptive h
< 100f Constant h |
E
= sof 1
0 I
0 5 10 15 20 25 30 35 40 45 50

Time (s)

Figure 4 — Profiles of the distance between the UAV and the virtual target.

SERTAY

-0.2F —C |

C

0.4F

I
0 5 10 15 20 25 30 35 40 45 50
Time (s)

Figure 5 — Profiles of the attitude errors.

0.4
—~ 02
2
=
e .
~ —
.02 — B
0.4 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50
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Figure 6 — Control input history of the proposed control scheme.
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[6l Though the angular velocity is restricted by physical limitations, the convergence of the path-following control
is still guaranteed.

The velocity of the virtual target is plotted in Fig. |7l At the beginning of the path-following, the velocity of the virtual
target is very large, but it does not saturate the control scheme because it is not a physical velocity. Evidently,
the velocity of the virtual target converges to the velocity of the UAV finally. Fig. [§| gives the history of k. Though
k decreases monotonically, it is lower bounded to avoid singularity as is proved previously.

300

200 b

o X: 34.23 |
Y: 22

n
0 5 10 15 20 25 30 35 40 45 50
Time (s)

$/ (m/s)

Figure 7 — History of s.

0.5

0451 B

0.35F b

03t | . . . . . . =
0 5 10 15 20 25 30 35 40 45 50
Time (s)

Figure 8 — History of k.

5. Conclusion

In this paper, an adaptive path-following control scheme is proposed for a fixed-wing UAV on SO(3) with input
saturation and external disturbances considered. First, the path-following problem is formulated on SO(3) to
derive the following errors. An auxiliary frame is constructed with an adaptive law for the parameter % introduced
to make the path-following process converge fast and damp properly. Then, the control laws for the progression
rate of the virtual target and the attitude of the UAV are proposed. The attitude control effort is bounded by
using a hyperbolic tangent function with a variable gain. By virtue of the control laws, not only is the stability
of the closed-loop system ensured but also the following performance is more preferable. The stability of the
closed-loop system is proved via Lyapunov analysis and numerical simulations demonstrate the improvement on
the path-following performance. In the future, the method in this paper can be extended to resolve the moving
path-following problem.
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