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Abstract 

An advanced model of the nonlinear unsteady aerodynamic characteristics is presented based on Goman’s 
state-space model in this paper. The progressive state-space description of Goman’s model is improved and 
the nonlinearities of the attack angular rate and the flow separation position are considered and introduced. 
The nonlinear least square method (NLSM) is adopted to determine the unknown parameters in the developed 
model. The proposed modelling approach is verified by the wind tunnel data of NACA 0015 at four different 
attack angular rates, F18 aircraft at five different pitching rates, and F18 high alpha research vehicle (HARV) 
configuration at harmonic motions. The results indicate that the nonlinear unsteady aerodynamic properties of 
an aircraft could be expressed within the proposed modelling framework and the proposed nonlinear unsteady 
aerodynamic model could be directly applied to the flight simulation and control system designation of an 
aircraft. 

Keywords: Nonlinear unsteady aerodynamic; State-space presentation; Angular rate of attack; Flow separation 
position; Nonlinear least square method 

 

1. Introduction 
It is one of the most significant problems to model the nonlinear unsteady aerodynamic forces and 
moments on an aircraft at high angles of attack [1, 2]. It is known to all that the nonlinear unsteady 
aerodynamic properties relate with the instant values of the variables and their historical values [3, 
4]. Hence, the nonlinear unsteady aerodynamic model could be expanded by Taylor’s series about 
some certain referential values [5, 6]. 
The accuracies of the nonlinear unsteady aerodynamic coefficients are required in development of 
aircraft [7-10]. A great deal of the literatures on that issue have been published before. Monfort et al. 
studied on F-4D’s aerodynamic properties at static state in 1975 [11]. Utilizing a neural network 
modelling method, the aerodynamic coefficients of F-15 SMTD aircraft were determined by Peterson 
et al. [12]. Later, Greenwell published a survey of the aerodynamic modelling methods about the 
flight dynamics [13]. Combining GA (Genetic Algorithm) with the Euler method, additionally, 
Watanabe et al. carried out the optimization on the aerodynamic properties of a passenger plane 
[14]. Brunton et al., moreover, put forward a model with reduction of order to describe the lift 
coefficient of NACA 0006 at the Reynolds number of 65000 [15]. Then, Bagherzadeh et al developed 
a notional method based on the empirical mode decomposition algorithm (EMDA), to determine 
aerodynamic coefficients [16]. Notwithstanding, some investigations on the aerodynamic 
characteristics have been printed, such as Goman’s model, none of them has considered the power 
items of the attack angular rate and the separation point position. 
To model the nonlinearities of the unsteady aerodynamic coefficients, in this paper, a mathematical 
model is investigated based on improved Goman’s model. The power items of the attack angular 
rate and the flow separation position are considered in the proposed model. The lift, drag, pitch 
moment coefficients and the parametric determination method are also analyzed. The given model 
describing the aerodynamic coefficients is validated by the wind tunnel measurements of three 

 
* corresponding author: Dong Hao, haodongcardc@outlook.com 



Nonlinear Unsteady Aerodynamic Descriptions Based On Improved Goman’s Model 

2 

 

 

different physical models. The results disclose that the improved model has made a success of 
describing the aerodynamic characteristics. In a summary, the purpose of this paper are (i) to 
derivate an advanced aerodynamic modelling framework for the nonlinear unsteady properties and 
to identify the model parameters (Section 2), (ii) to validate the improved model from the 
measurements of three different physical models (Section 3), (iii) to give some conclusions in the 
end (Section 4). 

2. Nonlinear unsteady aerodynamic descriptions and parameter determination 

2.1 Improved Goman’s model 
For the dynamic angles of attack, the nonlinear unsteady aerodynamic characteristics show the 
hysteresis phenomenon. Such a hysteresis phenomenon can be usually described by a differential 
equation [17-21]. The modelling method of such hysteresis behaviors have been researched in our 
earlier literatures [22-30]. In this paper, an advanced state-space equation based on Goman’s model 
is proposed to model such hysteresis characteristics. To describe the flow separation position, a 
state-space model expressed by a first-order differential equation was given by Goman [31-33] 

                               (1) 

The parameters in Eq. (1) and  were given in [6, 30].  

                              (2) 

Adding the power items of  and  into Eq. (1), an improved Goman’s model is proposed as 

                         (3) 

where  induces the nonlinearity of . The plots of the static-state separation position for varying 
 and the dynamic separation position for varying  have been given by Hao [30]. The simulated 

results of the dynamic separation position  for  are plotted in Figure 1 ( ). As is 
displayed in Figure 1, it can be concluded that the parameter  affects the curvilinear shape of  at 
larger angles of attack.  becomes larger as  increases from 1.0 to 2.0. When  and , 
the improved Goman’s state-space equation becomes to the general Goman’s model. 

 
Figure 1 - Dynamic separation position for varying  

2.2 Nonlinear unsteady aerodynamic descriptions 
The nonlinear unsteady aerodynamic forces and moments relate with , , and [34-36]. 
Therefore, the nonlinear unsteady aerodynamic coefficients (lift, drag, pitch moment) are expressed 
as [30] 
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                        (4) 

The nonlinear unsteady aerodynamic coefficients are written as 

         (5) 

where 

    (6) 

In Eq. (5), the aerodynamic coefficients are divided into two components: the static items and the 
dynamic items. In Eq. (6), additionally,  with  and  are the unknown 
parameters which could be identified by experiments or flight tests. 

2.3 Parameter determination 
For the static case, the static aerodynamic coefficients could be obtained by setting  in Eq. (5) 
as 

   (7) 

, , and  denote the calculated lift coefficient, drag coefficient and pitch moment 
coefficient at , separately. , , and  denote the measured lift coefficient, drag 
coefficient and pitch moment coefficient at , respectively. Introducing MMSEC (Minimum Mean 
Square Error Combining), the static parameters are obtained by the optimization problem as 

   (8) 

After gained the static parameters, the dynamic parameters can be calculated from the dynamic wind 
tunnel measurements. , , and  denote the calculated lift coefficient, drag 
coefficient and pitch moment coefficient at , separately. , , and  denote the 
experimental lift coefficient, drag coefficient and pitch moment coefficient at , respectively. Thus, 
the dynamic parameters are gained by 

             (9) 

Solving the optimization problems of Eq. (8) and Eq. (9), NLSM (The Nonlinear Least Square Method) 
is utilized to solve the parameters. Overall, there are totally fifty-four parameters which should be 
gained from the wind tunnel measurements. Once the parameters are obtained, the nonlinear 
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unsteady aerodynamic forces and moments of an aircraft or airfoil can be predicted. The approach 
of the proposed modelling method is validated by three wind tunnel tests in the following section. 
The detailed parameter identification algorithm is displayed in Figure 2. 

 
Figure 2 - Parameter identification algorithm 

 

3.  Verification  
In this section, the measurements of NACA 0015 airfoil [34], F18 aircraft [35], and F18 HARV (High 
Alpha Research Vehicle) configuration [36] are adopted to validate the proposed aerodynamic model. 

3.1 NACA 0015 airfoil 
The aerodynamic experimental measurements of a NACA 0015 airfoil, supplied by Jumper et al. [34], 
are utilized to verify the proposed model. In Jumper et al.’s wind tunnel tests, the following formulas 
can be got. 

               (10) 

The static parameters and the dynamic parameters could be obtained by the Eq. (11) and (12). 

   (11) 

   (12) 

where  is the static points,  is the dynamical points at . The determined parameters of the 
proposed model for the lift coefficient in Eq. (5) are illustrated in Table 1. The static and dynamic 
results are separately depicted in Figure 3 and Figure 4. The values of the illustrated parameters in 
Table 1 are solved according to Eq. (11) and Eq. (12) by NLSM. 
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Figure 3 - The static results of NACA 0015 airfoil 

 
Figure 4 - The dynamic results of NACA 0015 airfoil 

As is seen in Figure 3 and Figure 4, the measured aerodynamic data of NACA 0015 airfoil are from 
the reference and the simulated results are obtained by Eq. (3) and Eq. (5) with the parameters in 
Table 1. In Figure 3 and Figure 4, it can be seen that the proposed aerodynamic model excellently 
expresses the static and dynamic lift coefficients versus the angle of attack and the angular rate of 
attack. The simulated data of the lift coefficient have a well agreement with the experimental data of 
NACA 0015 airfoil at four different angular rate of attack, i.e. 29.4 degree/s, 52.2 degree/s, 69.5 
degree/s, and 87.2 degree/s. The aerodynamic coefficients of NACA 0015 airfoil can be described 
by the proposed nonlinear unsteady aerodynamic model. 

3.2 F18 aircraft 
In addition, to verify the obtained aerodynamic model suitable for a full model of aircraft while not 
just an airfoil, the experimental data of Brandon are selected [35]. In Brandon’s test, we have 

                      (13) 

The static type of parameters in the proposed model are determined from the aerodynamic data of 
 by solving Eq. (11) and the dynamic type of parameters in the proposed model are identified 

from the wind tunnel data at five different angular rates of attack, i.e. , 
, , , and , by solving the 

following optimization problem. 
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The obtained parameters from Brandon’s data are listed in Table 2 and the results of the lift 
coefficient are plotted in Figure 5 and Figure 6, respectively. As is shown in Figure 5 and Figure 6, 
the advanced nonlinear unsteady aerodynamic model is able to describe both the static and dynamic 
aerodynamic coefficients of F18 aircraft. The calculated results of the present model have a nice 
agreement with the wind tunnel experiments, both for the static and dynamic conditions at different 
pitching rates of 57.8 degree/s, 115.0 degree/s, 172.8 degree/s, -57.8 degree/s, and -115.0 degree/s. 
More importantly, it can be also concluded that the surrounded area of the hysteresis curve becomes 
larger with the angular rate of attack increasing. That is to say the area surrounded by the hysteresis 
curve of  is larger than that of . 

Table 2 - Determined values of F18 aircraft 
Variable Value 
  
  
  
  

  
  

  
  
  

  
  
  

 
Figure 5 - The static results of F18 aircraft 

 
Figure 6 - The dynamic results of F18 aircraft 

3.3 F18 HARV configuration 
In the above, the developed aerodynamic model is validated by the wind tunnel experimental 
measurements at constant angular rate. Then, the present model is furtherly validated by the 
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aerodynamic data of F18 HARV configuration at harmonic motion from Hu et al. [36]. The law of the 
attack angle is 

   (15) 

The static parameters can be calculated by 

   (16) 

where , , and  are the number of static measured points for the lift coefficient, drag 
coefficient and pitch moment coefficient, respectively. And the dynamic parameters can be obtained 
by solving the following optimizing problem 

   (17) 

where , , and  are the number of dynamic measured points for the lift coefficient, drag 
coefficient and pitch moment coefficient, respectively. The gained parameters are listed in Table 3 
and the simulated static and dynamic results of the aerodynamic coefficients are displayed in Figure 
7 and Figure 8, respectively. 
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Figure 7 - The static results of F18 HARV 

 
Figure 8 - The dynamic results of F18 HARV 

As is described in Figure 7 and Figure 8, the proposed aerodynamic expression can model the 
aerodynamic forces and moments of an aircraft which pitches at a large-amplitude harmonic 
oscillation. The peak feature of the static lift coefficient and the hysteresis properties at dynamic 
angle of attack can be got in Figure 7 and Figure 8, separately. The calculated results of the proposed 
aerodynamic model with the identified parameters agree well with testing data. 
In a summary, the proposed aerodynamic model has been validated by the wind tunnel data of 
Jumper, Brandon, and Hu with success. At a constant pitching rate and a harmonic pitching motion, 
the present model could represent the nonlinear unsteady aerodynamic behaviors of an aircraft. The 
novel aerodynamic model can be applied in a wide range and can be involved into the simulating 
and designing of aircraft. Such investigation of the present model owns a significant application 
prospect. 

3.4 Models comparison 
In this section, the developed model and the general Goman’s model are compared and discussed 
based on the aerodynamic data of F18 HARV configuration used in section 3.3. The comparison 
results are depicted in Figure 9 and Figure 10. It can be seen from Figure 9 and Figure 10 that in 
some areas (e.g. the lower part of the curve in Figure 9), the present model can slightly better fitting 
the experimental data and the current model could be further improved.  
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Figure 9 - Comparisons of lift coefficient between the Goman’s model and the present model. 

 
Figure 10 - Comparisons of drag coefficient between the Goman’s model and the present model. 

4. Conclusions 
Based on improved Goman’s model described by a first-order differential equation in [30], an 
advanced nonlinear unsteady aerodynamic model is put forward in the present paper. The 
aerodynamic model is represented and validated by the aerodynamic data of NACA0015 airfoil at 
four constant angular rates (Jumper’s test), F18 aircraft at five constant pitching rates (Brandon’s 
test), and F18 HARV at large-amplitude harmonic motion (Hu’s test). The parametric identification 
method is also given in this paper. The results indicate that the simulated aerodynamic coefficients 
have a well agreement with the wind tunnel measurements for all selected cases. The proposed 
aerodynamic coefficients own a wide range of applicability and can be involved into the simulating 
and designing of aircraft. The novel aerodynamic modelling approach has a good engineering 
prospect. 
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