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Abstract 

In this research, a coupling CHNSD (Cahn-Hilliard-Navier-Stokes-Darcy) two-phase flow model is developed 

to simulate the Liquid composite molding (LCM) processes at multiple scales. A fiber reinforcement can be 

considered as a multi-scale porous media with large inter-tow pores and slight intra-tow pores. The Navier-

Stokes equation is applied in the large inter-tow pores region, while two phase Darcy’s law governs flow in the 

intra-tow pores considered as a porous medium. The refined “BJS” (Beavers-Joseph-Saffman) condition is 

included at the coupling interface condition to solve the two phase and two medium coupling problems. Flow 

flux, normal stress and velocity continuity are also taken into consideration at the interface. Transient resin 

flow front tracking is carried out by adopting the Cahn-Hilliard equation. Results and validation are presented 

to show the reliability of our model. 
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1. Introduction
LCM (Liquid Composite Molding) processes have various advantages such as low-cost production, 

and clean and high-efficiency composites manufacturing. In the typical LCM process, resin flows in 

dry fibrous reinforcement before curing. The filling of reinforcement is a crucial step which will have 

a significant and direct influence on the quality and mechanical properties of the final composite part. 

At the meso-scale, due to the intricate structure of the reinforcement, the resin flow during the 

impregnation can be considered as free surface flow between tows and porous flow inside tows. At 

the macro-scale, the flow inside the whole reinforcement can be regarded as a porous flow, while 

the flow between the wall of the mold and the reinforcement, or inside the flow-net, can be regarded 

as free surface flow. 

Nowadays, the numerical simulation research on the LCM process mostly focus on the porous 

medium flow. There are few studies for the coupling free flow and porous flow especially in a two 

phase situation. However, in the actual process of LCM, both types of flows are included. 

Hwang and Advani [1] developed a new method to solve the Stokes-Brinkman equation to figure out 

effective permeability of dual scale fibrous porous media based on this method. Blais et al. [2] 

proposed a Stokes-Darcy coupled flow model with low permeability of the porous media to simulate 

the infusion process at macro-scale. However, the Brinkman equation has so far only been applied 

to solve single-phase coupling problems. It is known that this equation will cause numerous problems 

in two-phase porous flow [3]. 

At the micro scale, Stokes equation can be used in the whole flow domain. When the scale is 

upgraded to meso or macro scales, Darcy’s law is suitable to describe the porous flow. While, for 

the free flow domain, Navier-Stokes equation remains available. Nevertheless, the order of these 

two equations are different, and appropriate conditions should be developed on the interface. The 
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purpose of this study is to setting up a model using numerical methods to solve this coupling two-

phase free flow and porous flow problem. 

Based on literature studies [3, 4], the target of this research is to develop a coupling CHNSD (Cahn-

Hilliard-Navier- Stokes-Darcy) two-phase flow model by numerical simulation of LCM processes [5]. 

In this model, the Navier-Stokes equation, which could be simplified by Stokes equation in most 

classical cases, is applied in the free flow region, while two phase Darcy’s law works in the porous 

medium. The Cahn-Hilliard equation is adopted as the approach to track the transient resin flow front. 

The refined “BJS” (Beavers-Joseph-Saffman) condition is included at the coupling interface condition 

to solve the two phase and two medium problems. Flow flux, pressure and velocity continuity are 

also taken into consideration at the interface conditions to maintain the conversation of mass. 

2. Construction of mathematical model

2.1 Governing equations in porous flow region 

In the porous flow region, there is the continuity equation (1), Darcy’s equation (2) and auxiliary 
equations (3) to determine saturation and pressure at the interphases. 

𝜀
𝜕(𝜌𝑓𝑆𝑓)

𝜕𝑡
+ ∇ ∙ (𝜌𝑓𝒖𝒑𝒇) = 𝜌𝑓𝑞𝑓 , 𝑓 =  𝑟 (resin), 𝑎 (air) (1) 

Where 𝜀 is the dimensionless porosity of the porous preform; 𝜌𝑓 is the density of the p-phase fluid; 

Sf is the saturation of f-phase fluid; 𝑞𝑓 is the source/sink term of p-phase fluid and 𝒖𝒑𝒇 is the Darcy’s 

velocity which can be achieved by solving the Darcy’s law by considering the relative permeability: 

𝑢𝑝𝑓 = −
𝑲𝒑𝑘𝑟

𝜇𝑝
∇𝑝𝑝𝑓 , 𝑓 =  𝑟, 𝑎 (2) 

Where 𝑲𝒑 is the absolute permeability tensor of the porous medium. Hence, intra tow domain, the 

arrangement of the fiber in horizontal and vertical directions are the same of a transverse section. 

𝑘𝑟 denotes the relative permeability 0 ≤ 𝑘𝑟(𝑆𝑟) ≤1; 𝑝𝑝𝑓 is the pressure of p-phase fluid in porous 

medium and 𝜇𝑝  is the viscosity of p-phase. Other auxiliary equations include relationship of 

saturation and capillary pressure are listed below in equation (3). 

𝑆𝑟 + 𝑆𝑎 = 1, 𝑃𝑝𝑐(𝑆𝑒) = 𝑃𝑝𝑎 − 𝑃𝑝𝑟 (3) 

Where 𝑃𝑝𝑐  is the capillary pressure, 𝑃𝑝𝑎  and 𝑃𝑝𝑟  are the pressure of air and resin, respectively. 

Efficient saturation is defined as Se = Sr in this study. To realize and solve the governing equation 

in the porous medium, PDE (Partial Differential Equation) module in COMSOL Multiphysics is applied. 

Figure 1 – Free flow and porous flow coupling interface condition of CHNSD method 
The main difficulty lies on the coupling condition at the interface including continuity of normal flux, 

continuity of normal stress and the tangential stress jump condition. 

2.2 Governing equations in free flow region 
Flow front tracking equation: phase field method (Cahn-Hilliard equation in eq. 4): 
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{
 𝛹 = −𝛻 ∙ (𝜖2𝛻∅) + ∅(∅2 − 1)

𝜕∅

𝜕𝑡
+ 𝒖𝐹 ∙ 𝛻∅ = 𝛻 ∙ (

𝛾𝛽

𝜖2
𝛻𝛹)

(4) 

Here Cahn-Hilliard equation is written in two equations. 𝛹 is an auxiliary phase field variable, 𝜖 is the 

thickness parameter of the interface, ∅ is the phase field variable and it is a dimensionless parameter, 

the value of ∅ is 1 in resin field while it is -1 in air field. 𝒖𝐹 is the velocity of the free flow region. 𝛾 is 

the mobility, and 𝛽 is the magnitude of the mixing energy. 

Flow governing equation: (Navier-Stokes equation (5) and continuity equation (6)): 

𝜌(𝒖𝐹 ∙ 𝛻)𝒖𝐹 = 𝛻 ∙ [−𝑝𝐹𝑰 + 𝜇(𝛻𝒖𝐹 + (𝛻𝒖𝐹)𝑇)] + 𝑭 (5) 

𝜌𝛻 ∙ (𝒖𝐹) = 0 (6) 

where 𝜌[kg/m3], uF [m/s], pF [Pa], F [N], I are density, velocity in free flow region, pressure, volume 

force and unit matrix respectively. For our resin flow case, the fluid is Newtonian fluid and the 

Reynolds number is particularly low. Hence, inertial force can be ignored compared with the 

dominated viscous force. That is the reason why we use Stokes equation and not Navier-Stokes 

equation in the free flow domain. 

2.3 Coupling condition on the interface of porous and free flow regions 
Since the governing equations are different on porous and free flow regions, it is crucial to set up 

suitable coupling boundary condition to combine these two domains. For traditional BJS condition in 

some work, they considered that slip factor has nothing to do with the properties of the fluid but it is 

related to the geometric structure at the interface. 

Continuity of normal flux 

𝒖𝐹 ∙ 𝒏𝑝𝑓 = 𝒖𝑝𝑓 ∙ 𝒏𝑝𝑓 (7) 

Here 𝒏𝑝𝑓 is the normal vector. 

Continuity of normal stress: 

𝒏𝑝𝑓 ∙ [(−𝑝𝐹𝑰 + 𝝉)𝒏𝑝𝑓] = − (
1 + ∅

2
𝑃𝑝𝑟 +

1 − ∅

2
𝑃𝑝𝑎) = − (𝑃𝑝𝑟 +

1 + ∅

2
𝑃𝑝𝑐) (8) 

The tangential stress jump condition (Extended BJS boundary condition for two-phase flow) 
Classical BJS condition is only valid for single-phase flow system in principle. When effective 

permeability and relative permeability are introduced, BJS condition can be extended to two phases 

situation as illustrated in equation (9): 

𝒕𝑃𝐹𝑖 ∙ [(−𝑃𝐹𝑰 + 𝝉)𝒏𝑃𝐹] = −𝒕𝑃𝐹𝑖 ∙
𝜇𝜂(𝑆𝑟)

√𝐾𝑝𝑘𝑟(𝑆𝑟)
𝒖𝐹 , i = {1, 𝑑 − 1, d ≤ 3} (9) 

𝒕𝑃𝐹𝑖 is the tangent vector, d describes the dimension of RVE (Representative Elementary Volume). 

Relative permeability 𝑘𝑟(𝑆𝑟) = krr + kra is a function of saturation Sr, where relative permeability are

defined as krr = Se, kra = 1-Se.Tangential jump interface condition is presented in Figure 1. 

file:///D:/Program%20Files%20(x86)/Dict/7.5.0.0/resultui/dict/
file:///D:/Program%20Files%20(x86)/Dict/7.5.0.0/resultui/dict/
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Figure 1: Tangential jump interface condition of free flow and porous flow 

In COMSOL Multiphysics, partial differential equations are solved in "weak form". Weak form is an 

integrated form, it is suitable for solving FEM and non-linear problems since it requires low continuity 

from the integration variables. To set the extend BJS tangential jump interface condition (eq. 9) in 

COMSOL Multiphysics, weak form is applied as presented in equation (10). 

∫ [(−𝑃𝐹)𝑰 + 𝜏 ∙ 𝑛𝑃𝐹] ∙ 𝑢̃𝐹𝑑𝑆 = − ∫ [𝑃𝑃 +
𝜂(𝑆𝑟)𝜇

√𝐾𝑃

(𝑡𝑃𝐹 ∙ 𝑢𝐹)] (𝑛𝑃𝐹 ∙ 𝑢̃𝐹)𝑑𝑆
Γ𝑃𝐹

,
Γ𝑃𝐹

i = {1,2, 𝑑 − 1} (10) 

Here 𝑢̃𝐹 is the test function. The approach to solve the weak form equation is not the key point of 

this research, so the detailed process of calculability is not expressed here. 

3. Comparison with Stokes method
In a real fiber tow, there are thousands or hundreds of fibers in it as shown in Figure 2(a), a 2D 

section of tows model is set up as presented in Figure 2(b). However, if the entire section is taken 

into consideration as the geometric model for numerical simulation, the calculation is too time-

consuming to be realized. In the present work, one representative section in transverse direction 

presented in Figure 2(c) is extracted as the research region. 

Figure 2: Geometric model definition and boundary condition 

3.1 Boundary conditions and initial values 
Inlet and outlet conditions are set on the left and right boundaries respectively. Symmetry conditions 

are set on the upper and lower boundaries as illustrated in Figure 2(c). Since for real resin and air, 

the difference between density and viscosity difference are very large. It is very difficult to carry out 

simulation if the real data is directly applied. Initial values and physical properties to input into the 

models for comparison are listed in the Table 1. 

Table 1: Properties of the porous fibrous medium and fluids 

Parameters values 

Porosity 𝜀 0.5 

Absolute permeability 𝐾𝑝 1×10-12 m2 
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Density of resin 𝜌𝑟 1000 kg/m3 

Density of air 𝜌𝑎 10 kg/m3 

Viscosity of resin 𝜇𝑟 0.1 Pa·s 

Viscosity of air 𝜇𝑎 0.01 Pa·s 

Inlet pressure 1.001×105 Pa 
Outlet pressure 1×105 Pa 

3.2 Generation of the model applied Stokes equation 
To set up the geometric model as illustrated in Figure 2(c) applied Stokes equation, a random fiber 

configuration approach developed in airticle [6-8] is applied to produce a realistic geometric fiber tow 

model.Here the porosity ε can be calculated by the expression in eq. 11. 

𝜀 = 1 −
𝐴𝑓𝑖𝑏𝑒𝑟

𝐴𝑖𝑛𝑡𝑟𝑎−𝑡𝑜𝑤

(11) 

Where 𝐴𝑓𝑖𝑏𝑒𝑟 is the area of fibers inside the tow region and 𝐴𝑖𝑛𝑡𝑟𝑎−𝑡𝑜𝑤 is the area of entire tow. 

3.3 Model used CHNSD method 
For the coupling method, the classical Gebart’s equation (12) is adopted to calculate the permeability 

in transverse direction of the porous tow since transverse flow model is only adopted in this study. 

Kt⊥=
16

9π√6
(√

π

2√3(1-ε)
-1)

5/2

rf
2 (12) 

Here the presented eq. 12 is in the form of maximum fiber fraction for the hexagonal fiber packing for 
transverse flow. Permeability estimation can be realized by solving this equation. For example, when 
he radius of a single fiber filament is defined as rf = 7.8 μm, the transverse permeability estimated by 
eq. 12 is 10-12 m2. In this paper, to set up the realistic geometric model in transverse direction (figure 
1(c)), rf = 7.8 μm is implemented to obtain the same permeability as input permeability value in the 
coupling CHNSD model. 

FEM (Finite Element Method) is carried out by applying CFD software COMSOL Multiphysics to 
discretize the governing equations with free triangular mesh elements. For CHNSD coupling model, 
classical IMPES (Implicit Pressure, Explicit Saturation) approach [9] is applied to figure out the 
solution of pressure and saturation written in PDE (Partial Differential Equation) module in porous 
medium, coupling interface condition is realized by coding weak form. 

3.4 Comparison and verification of flow front at different times 
Flow front tracking by numerical methods are depicted in Figure 3 with the geometric model size: 
4mm in width and 1mm in vertical direction. In Figure 3 (a), (c) and (e), Stokes equation is applied 
while CHNSD coupling method governs the flow in Figure 3 (b), (d) and (f). 

(a)  (b) 
t = 0.001s 
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(c) (d) 
t = 0.1s 

(e)         (f) 
t = 1s 

Figure 3: Comparison of flow front tracking process in two methods at different times 

(a), (c)and (e): Stokes equation 

 (b), (d)and (f): CHNSD coupling method 

Preferable agreement of transient saturation has been achieved at different time steps as illustrated 
in Figure 3. Resin flows much fast inter tow domain, then infuses into the tow step by step. Meanwhile, 
pressure continuity between free flow domain and porous medium is presented in Figure 4 

(a) Realistic model  (b) CHNSD coupling model 

Figure 4: Pressure distribution at time: 0.035s 

In Figure 5, pressure distributions of both realistic model and CHNSD coupling method are compared 
with each other. The result of coupling model meets with the realistic model very well. From the results, 
we can clearly see the phenomenon that pressure diffuses faster along the horizonal flow direction 
intra tow than inter tow. This can be explained by the porous structure cause the generation of 
capillary force in the tow domain which has been depicted in eq.8. Velocity fields are also explored 
and illustrated in Figure 5. 
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(a) Realistic model    (b) CHNSD coupling model 

Figure 5: Velocity field distribution at time: 0.5s 

Resin flows faster inter tow than intra tow as shown in Figure 5. In fact, the calculated velocity intra 
tow domain is close to 0 m/s. A detailed plot is presented in Figure 6 to describe the velocity 
distribution on a cut line of the model at the position x = 0.5 mm and the time is 0.5s. 

(a) Cut line location x = 0.5 mm 

(b) Velocity distribution along the cut line at x = 0.5mm, time: 0.5s 

Figure 6: Velocity distribution by both methods 

As presented in Figure 6(b), curves of velocity distribution achieved by both methods meet each other 
quite well. For Stokes realistic method line, there are several breaking points in the line intra tow 
domain since in the realistic model there are fibers at the breaking points. For both two curves intra 
tow domain, the velocity all along the cut line stays the same at quite low values while inter tow, the 
further of the position away from the tow, the higher value of the velocity it is. This appearance reveals 
the truth that even in the transient flow, the velocity and pressure distribution will reach and stay in a 
steady state after a while. Resin flow inter tow is the dominating velocity contributor in the whole 
impregnation process. 

4. Conclusion
In this study, a model set up based on CHNSD theory is presented with extended BJS boundary 
condition to simulate the infusion process of LCM process at meso scale to track the flow front of the 
resin with the initially full of the air phase. Results of pressure, velocity and transient saturation are 
compared and verified with model using Stokes equation based on a realistic fiber model applied. In 
this model, we can conclude that with the pressure difference condition set on inlet and outlet, intra 
tow domain, the pressure diffuses in advance than that inter tow region at same position in x direction. 
In addition, the velocity perpendicular to the fiber tow intra tow maintains the same close to zero while 
inter tow velocity increases with the distance from the tow. 
Influences of variant boundary conditions and resin or fiber reinforcement properties can be discussed 
on this model for next step. Numerical simulation by applying this method can be extended to macro-
scale, reinforcement with anisotropic permeabilities and 3D complex geometric models in future work. 
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