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Abstract  

Waverider is a famous design concept for 

generating high lift-to-drag ratio (L/D) at a high 

Mach number supersonic flow. Due to its high 

L/D, the concept is also promising for designing 

hypersonic vehicle. To apply a waverider 

concept to design a supersonic commercial 

aircraft, an ability to mitigate sonic boom 

strength is needed to be well considered. 

Therefore, in this article, a parametric study of a 

supersonic waverider at Mach number 1.5 was 

done by numerical simulation. A cone-derived 

waverider was studied before further study on 

more complex shape. The result of parametric 

study shows some important traits regarding the 

design of low-boom supersonic waverider from 

the cone angle and dihedral angle viewpoint. To 

enrich our knowledge on a low-boom waverider 

design, a multi-objective optimization procedure 

was conducted to visualize a physical trade-off 

between overpressure, lift coefficient and 

pitching moment coefficient. Sobol indices-based 

sensitivity analysis was performed using 

polynomial chaos expansion technique to 

investigate the relationship between variables 

and objectives function. In light of the results, we 

found that the supersonic waverider shows 

significant potential to mitigate the sonic boom 

while simultaneously providing high L/D.  

Furthermore, the present study shows that it is 

viable to conduct further research with a more 

complex method for designing and expand the 

knowledge on waverider for low-boom 

supersonic aircraft. 

 

 

1 Introduction  

The primary major issues with the 

supersonic commercial aircraft design are the 

sonic boom and aerodynamics performance [1]. 

To that end, it is of utmost importance to seek a 

low-boom aircraft shape that is able to attain high 

aerodynamics performance during the high-

speed flight. The concept of hypersonic 

waverider is a promising candidate due to its 

remarkable high lift-to-drag ratio (L/D) 

characteristic by nature. The development of the 

concept of hypersonic waverider has been started 

around 1990s [2,3] where the trend in aircraft 

design has been pursued towards greater speed 

by the innovation of jet engine. Many researchers 

have attempted to achieve beyond the limit of 

supersonic travel (i.e., Mach 1 ~ 3) to hypersonic 

travel (i.e., Mach 5 ~ 25); one important outcome 

from this research endeavor is the waverider 

concept. The waverider is any vehicle that uses 

its own shock wave to improve its overall 

performance. Whenever a vehicle travels in the 

air at Mach 1 or higher, it undeniably produces a 

shockwave. If the aircraft is modified correctly, 

it can be properly designed so as to ride this wave 

to produce higher lift, less drag and greater range 

which leads to overall improved performance [4]. 

Whenever there is an attached shock generated at 

the lower surface, it creates greater pressure in its 

wake. Furthermore, the shock that lies close to 

the lower surface of the aircraft results in a large 

pressure force that increases the lift of the 

vehicle. This idea is known as compression lift 

and is the primary benefit of the waverider 

concept. 

It is worth noting that the waverider design 

is primarily applied for designing a hypersonic 
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vehicle but never shows up in low-supersonic 

vehicle design such as commercial supersonic 

aircraft. The goal of this research is to study the 

cone derived [4,5] waverider method in 

supersonic design regime. One aim of this 

research is primarily to discuss the potential of 

the waverider design in supersonic flight. This 

study is divided into three stages, that is, 

parametric study, multi-objective optimization, 

and data mining. First, the parametric study aims 

to find the relationship between design 

parameters and outputs of interest, that is, 

aerodynamic forces and sonic boom strength. In 

this study, three design variables were used to 

generate the waverider design, where the 

performance is measured using L/D and the far-

field overpressure (𝑃𝑓𝑜𝑝). To enrich the design 

knowledge, for the second stage, multi-objective 

optimization is applied to find the optimal 

combinations of design variables that describe 

the shape of low-boom waverider by considering 

three objectives, that is, high lift (𝐶𝐿), low 𝑃𝑓𝑜𝑝, 

and minimize the absolute number of pitching 

moment (𝐶𝑀). The optimization procedure was 

conducted by the Non-Sorting Genetic 

Algorithm II (NSGA2) method assisted by the 

ordinary Kriging (OK) surrogate model. To gain 

more design insight, we performed sensitivity 

analysis to quantify the contribution of the design 

variables to the objective functions. Through the 

aforementioned procedures, we aim to gain an 

essence of supersonic waverider for more 

practical implementations of supersonic aircraft. 

2 Parametric Study  

2.1 A Waverider Geometry  

In order to do a parametric study, a simple 

cone-derived waverider by Rasmussen [5] is 

used for the present model. The cone-derived 

waverider is composed by three main surfaces 

(see Fig.1), that is, a freestream surface, a base 

plane and a compression surface. The vehicle 

shape is crafted from an attached shock through 

a semi-vertex cone body. The design process 

begins with defining the prescribed cone angle 

(δ) at a certain free stream Mach number (𝑀∞ ) 

and specific heat ratio (γ). By solving equation 

(1), it is possible to calculate a certain shock 

angle (β) using supersonic flow past a cone 

method which is derived from Taylor-Maccoll 

equation. 

β
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To generate a waverider [6,7] shape,  all points 

are generated on the free stream trailing edge, the 

intersection line between freestream surface, and  

the base plane.  

 

 

 
 

 
 

Fig. 1. A cone-derived waverider components 

and three design variables ∅, δ, and 𝑅0. 

 

By prescribing 𝑅0which is the length between 

the center of the cone and the freestream 

surfaces. The free stream tailing edge is tailored 

respectively to equation (2). 

 

X=R0+AY2 (2) 

 

After the upper part of the base plane is formed, 

all points in the plane are pushed to the leading 

edge along to the freestream direction and 

intersect with the shock from the cone. The 

freestream surface is crafted by combining all 

Freestream surface
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Compression surface
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streamlines together. Finally, the compression 

surface is created by the description of the stream 

surface in the shock layer, where each point of 

the leading edge is projected back to the base 

plane to form a surface. In total, a cone-derived 

waverider contains three design variables: R0, δ 

and ∅ . The range of the design variables are 

defined as:  30 ≤ ∅ ≤ 70, 5 ≤ δ ≤ 20, 0.2 ≤
R0 ≤ 0.9. 

2.2 Numerical Simulation 

We use the Tohoku University 

Aerodynamic Simulation code (TAS) code to 

perform the computational fluid dynamic 

simulation [8-10]. The TAS code is a three-

dimensional finite volume that uses the 

unstructured mesh technology [11].  The 

governing equation used in the present 

simulation is the inviscid Euler equation that is 

computed by the cell-vertex finite-volume 

scheme. Numerical inviscid flux is computed 

using the approximate Riemann solver of Harten-

Lax-van Leer-Einfeldt-Wada (HLLEW) [12-15]. 

The flow conditions used in the present study are 

shown in Table 1. The evaluation of aerodynamic 

forces 𝐶𝐿, 𝐶𝐷 , 𝐶𝑀 and 𝐶𝑝 represented the trend of 

design variable R0, δ and ∅. 

 

Table 1 

Mach number 1.5 

Governing Equation Inviscid Euler equation 

Mesh Unstructured 

Flight altitude 18000m 

Aircraft length 8m 

2.3 Sonic Boom Estimation 

To estimate the sonic boom strength, a near-

field overpressure information is needed. The 

near-field overpressure is obtained from 

numerical simulation and measured at the 

vertical (downward) distance 0.7 of vehicle 

length. After that, the sonic boom analysis tools 

called XNoise developed by JAXA [16,17], 

which is based on the augmented Burgers 

equations, is used to calculate the far-field 

overpressure generated by a waverider. The 

governing equations are described as follows: 
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(3) 

Basically, Equation (3) consists of five 

components, that is, nonlinearity, geometrical 

spreading, atmospheric stratification, 

thermoviscous absorption, and Relaxation. The 

calculations are done separately and finally 

integrated to give the final outcome that 

represents the far-field overpressure. 

3 Optimization  

3.1 Sampling Plan  

To begin the optimization procedure, initial 

sample points are required first to generate and 

construct the surrogate models.  In this study, the 

Halton sequence technique is used to create the 

initial samples. Halton sequence generates 

sample points from that are typically well 

distributed than those of the full factorial design 

method; moreover, it is possible to generate 

space-filling sequential sampling points through 

this method. Fig. 2 shows the sampling set 

consisting of 27 sampling points generated by 

Halton sequences used in this paper. 

 

 
Fig. 2. A sampling plan based on Halton 

sequence with 27 sampling points. 
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3.2 Multi-Objective Optimization  

The explanation of the whole optimization 

procedure is depicted in Fig. 3. First, the initial 

sample set is generated so as to create a space-

filling sampling points. Next, the surrogate 

models are constructed by the OK method 

[18,19]. Here, the OK models provide both the 

function and error predictions which are 

important information for the execution of 

expected improvement strategy. Using these 

surrogate models, the Pareto-optimal solutions 

are then found by NSGA-II [20]. After that, some 

selected samples are evaluated using the 

numerical simulation and added to the 

experimental design. The process is then 

repeated until the computational budget 

exhausts. The goal is to minimize 𝑃𝑓𝑜𝑝 , 

maximize 𝐶𝐿 and minimize absolute value of 𝐶𝑀 

under the constraint of 0.05 volumetric 

efficiency. 

Methodology (4/4)

Construct surrogate model by Kriging

Evaluate additional sample

Create geometry + CFD

Surrogate Model : Ordinary Kriging
Optimizer : NSGAII 

Constraint :
Volumetric efficiency  > 0.05

Pareto-optimal solution selected by:
EI (expected improvement)

Variables:

Objective functions:
𝐶𝐿, 𝐶𝑀,             

ϕ 30 to 70
δ 5   to 20
𝑅00.2 to 0.9

minimizemaximize

Optimization

Convergence

No











A

V 3/2



Find Pareto-optimal solution using NSGA2

END

Create additional sample

input initial sample

Yes

 

Fig. 3. The multi-objective optimization 

procedure of the present supersonic waverider 

design. 

 

 

3.3 Sensitivity Analysis 

Besides optimization, it is also important to 

extract useful insight and knowledge regarding 

the relationship between design variables and 

objective functions. Therefore, data mining of 

post-process optimization is essential to 

efficiently obtain the fruitful design knowledge. 

In this study, sensitivity analyses were conducted 

using a variance-based sensitivity analysis 

technique (i.e., Sobol indices). In general, 

sensitivity analysis is a method to evaluate the 

contributions of input parameters and their 

interactions to the outputs. The Sobol indices 

which is based on the idea of decomposing 

output variance to quantify the contribution of 

each input factor by increased dimension. where 

the total variance of the model is described in 

terms of the sum of the variances of the 

summands. Since Sobol’ indices are traditionally 

evaluated by Monte Carlo simulation which 

makes them difficult to use when 

computationally expensive models are 

considered. In order to overcome this problem, 

this research uses polynomial chaos expansion 

surrogate model for sensitivity analysis (i.e., 

PCE-based Sobol indices) [21]. 

4 Result and Discussion  

4.1 Parameter trend 

The parametric study is observed based on 

27 initial sample of full-factorial design. The 

range of design variables is determined from 

∅=45,55,65;  =5,10,15; 𝑅0=0.3,0.5,0.7.  

4.1.1 Lift-to-drag ratio 

First, we present results of the parametric 

study. We observe that the L/D slightly increases 

when the value of ∅  and δ is increased and 

decreased, respectively. However, R0 gave a 

small number of uncertain change to L/D 

Regarding the geometry shape, waveriders with 

high L/D tends to have slender body and thin 

wings; however, such designs are also less in 

volumetric efficiency which consider less 

practical for an additional integration of 

propulsion system such as engine. Figure 5 
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shows the geometry with the highest L/D, i.e., 

design WR6553 created from initial sample of 

parametric study. 

 
 

Fig. 4. The pressure distribution from the highest 

L/D waverider represented by the waverider 

model WR6553. 

  

We can see that the waverider WR6553 

possesses a slender wing shape with small 

volume. We infer that such design could 

potentially greatly reduce drag while increasing 

lift due to the fold-down of compression surface.  

4.1.2 Far-field overpressure 

According to the result, the lowest 𝑃𝑓𝑜𝑝 

(11.5 Pa) also comes from design parameters ϕ = 

65; δ = 5; R0 = 0.3Xs which is the same model as 

Fig.4, the highest L/D.  

Here, the increase of ∅ gives a low near-

field overpressure which is proportionally to far-

field overpressure. On the other hands, 

decreasing R0 can leads to slightly reduce 

𝑃𝑓𝑜𝑝 as well. Decreasing δ show the highest 

reduce of 𝑃𝑓𝑜𝑝. Regarding to a vehicle shape in 

Fig.5, low-boom waverider (a) appear a small 

bump at the compression surface, but, the 

stronger overpressure waverider (b) shows 

smoother compression surface curve. 

 

 
    (a)                                 (b) 

 

Fig. 5. Different of pressure distribution between 

a waverider with small bump at compression (a) 

surface and a waverider with smooth curve at 

compression surface (b).  

 

4.2 Pareto-optimal solution 

The results of optimized waverider in total 

5 cycles (iteration), by adding 5 new samples in 

every cycle. Regarding to previous section, some 

of samples from parametric studied were brought 

to perform an optimization and to treat as the 

initial sample. The objective function  𝐶𝐿 and 

𝑃𝑓𝑜𝑝 showed some slightly improvement but still 

found some dominated solutions. Therefore, we 

added some additional samples until the fifth 

cycle of optimization procedure. 

 

 
Fig. 6. Pareto-optimal solution of supersonic 

waveriders from the multi-objectives 

optimization (𝐶𝐿 , 𝐶𝑀and 𝑃𝑓𝑜𝑝). 

 

At the end, we obtained 25 additional samples 

(71 samples in total), the Pareto-optimal 

solutions were found in thin and narrow shape. In 

consequences, Pareto-optimal solutions cover 

most of initial samples as shown in Fig.6. 

Therefore, it is necessary to use a more complex 

set of waverider design variables that can provide 

high flexibility and degree-of-freedom of shape. 

 

4.3 Analysis of PCE based Sobol indices 

Since the purpose of this research is to 

investigate the variability of the model responses, 

the effect of design variable ∅,   and 𝑅0  on 

𝐶𝐿 , 𝐶𝐷 , 𝐶𝑀  and 𝑃𝑓𝑜𝑝  are analyzed by using the 

PCE-based Sobol indices technique. The results 

are shown in Fig. 7 which contains the main 

effect of the variables and their interactions. 
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CL CD  _   CM

Main effect
Interaction  

Fig. 7. PCE-based sensitivity analysis between 

design variables and objective function. The 

chart explains about main effect and interaction 

effect of each pair of variable. 

 

Regarding the main effect, we observe that 

the variable   yields the highest impact to all 

outputs ( 𝐶𝐿 = 0.6690 , 𝐶𝐷 = 0.6665 , 𝐶𝑀 =
0.6743  and 𝑃𝑓𝑜𝑝 = 0.6743)  where both ∅  and 

R0 shows smaller impact. Among the interaction 

terms, the couple of ∅ −   shows the highest 

impact to three outputs (i.e., 𝐶𝐿 = 0.0447, 𝐶𝐷 =
0.0538 , 𝐶𝑀 = 0.0251  and 𝑃𝑓𝑜𝑝 = 0.0521 ); 

however, ∅ − 𝑅0 yields the highest sensitivity to 

C𝑀 . For the total interaction,   is the most 

dominant variable followed by  ∅ and R0. Since 

  is the most impactful variable, it means that the 

thickness of the supersonic waverider is the most 

important factor, followed by the concave shape 

of the lower surface that is related to ∅. Basically 

our investigation shows that the concept of low-

boom supersonic waverider is possible to 

achieve.  

 

5 Conclusion 

This research introduces the cone-derived 

waverider method for dealing with common 

supersonic aircraft problems of reducing sonic 

boom while maximizing aerodynamic 

performance. First, a parametric study was 

performed via numerical simulation and three 

design variables (i.e., R0, δ and ∅) that describe 

the waverider shape. Results show that all three 

design parameters show significant impact to 

sonic boom reduction in different ways. Here, a 

small value of cone angle yields a dominant 

effect in terms of minimizing sonic boom 

strength and maximizing lift-to-drag ratio.  

Next, we perform multi-objective 

optimization using the same design variable as 

parametric study and lift coefficient, pitching 

moment coefficeint and far-field overpressure as 

objectives function. The surrogate-models based 

on Kriging and NSGA2 are used as the optimizer. 

Lastly, we performed sensitivity analysis using 

PCE-based Sobol technique. It is found that the 

most dominant variable is cone angle and 

dihedral angle respectively in terms of both the 

main effect and interactions.  

For future work, we are planning to 

investigate more complex shapes of waverider 

incorporated into multi-objective optimization 

study. Such study is important to further analyze 

the potentials and pitfalls of waverider design for 

the realization of supersonic aircraft. 
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