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Abstract

For the parameters uncertainty of aircraft
engine brought by nonlinearity or unit
difference, an optimal Pl controller with robust
stability design method in time-frequency dual
domains is proposed. Interval system is
decomposed into several vertex sub-systems
using boundary principle. D-decomposition
technology and graphic approach of PI
parameters stability region with specified gain
and phase margins are integrated to construct
the stability boundaries of sub-systems. The Pl
parameters robust stability region of interval
system satisfying the specified gain and phase
margins is obtained using the boundaries. The
optimal PI controller is calculated in this region
with the object of dynamic performance and
robustness. The developed method is applied to
the aircraft engine, and the simulation results of
high pressure spool rotational speed loop and
turbine pressure ratio loop validate the high

control quality, and the robustness is also tested.

1 Introduction
In industrial practice, it is usually difficult to

describe the plant accurately in a control system.

There always exist some uncertain factors in the
established system model. For aircraft engines,
there are many uncertain factors for the
representation of dynamic, which suffer from
modeling errors, nonlinearities, and unit
difference and so on. Because of these, aircraft
engine becomes an interval system with
parameters uncertainty. It is impossible to keep
the performance quality and system stability for
the controller designed from the system with

certain fixed parameters. Duo to above
uncertainties, robust control of aircraft engine
has been an important problem for the developer.
Now, there are a lot of robust control method
applied to aircraft engine, such as LQG/LTR
algorithm [1], Hoo method [2], and LPV
approach [3]. However, these robust algorithms
could not establish a direct visualized robust
stability region of control parameters, and it
could not ensure the system satisfy the stability
margin targets. For the robust control problem
of interval system, it is usually transformed to
the stability problem of characteristic
polynomial when the coefficients are subject to
some perturbations. Kharitonov theorem is a
significant result in the field of robust stability
systems with uncertain parameters. It addresses
how to analyze the Hurwitz stability of the
interval system through a finite subset of
vertical polynomials, which is known as
Kharitonov polynomials. It succeeds in reducing
the computational burden required in
determining the stability of such polynomial
families [4, 5]. Edge theorem develops the one
dimension examination of stability for the
family of polynomials with affine linear
uncertainty structure. It points out that the
coefficients are not independent in the case of
interval polynomials [6, 7]. Generalized
Kharitonov theory proved that the required edge
number of edge theorem is dependent on the
number of polynomials not on the number of
uncertain parameters [8]. These two theorems
have been proved based on the zero exclusion
principle [9] and the value set concept [10].
However, these classic approaches only
consider the stability, and ignore the dynamic
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performance requirement and stability margin in
frequency domain. In this paper, a new robust
stable optimal PI controller design method in
time-frequency dual frequency domain is
proposed, which could make the system satisfy
the specified gain and phase margin. This
approach transforms the interval system to
vertical sub-systems based on the edge theorem
and bounds principle. Combining the graphics
method of PI controller with gain and phase
margin specifications, the D-decomposition [11]
technology is employed to establish the robust
stable region of Pl parameters for the interval
system with specified gain and phase margin.
According to the performance request, the
optimal PI control parameters are searched out
in the region of robust stability. Finally,
nonlinear model simulations of aircraft engine
validate the effectiveness of the proposed
method.

2 Pl Control System of Interval Parameters
with Time Delay

Consider the following Pl feedback control
system with time delay as Fig. 1. In the figure,
r(t) isinput, y(t) is output.

rt) _e(t) - X ) y(t)

PI controller actuator plant

general plant H(s)

Fig. 1 Pl Control System with Time Delay
G(s) is the plant with interval parameters

B,(8)
G(s) = 1
(s) AGS) 1)
K (s) is the actuator with time delay
B (S) —Ls
K(s) = 2
(s) = A (s ¢ )
C(s) isthe PI controller
C(s) =k +—ks' ©)

The general plant H(s) is composed of G(s)
and K(s) and it is represented as
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B(s) _ Bi(5)B,(S) -1

H(s) =G(s)K(s) = As)  A(s)A(s)

ib,sj (4)
_b,s"+b, s"+- +bls+b0 ol _ 10 : ol
as"+a, "+ +as+a, Zn:a-si
where, L is time delay, ae[a.a] ,
i=01--,n, b, e[ﬁ,bj], j=04---m, n>m,

a,#0. @ and b; are interval parameters.

For such a closed-loop system in Fig. 1, the
characteristic polynomial is transcendental
because of the delay and uncertain parameters,
and it could be described using the following
quasi-polynomial family

P(s;kq, k) =s(a,s" +a, ;8" +--+as+ay) +

(koS +K, )(B,s" +b, 8"+ +bs+h)e™  (5)
=s> as' +(K.s+k)D bsle™
i=0 i=0

Based on the boundary theory [6], there are
interval parameters in Equ.4 and it could be
converted to vertical sub -systems.

b,s" +b, 5" Y +bls+b s
H,(s) =
as"+a, S+t as+a,

(6)

~ -~ .
H.(s) = S +b, S +-~-+bls+boe,LS
! ds"+a s"t+--+4s5+4,

b_sm+b LS" +bls+b0 ols
H2n+m+2(s)
a s" +an ST+ +as+a,

The corresponding characterlstlc polynomials
are
Pl(S; kP’kI) = s(ans” + an-lsnil

+(Kps +k, )(b,s™ +b,, 8"

+e+aS+a,)

+---+bs+b)e™

P(s;ks,k,)=5(8,s"+a 8" +---+4s+4,) )
+(k,5+k, )0, S"+b "+ +bs+Db)e ™
Prna (SiKp K, ) =S(a,8" +a, 8"+ + a5 +a,)

+(kos+k,)(b,s" +b_,s" +---+bs+b)e™
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3 Robust Stability Region of PI Parameters
for Interval System with Time Delay

The corresponding convex polytope composed
of the quasi-polynomial family in Equ.7 would

have 2" vertexes.
R = COnV{Ply P2)'“1 P2n+m+2} (8)

where, conv denote generating convexly, and
the first items of P.(s;k,,k,;) must be the same
sign.

Definition 1 [12], Given a set D in the complex
plane, the delay system of Equ.4 is called D-
stable if the zeros of the characteristic quasi-
polynomial P(s;k.,k,) in Equ.5 stay in D. If so,
P(s;ky,k,) is called D-stable. In particular,
P(s;ky,k,) is called stable P(s;k,,k,) is D-
stable for D being the open left-half plane.
Theorem 1, For the interval quasi-polynomial
family H(s), one PI controller could ensure the
stability of the whole interval quasi-polynomial
family, if and only if this PI controller could
ensure the stability of every vertical sub-system
H,(s)e H(s).

Proof: For the interval system of Fig.1, the open
loop transfer function including the vertical
subsystem H,(s) is represented as

Ti(s) :C(S)Hi(S) :w’i =1’2’___’2m+n+2 (9)
pi (s)

The polytope composed of characteristic quasi-
polynomial family of the unit feedback system
with interval parameters is

RT = COﬂV{(Tl(S) +1) pl(s)! (Tz(s) +1) P, (s),

S USRS N O]

In Definition 1, let D be the open left-half plane,
according to the edge theorem, the system with
uncertainty H(s) would be stable if every edge

(T.(s)+1) p,(s) of the polytope R, is D-stable.
It is worth noting that (T,(s)+1)p,(s) is the
closed-loop characteristic polynomial of sub-
system H.,(s) , so the stability of

(T.(s) +1) p,(s) is equivalent to the stability of
H.(s). End

10)

From Theory 1, the PI parameters’ robust
stability region of H(s) would be the

intersection of all sub-systems.
Define the PI parameters range of vertical sub-
system H.(s)

Q ={k, e[-,0],k, €[00, ]} (11)
If parameters’ stability region of closed-loop
characteristic polynomial for H,(s) is S;, then

S, €Q . The stability region of H(s) would be
$=5,18,N--NS,.... (12)
Based on D-decomposition method [11], the
stability region of controller parameters can be
determined by the union of hyper-surfaces
oD, ={(ky,k,) € Q;R(0;k;,k,) =0}
oD, ={(k,k,) € Q; P.(0;kp,k,) =0} (13)
oD, ={(kp.k,) € Q;R(jwik;,k,) =0,
Ve (—0,0)U(0,%)}
Where, oD, is real root boundary (RRB), oD,
is infinite root boundary (IRB), oD, is

complex root boundary (CRB). The whole
boundary oD = oD, UoD, UdD,, .

The three boundaries could be calculated
separately for P.(s;k,K,) .
(1) real root boundary 6D,
For characteristic polynomial of P.(s;k;.k,),
oD, is computed as

P(Oky k) =bk =0=k =0  (14)
(2) Infinite root boundary D,

Because of time delay, the characteristic
polynomial of P(s;ks,k,) would have infinite

number roots which cannot be calculated
analytically in the general case. According the
paper of [13], oD,  could be calculated as

(15)
none n>m
(3) Complex Root Boundary oD,
Rewrite  the  closed-loop
polynomial of H,(s) as
R(sike.k,) = SA(s)+ (koS +k,)Bi(s)e ™™ (16)

characteristic



Let  P'(s;kp,k, ) =P(s;ks,k,)e™ ,  then
P"(s;k.,k,) would be

P (siko.k,) = SA(s)e™ + (koS +K,)Bi(5)  (17)
Since Ls e has no zeros, the stability regions of

Equ. 16 and 17 are equivalent. Substitute
S= jo to Equ.16, and select the range of w is

because of symmetry [13], Equ.17 can be
rewritten as

R (ks k) = joAq + A g
+(jko +K,)(Bg + jB;)
where

{AR =ArAz —Au Ay
A = ArAu + AL Ag

BiR = BilR BiZR - Bill Bi2|
B, = B,;zxBi,, + B, B

iIR™i21 ill =i2R

Subscript R denotes the real part and | denotes
the image part. Substitute the Euler formula

el =cos(Lw) + jsin(Lw) to Equ.17, and
separate P"(s;k,,k,) into real and image parts
where,

Pr(@;ks Kk, ) =—A, wcos(Lw) — Azwsin(Lw) -k, B, @ +k, By (19)
{P” (w;kp, K, ) =—A 0sin(Lw) + Agwcos(Lw) + k. Bgro+k, B,
It can be found from Equ.19 that Py (@;ks,K,)
and P, (a;k,,k,) are continuous functions of k;
and k,, and the stability region of Equ.17 is a

subset of Q.

According to implicit function existence
theorem, if the Jacobian matrix of Equ.20 is
nonsingular, then the only solution curve
(ko (@),k,(@)) about @ could be calculated

from the equations of Equ.21.

Ry Py
_ ok, ok, (20)
(oL L
ok, ok, (ko k1)
{PiR(a);kP’kl)zo 1)
Pi(@;kp k) =0

Lemma 1 [14], Along the direction of w
increasing, if det J <0, the parameters stability
region locates the right hand side of curve
(ko (),k, (®)) ; if det J >0, the parameters
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stability region locates the left hand side of
curve (k. (@),k, (@)).
Equ.21 can be rewritten as a function of .

k, = —B, X () + BRY (w)

BZ + B
1 1 (22)
K = B"Y(a)z-i- BiRzX(w) o
B + Bi
where,
X (@) = A, cos(Lw) + A, sin(Lw) 2
{Y(a)) = A, sin(Lw) — A cos(Lw) (22)

From Equ. 22, it can be found that when @
changes, a parameters curve (k,(w),k,(®))

can be drawn in the plane of k, —k, . This curve
is the complex root boundary @D, .
From Equ.19 and 20, the Jacobian matrix is

computed as
|:_Bila) BiRj|
J= (23)
Brw B,

The following is obvious.

detJ = -w(B’, +B?) <0, € (0,+) (24)
Based on the Lemma 1, along the direction of
@ increasing, the parameters stability region
locates the right hand side of the parameters
curve.

4 Stability region with gain and phase
margin specifications
For a control system, stability is a basic design
requirement. Besides this, the system usually
should satisfy gain and phase margin
specifications in frequency domain [15, 16]. So
the stability region with specific gain margin h
and phase margin y would be developed deeper
in this paper.
Since the definition of gain and phase margin
(jkPC-alx + k| )(B|R + jBiI ) eijaqx — _i (25)
Jo, (A1R + A ) h
(jkpm.c +k, )(BiR + JB; )

jo, (A + IA)

They could be rewritten as
jo, (Ag + 1A e +h(jko@, +k, ) (B + jB,) =0(27)
jo (As + §A)E" 7 + (Ko, +k,)(Bg + jB,) =0(28)

e % = 7 (26)
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where, @, is phase crossover frequency of

C.(jo)H,(jo) , and @, is the gain crossover
frequency of C,(jo)H,(jw).

Compare Equ.18 with Equ.27 and 28, there
exist the only difference about h and y. The

new representation could be obtained for the
gain and phase margin specifications through
the similar derivation.

_ —Bi X (@) + ByY, (@)

" h(Bf + By)
(29)
_ By, (0)+ B X, (w)
" h(BL+B)
where
X, (@) = A, cos(Lw) + Az sin(Lw)
Y, (@) = A, sin(Lw) — A; cos(Lw)
K = -B, Xy(a)) + BiRYy ()
" BB
(30)
B,Y, (®)+B:X (o)
kl = : 2 2 - @
g B + Bj

where

X (@)= A, cos(Lo+y)+ Agsin(Lo+y)

Y, (@) = A, sin(Lo+y) — Ag cos(Lo+y)
For the parameters region of satisfying gain and
margin, we have
detJ, =-wh*(B% +B7) <0, e (0,+») (31)
detJ, =—a( BZ +B?) <0, € (0, +x) (32)
The complex root boundaries with gain and
phase margins specifications could be plotted
separately based on Equ.29 and 30. Along the
direction of @ increasing, the stability regions
locate the right hand side of the boundary
curves. The intersection of these regions is the
Pl parameters stability region being satisfy gain
margin and phase margin at the same time.
The PI parameters stability region S, of H,(s)

could be established from oD,, 6D, and oD, .

The whole stability region S of interval quasi-
polynomial could be calculated from Equ.12.

5 Optimization of PI Parameters

Stability is only a basic quality for control
system. Although all sets of (k.,k,) in the

region S could stabilize H(s), the dynamic
performance would be different. Besides
stability, tacking performance and rejection
capacity should be also considered for the
controller’s design. In this paper, the evaluation
function of control quality is defined as follows
f(ko,k,)=Ao+ Lt + M, 4 + 4, + 4, =1(33)
where, overshoot o and settling time t; mean
the tracking performance, and sensitivity M,
means rejection capacity. 4, , 4, , A, are
weights coefficients and could be selected based
the request of control quality.
Then an optimal problem about seeking of
(kp,k,) in S is established.

min ( f (ks k,))
st.(ks k) €S

The solution of Equ.34 is the optimal PI
parameters. Here, a traversal seeking strategy is
employed to solve the optimal problem.

(34)

6 Robust PI Control of Aircraft Engine

In this paper, the component nonlinear model of
aircraft engine is selected as the plant. Since the
strong nonlinearity of its dynamic, it is
impossible to design the controller directly.
Usually, the corresponding linear models are
established at different flight conditions, and
then the controllers are designed for the linear
models separately. The intermediate rating
linear model of high pressure spool rotational
speed loop at altitude H =0m, Mach number
Ma=1.0 is

0.3268s +1.335
G, (s)= 35
v, () s2+10.72s + 28.1 (35)
The actuator of fuel flow is
1
K, (§)=————¢ %% 36
. () 0.1165+1 (36)

The general plant of high pressure spool
rotational speed loop is

Hy, (8) = Ky, (8)Gy,, (5)
~ 0.3268s +1.335 o001 (37)
(0.116s +1)(s® +10.72s + 28.1)

In a small neighborhood around above operation
point, four sub-systems are obtained




H (5)= 0.261245 +1.084 e (383)
H (0.1165 +1)(s° +8.576s + 22.48)

Ho (5)= 0.26%4s+1.084 &% (38h)
" (0.1165 +1)(s? +12.864s + 33.72)

H. (5)= 0.392223 +1.602 &% (38¢)
H (0.1165 +1)(s? +8.576s + 22.48)

Hy o(5) = 0.3922s +1.602 &% (38d)

(0.116s +1)(s® +12.864s + 33.72)
According to the method in Section 3, the PI
parameters stability regions of these four
vertical sub-systems are shown in Fig.2 using
D-decomposition technology. In particular, for
high pressure spool rotational speed loop of
aircraft engine, n=3 m=2, n>m, infinite
root boundary is not exist. The shadow in Fig.2
is the intersection of stability regions of vertical
sub-systems, and this region is just S. If the
specified gain and phase margin is given as
(h,y) =(16.9dB,65°) , the new Pl parameters
stability region is shown as in Fig.3.

=70, 1 R R

600 -

400

200

[1]8

X 200

TS ) S . .............

500 -

H H ’ N
800 L. : : :

4000 e : Prvmnssssesa

-1200 i i
50 0 50 100 150 200 250 300

ke
Fig. 2 Pl Parameters Stability Regions of Vertical
Systems

150

100+

-10 0 10 20 30 40 50 60

kP
Fig. 3 Pl Parameters Stability Regions of Vertical
Systems
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Solve the optimization problem of Equ.34 in
shadow region of Fig.3, and the optimal PI
parameters are calculated as
(ko,k,) =(11.5,53.5) . The simulation results of

its effect on the aircraft engine nonlinear model
are show in Fig.4. From the results in Fig.4, it is
obvious that the vertical sub-systems are all
stable. Hy ,(s) has the maximum overshoot,

not more than 1.75%; H, ,(s) has the longest

settling time, not longer than 1.36s. In order to
verify the effect of the interval system with the
computed PI controller, the following four sub-
systems Equ.39a-39d are chosen to simulate and
the results are shown in Fig.5. The four sub-
systems are all stable, and the responses have no
overshoot. The longest settling time is H, 5(s),

only 1.3s.

0.2614s +1.084 s
H NHS(S) = 2 e (396.)
(0.1165 + 1)(s? +10.725 + 28.1)
H . B(S) _ 0392223 +1.602 -004s (39b)
(0.116s +1)(s“ +10.72s + 28.1)
0.3268s +1.335 ~0.04s
H NHS(S) = > g 0% (39C)
(0.116s+1)(s" +8.576s + 22.48)
H, .(s)= 0.3262385 +1.335 Q00 (39d)
" (0.116s +1)(s” +12.864s +33.72)
1.015
1010
1.005 -
= 10004
0.995 -
0.990 -
9 10 m 2 o y 15

time(s)
Fig. 4 Responses of Vertical Sub-Systems for High
Pressure Spool Rotational Speed Loop
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1.015 F

1010 —-—- B%IES
— HNHS(S)
HNHE(S)

—H,0

1.005
——H

T
Z 1000

0.995

0.990 -

1 1 1 1 1
9 10 1 12 13 14 15

time(s)
Fig. 5 Responses of Interval System for High Pressure
Spool Rotational Speed Loop

At above flight condition, altitude H =0 m,
Mach number Ma =1.0, the intermediate rating
linear model of turbine pressure ratio loop and
the actuator are

11.32s+158+490.4
G, (s)==— (40)
s°+15.77s+58.69
1
K (s)=———¢ %% 41
”t( ) 0.02s+1 (41)

In the small neighborhood of this operation
point, four vertical sub-systems are also could
be established. The optimal Pl parameters is
computed as (k,,k,)=(0.02,1.1), and the step
response of vertical sub-systems and validation
simulations are shown in Fig.6 and 7 separately.
In Fig.6, all the vertical subsystems are stable
and have no overshoot. H_,(s) has the longest

settling time, no longer than 0.4s. In Fig.7, the
sub-systems to be validated are also stable, and
have no overshoot. H_(s) has the longest

settling time, no longer than 0.4s.

0.510 -

Yy
f —— B
/ ——H.06

Haz(s)
—_— Hxs(s)

0.505 |-

——H.,0

0.500 |-

s 1 s 1 s 1 s 1 s 1 s
9 10 11 12 13 14 15

time(s)
Fig. 6 Step Responses of Vertical Sub-systems of Turbine
Pressure Ratio Loop

0.510 -

. ——- B/
. ——H_(s)
| H

0.505 -

0.500 -

N 1 N 1 N 1 N 1 N 1 N
9 10 11 12 13 14 15

time(s)
Fig. 7 Step Response of Interval System of Turbine
Pressure Ratio Loop

7 Conclusions

In this paper, a robust stability optimal PI
controller design method with gain and phase
margin specifications in time-frequency dual
domain is proposed. This approach decomposes
the robust stability problem of interval system
into vertical sub-systems. And combine D-
decomposition technology and graphic tuning
method of Pl parameters to establish the PI
parameters robust stability region of interval
system with gain and phase margin
specifications, and calculate the optimal
solution in this region. The simulations on the
nonlinear model of aircraft engine validate the
effectiveness of optimal PI controller under the
uncertainty and the keeping ideal control quality.
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