
                     

Abstract 

We are concerned about effect of a 3D surface  
indentation on instability and laminar-turbulent  
transition  in  a  boundary  layer.  For  natural  
transition  in  a  boundary  layer, the  transition  
onset is dominated by growth of the Tollmien-
Schlichting  (TS)  wave  and  its  subsequent  
secondary instability. In the paper, both linear  
analysis and nonlinear calculations are carried  
out to address the 3D surface indentation effect  
on  amplifying  TS  waves’  amplitudes  and  
prompting  transition  onset.  By  the  linear  
analysis, we address sudden amplification of the  
TS modes by a separation bubble in a surface  
indentation region. The nonlinear  calculations  
are  implemented  to  validate  the  traditional  
transition criteria predicted by the linear theory  
when  a  3D  indentation  is  present.  Finally,  
applicability  of  the  traditional  transition  
criteria is assessed.

1  Introduction 

Laminar-turbulent transition in boundary layers 
is a fundamental topic, understanding of which 
has  special  significances  in  science  and 
engineering.  However,  transition  process  from 
laminar to turbulent flow poses a considerable 
theoretical and numerical challenge because of a 
strongly  nonlinear  process  of  transition.  In  a 
flat-plate  boundary  layer,  laminar-turbulent 
transition can be triggered by growth of small-
amplitude  perturbation,  such  as  Tollmiem-
Schlichting  (TS)  waves.  In  environments  with 
low  levels  of  disturbances,  transition  to 
turbulence  is  initialised  by  the  exponential 
amplification  of  TS  waves  and  subsequent 
development  of  secondary  instabilities. 

Breakdown to turbulence generally occurs when 
the amplitude of the primary instability typically 
research  10%  of  the  free-stream  velocity 
magnitude [1,2]. It is known that the linear stage 
can be described by the Orr-Sommerfeld (OS) 
equation  and  the  traveling  wave  disturbances 
which evolve according to the OS equation are 
the  so-called  TS  waves.  Experimentally,  the 
existence  of  TS  waves  was  verified  by 
Schubauer  &  Skramstad  [3].  Mathematically, 
eigenvalues  and  eigenfunctions  of  the  OS 
equation have been well described and studied 
[4,5,6].  Since  the  existence  of  TS waves  was 
confirmed,  there  have  been  numerous  studies 
undertaken  to  explore  and  explain  transition. 
And  various  investigations  have  been 
implemented to  understand mechanisms of TS 
waves’ stabilisation  and  destabilisation.  These 
mechanisms  can  be  influenced  by  various 
factors,  e.g.  localised  roughness  elements. 
Recently,  Xu  et  al [9]  re-investigated  the 
behaviour of TS waves undergoing small-scale 
localised  distortions  and  found  even  a  small 
separation  bubble  caused  by  a  hump  or  an 
indentation can amplify a TS wave. Identifying 
the  interaction  between  TS  waves  and  a 
confined  separation bubble can be important for 
natural  transition.  In  3D,  Xu  et  al [10]  did  a 
further investigation.

For separation bubble on a flat-plate boundary 
layer,  the  separated  shear  layer  can  undergo 
rapid transition to turbulence and, even at rather 
small  Reynolds  numbers,  separation  provokes 
an increase in velocity perturbations and laminar 
breakdown, taking place in the separation region 
or close to it [7,8]. The concern in this paper is 
with evolution and amplification of planar  2D 

1

EFFECT OF A 3D INDENTATION ON BOUNDARY 
LAYER INSTABILITY

Hui Xu*,** Shahid Mughal*, Erwin R Gowree***, Spencer J Sherwin**
*Department of Mathematics, Imperial College London, UK 

**Department of Aeronautics, Imperial College London,  London, UK
***Centre of Aeronautics,City University London,UK

Keywords: boundary layer, instability Navier-Stokes equations







 

 



                     

breakdown  of  the  spanwise  flow  structure. 
Therefore, the growth and the subsequent

Fig. 7. Comparison of N-factors for 2D and 
3D cases.

Fig. 8. Comparison of laminar turbulence 
transition onset 

nonlinear effect of TS modes do not play the 
main role and the prediction of the transition 
onset by the N -factor criteria failed. Further, for 
Case B and Case C, we clearly observe that the 
N -factor values reach the transition criteria 
value 8 in the indentation regions. That is to say, 
strong nonlinear interaction, or even laminar-
turbulent transition, occurs there. We realise that 
the transition onset and transition region 
predicted by the transition criteria N -factor are 
correct. We also notice that transition onset for 
Case C is earlier than that for Case B, although 
in the indentation regions, the transition criteria 
N -factor value is reached for the both cases. 
The phenomenon is attributed to that larger TS 
modes amplitudes give rise to stronger 
nonlinear interaction and quicker breakdown of 
the flows.

4. Conclusion

In this paper, we studied influence of a three 
dimensional indentation on the instability of a 
boundary layer. The study was done by linear 
analysis and nonlinear calculations. We only 
consider interaction of planar TS waves with 
two different types of 3D indentations. For each 
type, we fix the maximum radial length scale λ 
in x-z planes and change depth scale h. The 
scale λ for each case is comparable with the TS 
wavelength: (a) λ/λTS = 2.38; (b) λ/λTS = 1.19. 
For the parameters we investigated, there are 
separation bubbles in the indentation regions for 
both 2D and 3D cases. 

As discussed in the paper, the variation of the 
depth h, topological shapes of 3D separation 
bubbles in the symmetric planes significantly 
changes compared with topological shapes of 
2D separation bubbles. For 2D cases, the upper 
interfaces of the bubbles are concave, but for 3D 
cases, they are nearly flat. In the symmetrical 
planes, 3D separation bubbles intend to occupy 
more area in the indentation when depth h 
increases. Further, the 3D separation bubbles 
develop protrusions at the bubble tips which 
grow toward main stream. These differences are 
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attributed to 3D effect of the flows in the 
indentation regions, which result in that 
destabilisation impact of 3D separation bubbles 
in symmetric planes on the TS wave is 
significantly different from that of 2D 
separation bubbles. Further, we considered 
influence of varying maximum radial scale λ on 
base flows and planar TS waves. As observed 
from the figures, occurrences of separation 
bubble protrusions are common for 3D cases. In 
linear regime, from the contours of growth rate 
in x-z planes, we observed protrusions 
considerably amplify the TS wave. 

    Finally, we need to point out the transition 
prediction criteria, which is significantly 
influenced by indentation parameters, to some 
extent, can be used for deep indentation where 
the transition criteria N-factor value can be 
reached and strongly nonlinear interaction is 
dominated by growing TS modes. For shallow 
indentation, if the criteria N-factor value cannot 
be reached in the indentation region, the 
prediction strategy failed because 3D nonlinear 
interaction induced by indention modulation 
dominantly prompts transition onset. This 
provides a way to improve the transition 
prediction criteria.
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