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Abstract

A three-dimensional curve fitting method is
proposed for approximation of a trajectory
obtained as the result of numerical optimization.
The proposed algorithm selects the waypoints
among the given three-dimensional trajectory
data points, and the trajectory data points are
fitted to a three-dimensional polynomial curvein
the weighted least squares sense. Generated path
can be utilized for unmanned aerial vehicle path-
following. Numerical simulation is performed to
demonstrate the performance of the proposed
curve fitting scheme.

1 Introduction

A lot of methods have been developed for path
planning to handle various considerations arisein
the path planning problem. In some problems,
optimality with respect to a given measure,
dynamic feasibility of the planned path, and
compliance with given constraints should be
considered. For example, flight path planning for
an unpowered UAV (Unmanned Aeria Vehicle)
with constraints on terminal speed and flight path
angle is one of the optimal path planning
problems. To solve this problem, trajectory
optimization using direct methods such as direct
collocation or pseudospectral method can be
used to provide a proper path.

The result of trajectory optimization is
usually given by a table of data points. That is,
the resultant optimal tragjectory isnot given in the
form of a closed-form function. If the optimal
trajectory and the corresponding optimal control
input histories are saved as a time-indexed data
tables, a large memory space is required. In
addition, if the tragjectory is given in the form of
data points rather than in the form of a function,

then it is difficult to apply a guidance law for
UAV path-following instead of tragectory
tracking,.

A curve fitting method can serve as a
solution to deal with this issue. Curve fitting
refers to obtaining a functional formula that
approximates given data points and reflects their
tendency. Curve fitting can be classified into
regression and interpolation. The objective of
regression is to obtain a curve that fits with data
points but not necessarily pass through all of
them. This can be done by reducing an
approximation error. On the other hand,
interpolation is to obtain a curve that passes
through all data points. The derivatives at the
data points can serve as additional boundary
constraints in the interpolation to connect the
data points with continuity.

For the purpose of reducing the size of
stored trajectory data while approximating them,
regression method is considered in this study. It
IS expected that connecting only some
representative data points (the waypoints) will
lower the discrepancy between the origina
trajectory and the approximated path. Also, by
satisfying the derivative boundary conditions at
the chosen waypoints, smoothness properties of
the original trgjectory data can be preserved and
the continuity of entire path up to certain degree
can be guaranteed.

In this study, a constrained weighted least
squares polynomia curve fitting method is
proposed as an dternative to using entire
trajectory data points. The proposed method
takes a multi-step approach. First, some
representative data points are chosen as
waypoints. The trgjectory is then divided into
severa intervals. Each interval is approximated
by a polynomial curve which is similar to the
trajectory data points in the interval. The curve
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fitting method developed in this study stands on
the basis of polynomial interpolation method [1].
However, unlike in [1] where the waypoints are
only considered for interpolation, the proposed
method takes the trgjectory data points between
the waypoints into account to approximate them.

This paper is organized as follows. A curve
fitting problem is formulated in Section 2, and a
weighted least squares polynomial curve fitting
method is proposed in Section 3. The
performance of the proposed method is
demonstrated by numerical simulation in Section
4. Finally, concluding remarks are summarized
in Section 5.

2 Problem Formulation

Let us consider atable of trgectory data obtained
by trajectory optimization. The objective of this
study is to approximate the data with a three-
dimensional curve. Figure 1 shows the situation
considered in this study.

Figure 1 Curve fitting problem geometry and notation

InFig. 1, WP isthe i -thwaypoint, and r,,,

isits position vector. Suppose that total number
of the trgjectory data pointsis M , and N out of
M data points are chosen as waypoints. WP,

and WB, are the initial and fina point,
respectively. Let p, () be the curve given by a
function of | for the i -th interval between WP
and WP

i+1 "

of the straight line between WP and WP, ,, and

L éHrwm — WPH denotes the length
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i, jl , k, are unit vectorsin the X, y, z axes
of inertial coordinate system {1}, respectively.
’i’wpi and K, are the unit tangent vector and
curvature vector at WP, respectively.

Let us denote r, asthe position of the k -th
point in the total trajectory dataset, where n is

the number of data points in the i -th interval
except WP and WR,,. In Fig. 1, p', denotes the

position of the j -th data point among the n

trajectory data points in the i -th interval. The
number of data points between WF, and WP,

whichisdenoted by o, , can bewritten asfollows.

1 ifi=1
L= i-1 1
o+ ) (n+1) ifi=2---,N @
1=1
Then, we have,
I, ifj=0
r={ @
P 'fJ—l"',ﬂ
N-1
M=N+>n (3)
i=1

The curve fitting problem can be stated as
follows;, “For each interval between adjacent

waypoints, find p, () which approximates the
given tragjectory data points pij by regression,
while satisfying the given waypoint boundary
conditions such as 1, , TWR , and/or K, at the
sametime.”

3 Constrained Weighted Least Squares Curve
Fitting

3.1 Selection of Waypoints

The similarity between the origina tragectory
dataand thefitted curve depends on the choice of
waypoints. Therefore, the number and position of
waypoints should be carefully selected.

In this study, the data points with maximum/
minimum coordinates in each axis of the inertial
coordinate system are chosen as the waypoints.
Theinitial and final points are also chosen. Then,
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the list of waypointsis sorted in the order of time
sequence. If the distance between the
neighboring waypointsis larger than athreshold,
then apoint in the middle of them can be selected
as an additional waypoint.

3.2 Local Path Coordinate System

The loca path frame is utilized to simplify the
problem [1]. Figure 2 shows the definition of the

local coordinatesystem {S} forthe i -thinterval.

is

k, (D)

Figure 2 Local Path Coordinate System

AsshowninFig. 2, thelocal path coordinate
system {S] is defined as the Cartesian
coordinate system with its origin at WP and its
basis vectors given by the following unit vectors.

~ ) =
lS — _WRy4 WR (4)
Hrwml Lo
-~ Kk xi
js = (5)
S
ke =ig XJg (6)

The rotation matrix describing coordinate
transformation from the inertial coordinate

system {1} to the local path coordinate system
{S} isgiven by

UAYV PATH-FOLLOWING
ig i, dgcd gk,
ke J, kg Kk

3.3 Structure of the Fitted Curve

An arbitrary point can be projected on a specific
straight line in three-dimensiona space, and the
distance between a point and the straight line can
be easily obtained. In this regard, it is useful to
define a curve fitting error with respect to the
straight line between WP and WP

i+l

Let us consider the straight line between
adjacent waypoints WP and WR_, . By the
definition of thelocal path coordinate system, the
straight line is parallel to fs . The fs -axis
coordinate of a point is the distance between the
projection of the point on the straight line and
WP . The js -axis and 123 -axis coordinates of
the point are the distances from the straight line
to the point in each axis. The structure for the
fitted curve in the i -th interval can be designed

in the local path coordinate system {S} as
follows

@ 0)=[%0|=[¢ 0] ©
z(0] e, (1)

where ¢, _[ 9 c,, ]T and

c, é[c‘ZO -G ]T ae the  constant

coefficients, and f,(1)=[1 | I“T is the

polynomia basis function vector. In Eq. (8),
yi (1) and Z (1) arethe n-th order polynomials
for js and 123 -axes components of the curve in
the i -th interval. The right superscript notation
()} meansthat q, (1) is represented in the local

path coordinate system {S].

The trgectory data points are usualy
represented in theinertial coordinate system, and
therefore it is convenient to represent the curve
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in the same coordinate system. The curve for the
i -th interval can be written as follows

piI (l):r\/lvp,"'RmsqiS (I_lio) 9)
where g7 (1) is given in Eq. (8), and |, is the
value of parameter | at the initial point of the i -
th interval. By designing the is -axis component
of the curve q;* (1) to be I, without any scaling,
the curve given by Eq. (8) is parameterized to
take the Euclidean distance along the is -axis as

the parameter | of the curve. Therefore, it is
obvious that

0 ifi=1
| =& . 10
oL ifi=2N-1 (10)
j=1
3.4 Differential Geometric = Waypoint

Boundary Conditions

Position, unit tangent vector, and curvature
vector at the waypoints can be used as the
boundary conditions to determine the
coefficients of the polynomial curves[1].

For convenience, let us write the first and

second derivatives of f, (1) as

df(“j—l(') AL (1) (12)
Tolepro)  ar

where
A, 2 {diag(](flz---,n) Oij (13)

>

0 0
B,2| .. Clas
diag(2-13-2,---,n-(n-1)) 0.,

For the curve from WE, to WR,, which is

obtained from the final result of curve fitting to
have the m-th order geometric continuity (G™
continuity), the continuity of m+1 geometric
quantities at each waypoint is required as the
boundary conditions. To guarantee G
continuity of the path, the continuity of position
and unit tangent vector at the waypoint should be
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satisfied. Moreover, to guarantee up to G°
continuity of the path, the continuity of curvature
vector at the waypoint should be additionally
considered.

3.4.1 Position Boundary Condition

The position boundary condition requires the
position of WP and WP, to be equal to that of
the initial and final point of p; (1), respectively.
The position boundary condition at WP can be
written as follows.

P (lio):r\ll\/F; (15)
By substituting Eg. (8) into Eg. (9) and

consdering Eqg. (15), the following two
equations can be obtained.

¢, 'f,(0)=0 (16)

¢, 't (0)=0 (17)

In a smilar way, the following two
equations can be obtained from the position

boundary condition at WP, ;.
¢, 'f (L)=0 (18)
¢, 't (L)=0 (19)
3.4.2 Unit Tangent Vector Boundary
Condition

The unit tangent vector boundary condition
requires the unit tangent vector at WP and WP,

to be equal to that at the initial and final point of
p; (1), respectively. The unit tangent vector
boundary condition at WP can be written as
follows.

dp! (1)
T _ d _ 7l
Tpi (lio)_ dpi' (|) _TVVP. (20)
d

I=ly

where TM',R can be obtained using the velocity

f | UL
rom trgjectory data as Ty, _m . By
WR
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substituting Eq. (11) into the first derivative of
Eq. (9), representing in the local path coordinate

system {S} by coordinate transformation, and
considering Eq. (20),
equations can be obtained.

the following two

S e
¢ TAf (0)= o2 21
Yn nn( ) T\/\S/Fg'el ( )
| i e,
¢, TAf, (0) = (22)
T\/\S/P‘el

iIs the unit vector with its i -th
s Tom
the unit tangent vector at WP repreﬁented in
{S} . It is assumed in Egs. (21)-(22) that
"I“V\S,R-el;to.

In a smilar way, the following two

equations can be obtained from the unit tangent
vector boundary condition at WP

i+1°"

where e,

component given by 1, and T\AS)R =R

. TS e

¢ TAnfn )= MR 2 (23)

S Y

AL (L) =t oy
TV\S/P €

3.4.3 Curvature Vector Boundary Condition

The curvature vector boundary condition

requiresthe curvature vector at WP and WR_, to

be equal to that at the initial and final point of

p, (I) , respectively. The curvature vector

boundary condition at WP can be written as
follows.

dp; (I d’p; (1) _dp; (!

! %{ n (), o )}

dp! (1)

di

=Ky (25)

1=k,

With the unit tangent vector boundary condition
given by Eq. (20), Eq. (25) is equivalent to the
following equation
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d’p; (1)
g )
' () K Tog

dl

|=|i0
where kL isaconstant that should be determined.

By substituting Eg. (12) into the second
derivative of Eq. (9), representing in the local

path coordinate system {S} by coordinate
transformation, and considering Eq. (26), k;, can
be determined as

k, =-
Note that Eq. (27) is true because the second
derivative of the i -axis component of g7 (1) is

zero. From Egs. (21)-(22) and H’i‘\AS;P H =1, wehave

o (V| (1 Y
I=l; ) [’i‘\jﬁ .elJ (28)

d
By rewriting Eqg. (26) with Egs. (27)-(28), the
following two equations can be obtained.
¢, 'B,f (0)=

2
1 S K\?/e'%“s (29)
~3 K I—S—Twpl ‘e,
TWF:-e1 T €

¢, 'B,f, (0)=

2
s . 30
TS WR 1§ WR | 73
TWR ‘e TWR ‘e

In a smilar way, the following two
equations can be obtained from the curvature
vector boundary condition at WP

i+1"
ciynTann (L)=

2
1 s Kb, e (31)
S K\NF?H. R S T\NHH ' e2
T |+l ’ el T\NRH. ’ el

KS

(27)
we "€




3.4.4 Alternative Curvature Vector Boundary
Condition

Guaranteeing the continuity of geometric
guantities does not necessarily require setting the
quantities at waypoints by certain specified
values. In this study, it isfavorable to specify the
position and unit tangent vector at each waypoint
by the trajectory data.

Unlike the position and unit tangent vector
boundary conditions, however, specifying the
curvature vector at each waypoint by the value
from trgjectory data can be stringent and
impractical. This is because the order of
polynomial is increased if higher degree of
continuity is required. Higher order polynomial
can be more fluctuant than that of lower order.
Therefore, if it is not necessary to have a curve
with specific curvature vector at each waypoint,
and the continuity of curvature vector is
important, then a backward propagating method
can be utilized.

The backward propagating method isto find
the polynomial coefficients of each interval from

the last one, i.e, (N—1)-th interval, to the first
one. It isnot too restrictive to set the curvature at
the last waypoint WP, be zero. Since the
continuity of the second derivatives p, (1) is
sufficient for the continuity of curvature vector
K, (I) , the second derivative boundary
condition p,," (Iy_,, +Ly_)=0 can replace the
curvature vector boundary condition K, =0.
Polynomial coefficients for the (N-1) -th

interval can be found considering the following
five boundary conditions

pN—l(lN—lo =Tp,,

After obtaining the polynomial coefficient for the
(N-1) -th interval, p,, (I, ) can be
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evaluated. Using this result, the second
derivative condition for the next (N-2) -th

interval can be given by
pN—Z”(lN—ZO +LN—2):pN—l”(|N—1O) (34)
The polynomial coefficients for the (N—2)-th

interval can be determined similarly. The same
procedure can be repeated to obtain the
polynomia coefficients of all intervals while

guaranteeing G continuity.

3.5 Constrained Weighted Least Squares
Polynomial Fitting

Both the n -th order polynomias V. () and

z,(1) have n+1 coefficients. In this section, the

problem of determining the coefficients is
formulated as a kind of weighted least squares
problem with the equality constraints given by
the boundary conditions.

i Sareg i AT

Let us denote (p| —x, ) 2[ & ¥ (]
as the position of the trajectory data point pij in
thelocal path frame {S} . The point on the curve

q° (1), which has the same i -axis coordinate

S
with p',, can be easily obtained as q;* (¢} ). For
each of n trajectory data points pij in the i -th
interval, a corresponding point q;* (¢}) can be
defined, and the straight line distance between

p; and g (£}) can serve asameasure of curve

fitting error. Let us consider a performance index
defined by the weighted squared sum of the curve
fitting error

3 =ZW, o (¢)-0'5]
:yiTWiyi+ZiTWiZi

vi(@)-u ] [RE] | Tw

o I

vi(&)=o ) ()] ¥
2Fc, -y

(35)

where

(36)
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2(4)-aG
7z 2 :

2(6)-< [n(&)] el @

éFiciZn _gi
W' £diag(W),--,W, ) (38)
Note that y' and z' are the curve fitting error

components in the js and 123 axes of the local

path frame, respectively, and W' is a weighting
matrix. The performance index given by Eq. (35)
can be considered as the sum of an
approximation error between traectory data
points in the i -th interval and the fitted
polynomial curve.

If all weights are positive, i.e, W >0, V],
then W'>0 . Trajectory data points in the
middle of the interval are expected to have larger
approximation error than the points near the ends
of interval. Thus, putting greater weights on the
trajectory data points which have larger distance
from the straight line between WP and WP,
may provide better accuracy of curve fitting. In
this respect, the distance of p‘j from the straight

between WP and WR,, can be used as the

weighting factor, and it can be written as
. N2 i\2
W)+ e
To guarantee G' continuity of the curve,

Eqgs. (16), (18), (21), and (23) should be satisfied
with respect to ¢, , and Egs. (17), (19), (22), and

(24) should be satisfied with respect to ¢, . On

the other hand, to guarantee G* continuity of the
curve, Egs. (29) and (31) should be satisfied with

respect to ¢, , and Egs. (30) and (32) should be

satisfied with respect to c; . If the curvature

vector isnot required to be equal to the trgjectory
data, then the backward propagating method can
be used to guarantee G* continuity.

In any cases, the waypoint boundary
conditions constitute a set of linear equality
constraints about the coefficients. Suppose that
the number of boundary conditions given for
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WP and WR,, is m, in total. The boundary
conditions can be rewritten as follows

Cc, =¢g (40)

C'c, =h' (41)
where C' e R™™Y ciyn,cizn e R™  and
g' 'h'e R™ . Note that n+1>m should be
satisfied by the choice of n, for the existence of
solution. For example, if G' continuity of the
curve is required, the matrix C' and the vectors
g', h' inEgs. (40)-(41) can bewritten asfollows.

5,07 |
[, (L]
(AL 0T
(AL (L]
0 | 0
0 0

TV\S/P €3

TV\S,P ‘e

(42)

. T\/\Sﬁ'ez .
&= T\,\S,R-el =

A

(43)

S TS
we,, €2 T\/\/PI+l €3

1+1

’i‘V\S/RH ’ el
Finally, the curvefitting problem becomesa
problem of weighted least squares optimization
with linear equality constraints. Thisproblem can
be written as the following Quadratic

Programming (QP) problem.
minimize J, =(F'c|, —y' )T W (F'e, —y')
+(Fe, —¢') W (F'e, -¢') ”
subjectto C'c|, =g
C'c, =h'

T\A‘Q,*P €

1+1

Since ¢, and ¢, are independent from each

other, the QP problem of Eq. (44) isequivaent to

the following QP problems for each coefficient

Vector.

(1) minimize J) =c¢, "F"W'F'c,,
_ZwiTWiFiciyn +\I’iTWi\IIi (45)

subjectto C'c|, =g



(2) minimize J7 =¢, "F"W'F'c,
—20"W'F'c, +("W'L (46)
subjectto C'c, =h'

The solution for the linear equality
constrained QP problem can be easily obtained
using the well-developed methods [2]. In this
paper, only the result is described. The optimal

coefficients can be found by solving the
following equations.

|:FiTWiFi CiTi||:c'ynj“:|:|:FiTwiwi:| n
C 0 || r, g

y

iTywin i i iTywisi
F Wi ¢ }{%}{F WC} (48)
C 0 || h'
If the matrix in the LHS of Egs. (47) and (48) is
invertible, then Egs. (47)-(48) can be solved

directly.

4 Numerical Simulation

4.1 Simulation Setup

The performance of the proposed three-
dimensional polynomial curve fitting scheme is
demonstrated by a numerical example. A table of
M =101 trgjectory data points was given by
trajectory optimization using GPOPS-11 [3], and
N =6 pointsare selected as the waypoints by the
method explained in Section 3.1. G* continuity
of the curve is considered as the constraint, and
the curve fitting is performed with polynomials
of order n=4.

4.2 Simulation Results

Figures 3-9 show the result of approximate
trgectory fitting. Figure 3 shows the result
depicted in three dimensions. Figures 4 and 5
show the result projected on the x—y plane

(horizontal plane) and the X—z plane (vertical
plane), respectively. In Figs. 3-9, the solid blue
lineisthegiventrajectory data, thered circlesare
the waypoints, and the solid red line is the fitted
curve.
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0 200
400600 gop 1009 1200
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Figure 3 Curve fitting result: 3-D picture

5000 [~

4000 |-

| | | | | |
-2000 -1000 0 1000 2000 3000 4000
x (East) [m]

Figure 4 Curve fitting result: 2-D picture in horizontal
plane

I I I L I I L
-400 -200 0 200 400 600 800 1000 1200 1400
x (East) [m]

Figure 5 Curve fitting result: 2-D picture in vertical
plane
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Figures 6-9 show some parts of theresult in detail.

In this particular simulation case, the error
between the given trgectory and the fitted
function is small enough.

3491.8

Prescribed Path
Interpolated Path
O WP

34914 B

34916 [

3491.2 a

3491 1

3490.8 [ 4

y (North) [m]

3490.6 - 1

34904 1

3490.2 - 1

3490 1

-15 -14.5 -14 -13.5 -13
x (East) [m]

Figure 6 Curve fitting result: detailed view — 1
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2910 4

-1135 -113 -1125 -112 -1115 -111 -1105 -110 -109.5
x (East) [m]

Figure 7 Curve fitting result: detailed view - 2
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x (East) [m]

Figure 8 Curve fitting result: detailed view - 3
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4015
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Interpolated Path
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49135 -

y

4913

49125

. . . . . . \
750.5 751 751.5 752 752.5 753 753.5
x (East) [m]

Figure 9 Curve fitting result: detailed view - 4

5 Conclusion

A constrained weighted least squares polynomial
curve fitting method was proposed for
approximation of a given three-dimensional
trajectory. The given datais divided into several
intervals separated at some waypoints. The data
points in each interval are fitted to a polynomial
curve. The waypoint boundary conditions to
guarantee the continuity of geometric quantities
over entire path are considered as linear equality
constraints. The generated curve can be utilized
for the path-following guidance of the unmanned
aerial vehicle.
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