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Abstract

Aerodynamic optimization requires the use of adequate methodologies to describe the geometry and its al-
terations. In order to achieve this goal, a CAD program can be used, but the automation, performance and
implementation make this approach unfeasible for industrial applications. Currently, one of the most employed
geometry parameterization methods is known as free-form deformation or FFD. This methodology is a simple
way to describe the geometry and its deformation. The parameterization process can be achieved by creating
a box that involves the geometry followed by a matrix-vector multiplication. One issue is the need to create
one box for each geometry, which can be a challenging task for complex geometries. In the present study,
in order to accomplish this task, we show an automatic FFD algorithm to parameterize the geometry and the
matrix-vector multiplication processes used to alter the shape. Therefore, we create an user-friendly FFD pro-
cess. We show results for two and three dimensional problems for different aerodynamic parameters such as
dihedral, span, sweep, twist and wing shape. Moreover, the outcomes here presented can help engineers in-
terested in understanding how the FFD method can be employed in an aerodynamic shape optimization study.
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1. Introduction
Due to recent improvements in computational components and efficient algorithms, engineers are
able to study more complex problems through computational fluid mechanics. Currently, there are
several optimization studies of airliner wings and wing-body configurations with high-fidelity models,
such as the Reynolds-Averaged Navier-Stokes equations [1, 2, 3]. Besides that, there are efforts
intended at solving aerostructural optimization problems of three dimensional wings [4]. The adjoint
method is one approach that makes it possible to find solutions of such complex optimization prob-
lems in an efficient manner. The computational time required for calculating derivatives, evaluated
by finite differences and complex-step method, is proportional to the number of design variables.
Therefore, those methods are very expensive to be applied to complex or real problems. On the
other hand, the computational time to compute derivatives by the adjoint method is proportional to
the number of variables of interest. As a result, this approach is more efficient than finite differences
and complex-step methods.
An aerodynamic optimization process sometimes employs different computational tools, one of these
tools is used to describe the geometry and its alterations. According to Ref. [5], a successful ge-
ometric parameterization process has to be automated, it has to be capable to provide geometric
alterations and it has to supply derivatives. Besides that, it is necessary to do all the tasks mentioned
before in an efficient way, i.e., with a compact number of design variables.
One of the geometric parameterizations that fulfills the requirements of Ref. [5] is the free-form de-
formation method, sometimes referred as FFD. Initially proposed to deform objects in the context
of soft animation [6], free-form Deformation employed as a geometric parameterization has many
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advantages such as local and global shape control, easy derivative computation and a compact set
of design variables, even for complex geometries such as wings and wing-body configurations [7].
Moreover, the alterations of the geometry are very intuitive and easy to implement. In the field of
aerodynamic optimization, one of the first studies to use FFD as geometric parameterization was
presented in Ref. [8]. Nowadays, there are different computational fluid dynamics programs that use
free-form deformation [9, 10, 7]. One interesting approach is the axial-FFD deformation shown in
Ref. [10]. In this method some wing parameters are changed by altering the control points of the
box, as stated before, but other wing geometry features, such as span, sweep and dihedral, are
changed by the axial deformation and other features, twist, chord and sectional shape, are modified
by a sequence of transformation matrices [10].
For the present study, one of the objectives is to create a geometric parameterization capable of
adequately modifying with many wing aerodynamic parameters. In other words, the goal of the
present paper is to present a FFD capable to modify the wing geometry. Moreover, the authors aim
to study the most important geometric features of an airplane wing, i.e., airfoil shape, taper ratio,
aspect ratio, twist, dihedral and sweep angle. Hence, we would be perform a study of the influence
of all these parameters on the wing aerodynamics. Another goal of the present work is to automate
the process of free-form deformation. Compared with other programs, SU2 [9] and pyGEO from the
MACH-Framework [7], the user inputs will be reduced and will be ease to perform the geometric
parameterization. In the proposed FFD method, the user does not have to provide the coordinates of
the FFD, because the box is automatically created.

2. Free-Form Deformation Algorithm
The principle behind the free-form deformation algorithm is simple. It works like a jello with an object
inside it. If you change the jello the object inside will suffer a similar modification [11]. The steps of a
general free-form deformation algorithm are illustrated in Fig. 1. The first step is to create the volume
that involves the geometry. The exterior object can be described by any trivariate tensor product, such
as, Bernstein, B-Splines or NURBS [7, 6]. The second step is to embed the geometry of interest,
in other words, one has to perform a mapping process between the Cartesian coordinates of the
geometry and the parametric coordinates of the volume. The mapping can be described as a search
problem. Therefore, this process can be done by a Newton search algorithm. The third operation is
to move the volume control points in order to achieve the desired modifications. In the present work,
many of the wing alterations are made through matrix-vector multiplications. References [12, 13]
present different formulations of transformations that can be used. Other changes are made by
simply adding values in the coordinates of the FFD control points. In the next sections we explain the
details of the FFD algorithm and how we can perform the alterations in the geometry of interest.

Init

End

Create the volume ('lattice')

Embed the geometry

Modify the geometry

Figure 1 – Steps of a Free-Form Deformation program.
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3. Automatic Free-Form Deformation
3.1 Overall Optimization Process
In many FFD approaches, the user has to provide the coordinates of the FFD box or a file with
the coordinates [9, 7]. The algorithm, that will be described herein, only requires the mesh file with
boundary conditions correctly identified, the number of control points of the box, which plane the wing
section leans on and the wing parameters to be altered. Besides, the algorithm can be employed to
different geometries without any code modification. Therefore, in view of these aspects, we consider
our approach automatic and user-friendly.
In the proposed approach, the FFD box can be created as a preprocessing step to the optimization
workflow, or in the geometry parameterization, as illustrated in Fig. 2. The second approach does
not significantly affect the computational time, because this process is done just once. Actually, you
can perform one optimization and get the information about the FFD to perform other optimization
studies for the same geometry. One can also create the FFD box as a preprocessing step before the
entire aerodynamic optimization flow.

Pre-Processing

Optimizer

Geometry 
Parameterization

Volume Mesh 
Deformation

Flow Solvers

Derivatives
Computation

Mesh File

Mesh File

Figure 2 – Flowchart illustrating the aerodynamic optimization process.

3.2 Create the Box
The first step of any FFD algorithm is to create a volume or “lattice” around the geometry that the
user wants to change. There are no requirements for the FFD box, besides to encompass the entire
zone that you want to change. However, there are good practices, such as, one should create the
“lattice” points not so far from the geometry. There are several possibilities to create a box around of
the geometry. It would be interesting if we can create an algorithm that can be used to any type of
geometry. However, herein we focus in the development of a general FFD approach to describe any
typical airliner wing.
The first step is to compute the control points used to describe the FFD box. To illustrate how the
FFD box is created, consider a wing with streamwise sections that lie on the “XZ” plane, the user
inputs n, m and l control points in the x, y, and z-direction. The algorithm used to compute the box
control points is formed by the following steps:

1. Distribute the m points along the wing span, near to the leading and trailing edges.

2. Divide the wing into m sections.

3. Collect all the trailing edge points of all m sections created in the previous step. These points
will be used as reference points to alter the geometry.

4. Compute the points between leading edge and trailing edge for each section created on step 2.

Once we have determined the box control points, we can describe the FFD volume using B-Splines
by

V (u,v,w) =
n

∑
i=0

m

∑
j=0

l

∑
k=0

Ni,p (u)N j,q (v)Nk,r (w)Pi, j,k, (1)
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as stated before, n, m and l are the control points in the x, y, and z-directions, respectively. The Ni,p,
N j,q, Nk,r are the basis functions and Pi, j,k are the control points of the FFD volume. The variables p,
q, and r are the polynomial degrees of the basis functions. The B-Spline basis functions are joined
by strictly increasing vectors, known as knot vectors, such that the continuity of the curves is ensured
at each knot boundary [7]. For the present study, the knot vectors are defined as

U = {0, . . . ,0︸ ︷︷ ︸
p+1

,up+1, . . . ,un,1, . . . ,1︸ ︷︷ ︸
p+1

}

V = {0, . . . ,0︸ ︷︷ ︸
q+1

,vq+1, . . . ,vm,1, . . . ,1︸ ︷︷ ︸
q+1

}

W = {0, . . . ,0︸ ︷︷ ︸
r+1

,wr+1, . . . ,wo,1, . . . ,1︸ ︷︷ ︸
r+1

}.

(2)

3.3 Embed the Geometry
Once the FFD volume is described by a B-Spline, the next process is to embed the object inside the
volume. It is a mapping process between the parametric coordinates and the geometric coordinates
of the object that will be altered. This process can be done by numerical search methods [14].
Mathematically, we need to find the optimum solution of the following problem

Minimize ‖V (û, v̂, ŵ)−V̂‖
Subject to 0≤ û, v̂, ŵ≤ 1

(3)

When the insertion process is finished, the alterations of the FFD box will be mapped to the object
inside the volume.

3.4 Geometric Manipulation
Many alterations of interest here can made by linear transformations such as

x′ = ax+by

y′ = cx+dy,
(4)

or in matrix form ï
x′

y′

ò
=

ï
a b
c d

ò
︸ ︷︷ ︸

M

ï
x
y

ò
, (5)

where M is the transformation matrix. For example, to rotate a two dimensional object, we can use
the following rotation matrix:

Rθ =

ï
cosθ −sinθ

sinθ cosθ

ò
. (6)

However, transformations written in the linear form are not the best approach. If we need to combine
one transformation and translation of the object, the use of the linear form can be a difficult task [12].
To address this issue, we employed affine transformations, which can be defined as a composition
of a linear transformation and a translation. This approach allows us to combine different transfor-
mations and objects translations in an easy manner. However, to perform affine transformations, it
is necessary to write the vectors in homogeneous notation. Where a three-dimensional vector is
represented as v = (vx,vy,vz,0)

T and a point become v = (vx,vy,vz,1)
T . Therefore, we can translate a

geometry using point coordinates and Eq. (6) becomes the following 3×3 matrix

Rθ =

cosθ −sinθ 0
sinθ cosθ 0

0 0 1

 . (7)

In the next subsections, we detail how the alterations in the geometry are made. Moreover the
mathematical expressions used to perform the changes in the geometries are presented.
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3.5 Twist
The wing twist is a rotation in relation to an axis. In our case, we rotate the wing around an axis
that passes through the trailing edge. In an airliner wing, cannot be described simply in Cartesian
coordinates and, consequently, we can not simply use a rotation matrix as in Eq. (7). The solution to
alter the wing twist is to use three matrices, one to translate the FFD box to the reference axis, another
to rotate around the axis and one to translate the “lattice” back to its position. The mathematical
expression that alters the wing twist is given by

X = T(p)Rx (θ)T(−p) , (8)

where the T(−p) is the matrix used to translate the geometry to one of the Cartesian axis, T(p) is the
matrix used to translate back to the original position and Rx (θ) is the matrix used to rotate θ degrees
around the x-axis. The translation matrix is given by

T(p) = T(px, py, pz) =


1 0 0 px

0 1 0 py

0 0 1 pz

0 0 0 1

 , (9)

and the rotation matrix R(θ) is given by

Rx (θ) =


1 0 0 0
0 cosθ −sinθ 0
0 sinθ cosθ 0
0 0 0 1

 . (10)

The geometrical interpretation of Eq. (8) is given in Fig. 3. First, we translate the wing to the origin
axis, then we rotate the wing and finally we translate it back to the original position. Our computational
implementation does not change the wing root.

p

z

y p

z

y p

z

y

p

z

y

Figure 3 – Transformations used to change the wing twist.

3.6 Span
In order to modify the wing span, one can simply add values to the FFD box coordinates in the
spanwise direction or use a matrix operation to scale the FFD box. The last option was adopted,
because it is more efficient than the former procedure. The wing span is altered by the following
matrix

S (r) = S (rx,ry,rz)


rx 0 0 0
0 ry 0 0
0 0 rz 0
0 0 0 1

 . (11)

The vector r is formed by the scaling ratio in the x-direction, y-direction and in the z-direction, rx, ry

and rz, respectively. Figure 4 shows the wing before and after the alterations made in the FFD box.
The wing root is not altered.

3.7 Sweep and Dihedral
The dihedral and sweep angles are altered in a simple manner. In order to change the dihedral angle
we move the FFD box in the perpendicular direction of the wing planform. The sweep angle is alter
by moving the FFD control points in the chordwise. Both FFD box movements are made by a simple
summation in the coordinates of the FFD control points.
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y

x

Figure 4 – Example how the wing span is changed using the scale matrix. Dashed lines represent
the modified wing and the continuous line the original wing.

3.8 Wing Sections
The wing sections are easily altered by a FFD parameterization. Two set of control points are neces-
sary, namely, one for the upper surface and another for the lower surface. By moving these points, the
wing section is altered. For this study, we constrain the control points movements. These points can
be moved only in the normal direction to wing planform plane. In order to test our implementation, we
choose two geometries, one is a NACA0012 rectangular wing and the other geometry is the NASA
Common Research Model wing (CRM wing).

4. Results
4.1 Airfoils
The first test of the algorithm is a two-dimensional case. For this problem, we want to demonstrate
how the algorithm works. The idea is to start from a NACA0012 airfoil and to create a new airfoil
by changing the FFD surface control points. As mentioned in Section 2, it is necessary to create a
“lattice” that wraps the geometry. In this case we create a surface formed by 6 control points in the
chordwise direction (x−direction) and 5 control points in the other direction. However, we just need
to points the describe the upper and lower surfaces.

−0.1

−0.05

0

0.05

0.1

0 0.2 0.4 0.6 0.8 1

naca0012
Control Points

×××× ××× ×××× ××× ×××× ×××

××× ×××× ××× ×××× ××× ×××

×××× ××× ×××× ××× ×××× ×××

××× ×××× ××× ×××× ××× ×××

×××× ××× ×××× ××× ××× ×
×

Figure 5 – Original airfoil NACA0012 and the initial position of the control points.

The original geometry and the original surface control points are shown in Fig. 5. We modified the
original control points that wrap the geometry, and, then we obtain a new airfoil. For this case, we
change the control points in order to get the S1223 airfoil. The final geometry and the modified
surface control points are shown in Fig. 6.
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Figure 6 – Modified Airfoil and the final position of the control points.

4.2 Rectangular Wing with NACA0012 Airfoil
For the three-dimensional test, we want to show all the changes that the present algorithm is able
to perform. The first geometry that will be altered is a rectangular wing with a constant NACA0012
section. The wing planform lies on plane XZ, i.e., the chordwise direction is the x−direction and the
spanwise direction corresponds the z−direction. The box used to parameterize the geometry has
8 control points in the spanwise direction, 6 control points in the chordwise direction and 2 control
points in the direction perpendicular of the wing plane. In this section, we present results of twist,
span, dihedral, sweep and section alterations.
The first geometric parameter to be analyzed is the wing twist angle. All the results, regarding the
wing twist, considered the rotation axis at the wing trailing edge points. Negative angles of twist
refer to clockwise rotation (“wash in”). The FFD box has 8 sections, one for each control point in
the spanwise direction. In order to create a wash in or wash out in the wing, we rotate these FFD
sections.
Figure 7 shows a change in the twist angle in a linear manner. We added positive angles in each
FFD section. The angles that create the twist are 0.00, 6.43, 12.86, 19.29, 25.71, 32.14, 38.57 and
45.00 degrees. By default, the program does not change the root incidence angle. It is important to
state the reason to change the wing twist parameter. There is another way to change the wing twist.
It is by choosing a angle for each section of the FFD. In Fig. 8, the wing twist angles are different
for each section. Usually, the wing sections near at the wing root will be twisted down by a negative
value in order to control the wing stall. At the wing tip, an increase in the profile wing angle is the
usual process in order to compensate the loss on the wing lift due to the reduction in the angle of
attack at the wing root. Therefore, the program input can twist the wing sections at a positive value
and by a positive value. As said before, the FFD has 8 sections alongside the wing span. The twist
angles are 0, 10, 10, 12, 15, 15, 16, -22 degrees.
Figure 9 shows the modification in the wing span. The original wing is the black one and the modified
one is the red one. This is a simple modification by using a scaling transformation matrix [13]. Figure
10 shows the change in the wing dihedral angle. The wing in Fig. 10 lies on plane XZ. Hence, in
order to change the wing dihedral, it is necessary to move the FFD control points in the y−direction.
In other to do make alterations in the sweep angle we need to move the FFD box in the x−direction.
Figure 11 shows the volume before and after the alterations.
Figure 12 shows the alterations in all the wing sections. In this case, all the FFD sections are changed
in the same manner. The program can also perform different alterations in each section. Figure 13
shows a remodeling in each wing section of the FFD. The FFD control point coordinates were moved
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Figure 7 – Wing with a linear twist.

Figure 8 – Wing with different twist angles.

in a range between -0.015 and 0.015 from their original position and this movement is restrained in
the y−direction.

4.3 NASA Common Research Model Wing
The NASA Common Research Model (NASA CRM) is a wing-body geometry used in many Compu-
tational Fluid Dynamics applications. In the present study, through the NASA CRM wing, the authors
evaluate the FFD implementation as a tool to modify an airliner wing. The wing geometry of the
NASA CRM model is shown in Fig. 14
The first test case that is shown here concerns an alteration in the geometry by means of a modifi-
cation in the twist angle. The authors have chosen different angles of twist in order to demonstrate
how the wing can be modified in order to evaluate the process of alteration. Figure 15 presents the
results when the CRM wing tip was twisted by a angle of 15 degrees. This is not a usual wing twist
parameter value, but the authors state that the program can twist the wing geometry at any value,

8
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Figure 9 – Change in the wing span. Original wing in black and modified wing in red.

Figure 10 – Changes in the wing dihedral angle.

Figure 11 – Example of change in the sweep angle.

Figure 12 – Alterations in the wing section and in the FFD.
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Figure 13 – Alterations in the section made in a random manner.

Figure 14 – NASA CRM wing used to evaluate the FFD implementation.

besides we choose value which the change in the twist angle is noticeable.
Another test concerns alterations on the wing span. In the present case, the wing span is increase in
10% with regard to its original length. The wings, before and after the span alterations, are shown in
Fig. 16. The alteration in the wing span as stated in Section 3.6is made by a scaling process, but only

10
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Figure 15 – Twist applied to the CRM wing. The wing in black indicates the original geometry and
the red one is the modified wing.

in the spanwise direction. By scaling only the wing span, the wing aspect ratio is easily computed
in relation to its original value, once, the mean wing chord aerodynamic is constant. This aspect is
important because we can measure impact of the wing aspect ratio in the geometry aerodynamics
with great accuracy. The last wing parameter modified in the present study is the wing dihedral. As
stated before, the modification in the dihedral angle are made by simply adding or subtracting a value
in the FFD coordinates. The dihedral angle can be positive and negative. Usually, a positive dihedral
angle improves the lateral stability of the an airplane and a negative one is not common, but in certain
cases they are employed to get a better airplane maneuverability. The present FFD implementation
can address both situations. The alterations in this wing parameter are shown in Fig. 17.

5. Concluding Remarks
In many FFD programs it is necessary that the user creates the box manually, i.e., provides the FFD
box coordinates as program input. Herein, a simple FFD algorithm is shown that can parameterize
and alter the geometry without FFD coordinates. The program only requires the number of control
points and which design variables the user want to alter. Even though, creating could cause some
problems influences the process of optimization or alteration of wing geometry, leading to undesirable
results. Therefore, this process can facilitate the engineer or researcher job, once the user does not
need to control many parameters. Moreover, if one needs to study different geometries this process
will save time, once there is no need to create one FFD box for each geometry. This is a task that
was wrap inside the FFD box.
The results herein demonstrate the capabilities of the present FFD geometry parameterization. Re-
garding an airliner wing, the program can alter and control the main features that influences the
aerodynamics wing. Therefore, the FFD algorithm can deal with complex problem optimizations,
where many wing parameters are considered.
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Figure 16 – Modification in the wing span. The wing in black indicates the original geometry and the
red one is the modified wing.

Figure 17 – Dihedral of the CRM wing. The wing in black indicates the original geometry and the red
one is the modified wing with positive angle and the blue one is with the negative one.
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