
DESIGN OF STABILITY AUGMENTATION SYSTEMS FOR A FLEXIBLE
AIRCRAFT USING LQ OUTPUT-FEEDBACK CONTROL VIA LMI

Renan L. Pereira1, Pedro J. González2 & Flávio J. Silvestre3

1Instituto Tecnológico de Aeronáutica
2,3Technische Universität Berlin

Abstract

This paper presents novel linear quadratic (LQ) output-feedback synthesis conditions for stability augmentation
systems for flexible aircraft. The proposed conditions have been formulated using linear matrix inequalities
(LMIs) to provide two different approaches: centralized and decentralized LQ with output-feedback framework.
The main highlights of the present design conditions are the ability to obtain static LQ controllers for stability
augmentation systems resorting only to weighting matrices as tuning parameters, as well as a straightforward
condition for uncertain systems. In addition, such existence conditions may be a useful strategy due to the low
complexity for practical controller implementations in flexible aircraft and demonstrators, such that improving
aircraft handling qualities should be achieved. In order to demonstrate the effectiveness of the proposed
strategies, a dynamic model of an unmanned remotely-piloted experimental airplane called X-HALE is adopted.
Linear simulations are performed and the main procedure steps to obtain a realistic stability augmentation
system are addressed.
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1. Introduction
Flexible aircraft have received significant attention from the aeronautical community in recent years
[1, 2]. One interesting feature of such aircraft are their high aspect ratio wings. They allow to increase
the aircraft aerodynamic efficiency and reduce fuel consumption. As a result, a novel trend of aircraft
with new lightweight structures and slender wings to reduce the aerodynamic drag has been designed
[3]. This trend is noticed in state-of-the-art aircraft such as Boeing 787, Airbus A350, as well as the
arising of high altitude long endurance (HALE) configurations. This unmanned aerial vehicles which
are capable of flights for considerable periods of time without resort to landing, providing a low-cost
alternative to surveillance purposes and low orbit satellites functions [4]. However, the operation and
control of this aircraft class have proven to be a great challenge [5, 6]. The increase in flexibility leads
to a coupling between the flight dynamics and the structural modes deteriorating the handling qualities
characteristics of the aircraft [7]. In this case, the flight control law design for improving handling
qualities has been one of the major problems since the guarantee of aeroservoelastic stability and
performance should be achieved [8, 3].
Taking into account that the stability augmentation systems (SAS) allow enhancing the oscillatory
dynamic stability of the aircraft in terms of a simple control loop, the search for static controllers
has been an essential issue in the SAS design. Among all potential approaches, the one termed
linear quadratic regulator with output-feedback proposed by [9] is undoubtedly a relevant technique
applied by aeronautical practitioners in many engineering problems. This stems from the fact that the
linear quadratic (LQ) output-feedback control gain found provides good robustness properties for the
closed-loop system. A classical way to compute the LQ output-feedback gain for linear time-invariant
(LTI) systems involves solving a Riccati equation in terms of an optimization routine given by Nelder
and Mead through a simplex algorithm [10]. However, the standard formulation of this technique does
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not cope with uncertain linear systems, as well as it is necessary to provide the state initial condition
to obtain feasible solutions, even knowing that for practical applications such assumption may be
unrealistic. In addition, an initial stabilizing gain should also be selected to ensure the convergence
of the algorithm. This assumption can be critical since flexible aircraft typically present high-order
models [11].
In order to solve these shortcomings, to the best of our knowledge, this paper provides novel LQ
output-feedback synthesis conditions, as well as a design procedure to obtain a SAS in a flexible
aircraft called X-HALE [4, 11]. The proposed conditions have been formulated using a set of lin-
ear matrix inequalities (LMIs) [12, 13] to provide centralized and decentralized LQ output-feedback
controllers through only the weighting matrices Q and R as tuning parameters. Herein the stability
augmentation system designs are performed considering the linearized model of the X-HALE flexible
aircraft around the straight and level flight condition with a given velocity and altitude. Moreover, two
stability augmentation systems are addressed through just one design: a roll damper with feedback
of roll rate to the aileron channel and a yaw damper with feedback of yaw rate to the asymmetric
thrust channel.
This paper is organized as follows. Section 2 presents the flexible aircraft used to evaluate the SAS
designs from the LQ output-feedback controllers obtained. Section 3 addresses the main contri-
butions of this paper, where novel LMIs-based conditions for the LQ problem with output-feedback
framework are derived. Section 4 illustrates the SAS design and results of the proposed method.
Section 5 presents our conclusions.
The following notation is used throughout the paper. Rn×m denotes the set of real n×m matrices.
M > 0 (or M < 0) means M is symmetric and positive (or negative) definite. Tr(.) is the trace of a
matrix and diag{. . . } is a diagonal matrix with the specified elements.

2. The X-HALE aircraft
The X-HALE aircraft is an unmanned remotely-piloted experimental airplane with very flexible wings
that was originally designed and built by the University of Michigan (UMich) [4] to evaluate nonlin-
ear aeroelastic phenomena and some control system designs [8, 3]. Since its conceptualization,
other two prototypes were built in cooperation with the Instituto Tecnológico de Aeronáutica (ITA) and
other funding agencies as FINEP (Financiadora de Estudos e Projetos) and EMBRAER (Empresa
Brasileira de Aeronáutica) [11]. The first one is the X-HALE with four-meter-span configuration, it
has a wing aspect ratio equal to 20 and is flexible, whereas the second airplane has six-meter-span
configuration with aspect ratio equal to 30 and it is very flexible. In both configurations the central tail
can be flipped in flight to either a horizontal or a vertical position to significantly modify the lateral-
directional stability of the aircraft, more details about these configurations can be seen in [8, 3, 11].
In this paper, only the X-HALE with four-meter-span configuration will be considered (Figure 1).

Figure 1 – X-HALE with four-meter-span configuration.
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2.1 Linear model description
The four-meter-span configuration X-HALE nonlinear model is based on the equations of motion de-
rived for dually-constrained axes [14, 15]. In this mathematical formulation, the origin of the structural
axes denoted by a material point without elastic displacement can be non-coincident with the origin of
the body axes employed in the equation of motions. In this case, equilibrium points can be calculated
leading to a model with all the structural degrees of freedom of the airplane. As a result, the mod-
eling of the nonlinear flight dynamics around equilibrium yields to a reduced set of inertia-relieved
constrained modes of vibration. Moreover, the aerodynamic model is given through the doublet-
lattice method [16], where rational function approximations are applied to achieve the representation
of aerodynamic loads possible in the time domain [17]. Hence, a significant number of aerodynamic
lag states arise to make the approximation sufficiently accurate.
For the control design proposed, linear-time-invariant realizations from the nonlinear model under
small disturbances around different equilibrium flight conditions can be obtained. In this case, the
linear model description for the X-HALE with four-meter-span configuration can be represented as

GXHALE :

{
ẋ(t) =A f ullx(t)+B f ullu f ull (t)

y(t) =C f ullx(t)+D f ullu f ull(t)
(1)

where A f ull ∈R219×219 is the state matrix, B f ull ∈R219×7 is the input matrix, C f ull ∈R114×219 is the output
matrix and D f ull ∈R114×7 is the direct transmission matrix. For this model the state vector is given by

x =
[

V α q θ h x β φ p r ψ y λ T
rb ηT η̇T λ T

η

]T
. (2)

It is important to mention that this linear model includes the kinematic equations in the inertial refer-
ence frame for all six rigid-body degrees of freedom: displacements in the x and y directions, altitude
h, and roll, pitch and yaw angles (φ , θ and ψ , respectively). Furthermore, the velocity V , the angle of
attack α, the sideslip angle β , as well as the angular rates p, q and r also have their corresponding
equations of motion. The modal amplitudes and their time derivatives are given by η and η̇ , respec-
tively. Modes of vibration with frequencies up to 25 Hz are retained in the model [8, 3]. Aerodynamic
lag states due to rigid-body and control-surface dynamics (λrb) and due to the aeroelastic dynamics
(λη ) are also incorporated.

Figure 2 – Actuators description of the X-HALE with four-meter-span configuration.

In this context, the 219 states of the full linear model is composed by 12 states for denoted by the rigid-
body motion + 63 states for the rigid-body plus control-surface aerodynamic lag + 32 for aeroelastic
states and + 112 states for aeroelastic aerodynamic lag. In addition, the X-HALE airplane has seven
uncorrelated actuators distributed along two elevons (δe(le f t) and δe(right)), two ailerons (δa(le f t) and
δa(right)) and three electric motors (δthrottle(le f t), δthrottle(central) and δthrottle(right)). As a result, the input
vector can be written as

u f ull =
[

δa(le f t) δe(le f t) δe(right) δa(right) δthrottle(le f t) δthrottle(central) δthrottle(right)
]T (3)

3



Design of stability augmentation systems for a flexible aircraft using LQ output-feedback control via LMI

and a diagram schematic for actuators description of the X-HALE with four-meter-span configuration
may be depicted in Figure 2.
Moreover, associated with each actuator, a linear dynamic can be incorporated into the full linear
model of the X-HALE to become the control design more effective. In this case, the control surfaces
may be represented by a transfer function of first-order with a time constant of 48 ms and a transport
delay of 60 ms, while the electric motor models may also be given by a transfer function of first-order
with a constant time of 150 ms and the same transport delay value [3].

3. LQ output-feedback control via LMIs
In this section, LMI-based conditions to obtain static controllers for the LQ problem with output-
feedback framework are derived. The synthesis conditions encompass the centralized control prob-
lem, as well as the decentralized approach. These conditions contain the main contributions of this
paper.
Consider a strictly proper LTI system described in state-space form as

Gyu :

{
ẋ(t) =Ax(t)+Bu(t)

y(t) =Cx(t)
(4)

where x(t)∈Rn, u(t)∈Rnu and y(t)∈Rny are, respectively, the state vector, control input and measured
output of the system. Herein the direct transmission term is supposed to be null, since many real-
world problems can be modeled by plants with such characteristics. Moreover, it is assumed that
(A,B,C) is stabilizable and detectable in order to ensure the sufficient conditions that allow to stabilize
the open-loop system by static output-feedback controllers [18].
As it is well-known in the control literature, the linear quadratic (LQ) problem can be defined by
minimization of the following performance index:

J (x(t) ,u(t)) =
1
2

∞∫
0

[
xT (t)Qx(t)+uT (t)Ru(t)

]
dt

s.t
ẋ(t) = Ax(t)+Bu(t)

(5)

where the weighting matrices Q ≥ 0 and R > 0 [19, 20]. However, different from the state-feedback
control approach widely presented in the literature, the present paper takes into account the output-
feedback control law given by

u(t) = Ky(t) ,K ∈ Rnu×ny , (6)

subject to LTI system denoted by (4). In this case, the LQ problem with output-feedback structure can
be rewritten as

J (x(t) ,u(t)) =
1
2

∞∫
0

xT (t)
[
Q+CT KT RKC

]
x(t)dt

s.t
ẋ(t) = (A+BKC)x(t)

(7)

As a consequence, the design problem consists in determining a static output-feedback controller K
such that the cost function J(.) is minimized. It is worth mentioning that the general static output-
feedback control problem still is an unsolved problem [21]. A comprehensive survey on static output-
feedback problem can be found in [22]. In other words, some assumptions must be considered to
obtain feasible design conditions. These assumptions will be clarified throughout this section.
Now applying the property of the trace operator Tr (·) given by ãT M b̃ = Tr

(
M b̃ãT

)
, with ã, b̃ ∈Rn and

M ∈ Rn×n, the quadratic performance index J(.) defined in (7) can be recast as

J (x(t) ,u(t)) =
1
2

∞∫
0

Tr
{[

Q+CT KT RKC
]

x(t)xT (t)
}

dt = Tr
{[

Q+CT KT RKC
]

P
}

(8)

where P= 1
2

∞∫
0

[
x(t)xT (t)

]
dt is a definite positive symmetric matrix [23, 24, 20]. Therefore, a necessary

and sufficient condition to ensure the stability of the closed-loop system for all evolution x(t) can be
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posed such that
(A+BKC)P+P(A+BKC)T + x0xT

0 < 0 (9)

where x0 denotes the initial condition of the open-loop system (4). In this sense, the LQ problem with
output-feedback can be now rewritten as

min
P,K

Tr (QP)+Tr
(
CT KT RKCP

)
s.t
(A+BKC)P+P(A+BKC)T + x0xT

0 < 0

(10)

It can be seen that the currently problem (10) is not an LMI optimization problem, due to nonconvex
terms, i.e. the unknown variables P and K are coupled. In order to solve this problem, additional
mathematical manipulations should be done. In this case, taking into account the cyclic property of
the trace operator in (10), we get

Tr
(
CT KT RKCP

)
= Tr

(
PCT KT RKC

)
= Tr

(
KCPCT KT R

)
(11)

and knowing that the trace operator is invariant to similarity transformations, one may multiply the
argument in (11) to the left by R1/2 and to the right by R−1/2 such that

Tr
(
KCPCT KT R

)
= Tr

(
R1/2KCPCT KT R1/2

)
. (12)

However, even doing such manipulations, the variables K and P still are coupled. Then using the
Schur complement [12, 13], we obtain

X −R1/2KCPCT KT R1/2 > 0 ⇔
[

X R1/2KC
CT KT R1/2 P−1

]
> 0 (13)

where X is an upper bound matrix for the Tr(.). Now, multiplying (13) by diag{I,P} on the left and its
transpose on the right, results in [

X R1/2KCP
PCT KT R1/2 P

]
> 0. (14)

It can be noticed that the variables K and P in condition (14) have the same arrange for stability
condition derived in (9). As a result, we can use the W -strategy proposed by [25] to provide sufficient
conditions for synthesis of static output-feedback controllers. Thus, the following theorem addresses
a useful solution for the LQ problem with output-feedback.

Theorem 1 Consider the LTI system described in (4) subject to cost function (8). For given weighting
matrices Q≥ 0 and R> 0 and initial condition x0. There exists a static output-feedback gain K =NM−1,
if there exist the matrices N ∈Rnu×ny , M ∈Rny×ny and symmetric matrices P > 0 ∈Rn×n and X ∈Rnu×nu

that solve the following LMI optimization problem:

min
P,N,M,X

Tr (QP)+Tr (X)

s.t[
X R1/2NC

CT NT R1/2 P

]
> 0, MC =CP,

AP+PAT +BNC+CT NT BT + x0xT
0 < 0

(15)

Proof 1 Taking into account that C is full row rank, then the change of variable MC =CP is guaranteed
because M is positive definite. Thus using an output-feedback gain K = NM−1, the conditions (9) and
(14) are recovered for the closed-loop system Acl = A+BKC. Hence, the proof is complete.

Remark 1 Notice that a reservation of the synthesis condition proposed is that C be full row rank.
However, such limitation may be overcome using an appropriate similarity transformation, please see
[26]. In addition, adopting C = In as full-information case, the state-feedback control condition derived
in [20] may be recovered, as well as the change of variable MC =CP becomes redundant. Finally,
the other reservation about the Theorem consists in the difficulty of satisfying the equality constraint
MC =CP since the output matrix may have elements that do not allow commutation.
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Remark 2 It can also be seen that a straightforward extension for uncertain systems can also be
obtained. In this case, a guaranteed cost controller with output-feedback is achieved.

Given Theorem 1, it is also possible to obtain a decentralized synthesis condition, in which will be
employed in this paper. It is well-known in aeronautical applications that such strategies can be
useful. The motivation stems from the fact that for some conditions, the aircraft longitudinal dynamics
can be treated as decoupled of the lateral dynamics, aiding the control design. In this sense, a
decentralized LQ output-feedback condition from Theorem 1 may be derived as follows.

Corollary 1 Consider the LTI system described in (4) subject to cost function (8). For given weighting
matrices Q ≥ 0 and R > 0 and initial condition x0. There exists a decentralized output-feedback gain
K = NM−1, if there exist the matrices N = diag{N1, ...,NN} ∈Rnu×ny , M = diag{M1, ...,MN} ∈Rny×ny and
symmetric matrices P > 0 ∈ Rn×n and X ∈ Rnu×nu that solve the following LMI optimization problem
(15).

Given the LMI-based conditions provided, two alternative stability augmentation system designs, cen-
tralized and decentralized, can be performed in the X-HALE aircraft. For each controller configuration,
a roll damper with feedback of roll rate to the aileron channel and a yaw damper with feedback of yaw
rate to the rudder channel will be provided using just one SAS design. The main procedure steps are
addressed in the next section.

4. Design procedure and results
This section addresses two stability augmentation system designs using LQ output-feedback con-
trollers. The first one consists in determining a centralized controller using the LMI-based conditions
provided in Theorem 1, while the second design deals with the synthesis of a decentralized output-
feedback controller denoted in Corollary 1. In order to evaluate such synthesis conditions, the same
weighting matrices and initial conditions are considered.

4.1 SAS design and model order reduction
The stability augmentation system designs are performed considering the linearized model of the
X-HALE flexible aircraft around the straight and level flight condition with velocity of 16 [m/s] and
altitude of 650 meters, as well as all aircraft actuators can be independently controlled. In this case,
it is adopted that the rolling motion is controlled by the ailerons δa(le f t) and δa(right) operating anti-
symmetrically (δa(le f t) = −δa(right)), whereas the yawing motion is controlled using differential throttle
of the external motors (δthrottle(right)−δthrottle(le f t)), yielding a rudder movement. As a result, the input
control vector can be denoted by

u(t) =
[

δa

δr

]
=

[
δa(right)

δthrottle(right)−δthrottle(le f t)

]
(16)

where the input signal u(t) ∈ R2×1. In this case, the input matrix used for the SAS designs can be
formulated as

BSAS =
[

B4 −B1 B7 −B5
]

(17)

and the direct transmission matrix as

DSAS =
[

D4 −D1 D7 −D5
]

(18)

where B j represents the j-th column of the full input matrix B f ull ∈ R219×7 and D j the j-th column of
D f ull ∈ R114×7. As a consequence, the linear state-space model employed in the SAS design can be
cast as

GSAS :

{
ẋ(t) =A f ullx(t)+BSASu(t)

y(t) =C f ullx(t)+DSASu(t)
(19)

It can be seen that two stability augmentation systems are addressed through just one design : a roll
damper with feedback of roll rate (p) to the aileron channel (δa) and a yaw damper with feedback of
yaw rate (r) to the rudder channel (δr). Moreover, it is worth mentioning that although the evaluation of

6



Design of stability augmentation systems for a flexible aircraft using LQ output-feedback control via LMI

the SAS designs is done by the full model (19), the LMI synthesis conditions derived in Theorem 1 and
Corollary 1 do not cope with high-order models. Thus a reduced X-HALE model to avoid numerical
issues should be pursued. In this case, the balanced truncation method is employed. The first step
to apply the balanced truncation method consists in evaluating the states contribution in terms of
the Hankel singular values. These contributions are characterized by the decomposing of GSAS into
stable and unstable modes. In Figure 3, both stable and unstable modes of the full model in (19) can
be interpreted from the eigenvalues of the controllability and observability gramians. From the stable

Figure 3 – Analysis of the stable and unstable modes using Hankel singular values.

and unstable modes analysis, the resulting reduced-order linear model comprises 8 rigid-body states
(with x, y, ψ, and h discarded), 8 aeroelastic states, totalizing 16 states. By using the comparison
between the maximum (σmax) and minimum (σmin) singular values obtained through both full-order
and reduced-order linear models, we can notice that the reduced-order model is close enough to the
full-order model (Figure 4). This stems from the fact that the truncation error can be calculated using

Figure 4 – Comparison between the maximum (σmax) and minimum (σmin) singular values of both
full-order and reduced-order linear models.

the tail of the Hankel singular values, in which can be defined as∥∥GSAS − ĜSAS
∥∥

∞
≤ 2(σr+1 +σr+2 + . . .σN) , (20)

where the reduced-order model is given by ĜSAS and the ∥.∥
∞

belongs to induced L∞ norm. Thus the
truncation error is bounded by ∥∥GSAS − ĜSAS

∥∥
∞
≤ 0.0038. (21)
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Following the SAS design procedure, it is important to mention that the control law for both roll damper
and yaw damper designs is built doing

u(t) = υ(t)+uSAS(t) (22)

where υ(t) corresponds to pilot inputs and uSAS(t) the input of the SAS. Hence, we can obtain the
appropriate formulation to employ the proposed strategies, in which a strictly proper plant should be
assumed. In this sense, we get

uSAS (t) = KySAS (t) = KCSAS
[
C f ullx(t)+DSASu(t)

]
= KCSASC f ullx(t) (23)

where CSAS is a Boolean matrix associated with outputs of interest, characterized by roll rate (p) and
yaw rate (r). Finally, two stability augmentation system designs using LQ output-feedback controllers
can be provided and evaluated. In this case, regarding centralized and decentralized synthesis con-
ditions presented in Theorem 1 and Corollary 1, respectively.

4.2 Results
Herein the centralized and decentralized output-feedback gains found via the proposed syntheses
conditions are presented, as well as the responses to aileron doublet input and rudder doublet input
considering the vertical-central-tail X-HALE configuration at 16 [m/s]. In order to evaluate the effec-
tiveness of the proposed strategies, the weighting matrices Q and R are chosen as Q = 25 ·104I16×16
and R = 2.5 ·103I2×2 for both designs. The synthesis described in this section was implemented using
the following software suites: MATLAB® software, version 9.9.0 R2022b, Yalmip [27] and SeDuMi
[28].

4.2.1 Centralized SAS design
By using the Theorem 1 for initial condition null and the correspondent weighting matrices defined
above, we can obtain the matrices N and M that recover the centralized LQ output-feedback gain Kc

given by

Kc = 10−7
[

0.6253 0.2158
0.0530 0.0293

]
︸ ︷︷ ︸

N

107
[

1.9402 −0.1352
−5.3354 0.6416

]
︸ ︷︷ ︸

M−1

=

[
0.0618 0.0539
−0.0537 0.0117

]
, (24)

in which can be used to evaluate the closed-loop system performance in comparison to the open-loop

Figure 5 – Response to the 7-degree aileron
doublet input (Centralized).

Figure 6 – Response to the 70-percent rudder
doublet input (Centralized).

system. For this comparison, the doublets in the aileron and rudder are applied while the control-loop
is open (3 seconds). In this case, Figures 5 and 6 show that some improvements regarding the
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aircraft handling qualities in terms of overshoot, settling time, and reduction of the oscillation can
be noticed. However, such improvements are given due to greater employment of the aileron and
rudder deflections in relation open-loop system. An alternative solution to avoid these efforts consist
in setting novel weighting matrices or using pre and post-compensators in the design. Although
these points are major in practical terms, the idea of this paper is to provide alternative methods to
design stability augmentation systems using a straightforward synthesis. In this sense, it follows the
decentralized SAS design results for our X-HALE aircraft.

4.2.2 Decentralized SAS design
For the decentralized design, the Corollary 1 condition is used for the same initializing conditions,
resulting in the following diagonal matrices N and M, in which are addressed to achieve the decen-
tralized LQ output-feedback gain

Kd = 10−7
[

0.1763 0
0 −0.0183

]
︸ ︷︷ ︸

N

106
[

1.6989 0
0 −4.6383

]
︸ ︷︷ ︸

M−1

=

[
0.0299 0

0 0.0085

]
. (25)

Taking into account the same analysis procedure done for the centralized SAS design, doublet-type
commands are applied individually for a given amplitude to the aileron and rudder to stimulate the
lateral-directional modes according to the open control loop in 3 seconds. Figures 7 and 8 show that
a small improvement regarding the aircraft handling qualities in terms of overshoot, settling time, and
reduction of the oscillation is obtained. However, the control efforts are reduced. In this sense, a fair
comparison between the centralized and decentralized SAS designs may be made.
From simulations and the Figures 9 and 10, it can be seen that the linear results show that both
SAS designs present satisfactory performances with respect to the lateral-directional modes since
stabilizing and damped responses are achieved. Moreover, we can also notice that the centralized
output-feedback synthesis requires greater control effort than the decentralized approach, reducing
the lifespan of the actuator. However, it is worth mentioning that for the flexible X-HALE aircraft study
case, the centralized SAS controller can be properly applied since the input signal of the actuator
does not violate the physical limits of the aileron and rudder.

Figure 7 – Response to the 7-degree aileron
doublet input (Decentralized).

Figure 8 – Response to the 70-percent rudder
doublet input (Decentralized).

In addition, another important criteria analysis beyond the responses in time is the robustness no-
tion. In this case, we choose the disk margin concept to evaluate the robustness of the controllers
designed [29]. The formulation arises from the small gain theorem, such that the peak gains of the
complementary sensitivity T and sensitivity S functions can be employed. As the designed output

9
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Figure 9 – Response to the 7-degree aileron
doublet input.

Figure 10 – Response to the 70-percent rudder
doublet input.

feedback controllers guarantee the stability of the closed-loop system, the peak gains can be inter-
preted as the ∞ norm values of the sensitivities functions defined by

S= (I +GSASK)−1 and T= (I +GSASK)−1GSASK. (26)

Therefore, adopting that there exists an uncertainty denoted by ∆ between the output-feedback con-
troller and the plant, an upper linear fractional transformation Fu

(
(S−T)−1,∆

)
may be applied such

that the input disk margin notion corresponds to Figure 11.

Figure 11 – Block diagram of the input disk margin concept.

As a consequence, the input disk margin framework is asymptotically stable if and only if

∥∆∥
∞
< δ ⇒ δ =

1
∥S−T∥

∞

, for 0 < δ < 1. (27)

In this case, the robustness analysis may be interpreted in terms of the Nyquist graph taking into
account the distance of GSASK to the origin or the point −1 for each input channel [29]. Due to this
feature, some classical properties such as gain margins and phase margins can be used to measure
the robustness of both controllers designed. As a result, the lower and upper disk gain margins is
given by

GMℓ =
1−δ

1+δ
, GMu =

1+δ

1−δ
(28)

as well the lower and upper disk phase margins limits as

PMℓ =−2cot(δ ) ,PMu = 2cot(δ ) . (29)

From Figures 12 and 13, the ∞ norm values of the sensitivities functions S and T for each output-
feedback controller can be obtained through the peaks gains. Then using the equation (27), an upper
bound δ for the uncertainty can be found and, consequently, the disk margins. For centralized LQ
controller, we get

GM ∈ [−32.91,32.91] , PM ∈ [−80.94◦,80.94◦] (30)

10
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while the decentralized LQ controller obtained

GM ∈ [−22.32,22.32] , PM ∈ [−99.08◦,99.08◦] . (31)

It can be seen that both disk margins result in a nice robustness for the closed-loop system, but the
centralized design achieved a better distance for the critical point.

Figure 12 – Sensitivity function. Figure 13 – Complementary sensitivity function.

5. Conclusions
In this paper, realistic designs of stability augmentation systems for the X-HALE flexible aircraft using
LQ output-feedback controllers were addressed. The proposed synthesis conditions employed a
set of LMIs to obtain centralized and decentralized LQ output-feedback controllers. Such conditions
rely on using a single Lyapunov function and W -problem to generate sufficient LQ conditions for both
structures. Simulations were performed to evaluate the stability and performance of the SAS designs.
In these simulations, the closed-loop results are compared and a robustness analysis is made. As
illustrated, the proposed design conditions for stability augmentation systems achieved satisfactory
results. Finally, in future steps of this research, the idea is to validate such strategies in terms of
nonlinear simulations or in-flight tests, as well as use different design formulations that may lead to
less conservative results.
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