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Abstract 

This study numerically investigated the transonic flutter characteristics of a supercritical airfoil. An SC2-0610 

supercritical airfoil was used for investigation, and the flutter characteristics were compared with those of a 

conventional symmetric NACA64A010 airfoil. The study captured a double transonic dip trend in the flutter 

boundary of the supercritical airfoil. While the first transonic dip, which corresponded to a classical one, was 

seen with both airfoils, the second transonic dip only emerged with the supercritical airfoil. The second 

transonic dip was caused by the unsteady behaviors of flow separation and reattachment over the unique 

lower surface shape of the supercritical airfoil. An analysis using a forced-oscillation airfoil demonstrated that 

the flow separation and reattachment cycle during the airfoil oscillation produced the phase delay of 

aerodynamic forces. 
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1. Introduction 

Wing flutter is a self-induced oscillation caused by the coupling of aerodynamic, structural, and 

inertial forces [1]. When an external force acts on a wing, a phase difference may occur between the 

structural and aerodynamic forces. If energy is continuously supplied to the wing, the oscillation 

amplitude may increase with time, which may eventually cause severe damage to the wing structure. 

In particular, it is known that flutter speed decreases rapidly in the transonic region due to shock 

appearance on the airfoil surface (which is commonly called transonic dip) [2,3]. 

There have been experimental and computational studies on the transonic flutter characteristics of 
conventional symmetric airfoils [4-8]. For the supercritical airfoil, flutter characteristics may change 
due to the unique airfoil geometry, such as a flat top surface and a positive camber near the trailing 
edge. One notable characteristic may be the generation of a double transonic dip on the flutter 
boundary [9]. Yate [9] conducted a transonic flutter experiment using a supercritical airfoil and showed 
that the double transonic dip interestingly appeared in the flutter boundary with a specific angle of 
attack condition. However, detailed mechanisms for the double transonic dip have not been discussed. 

The present study aims at clarifying the double transonic dip mechanism possibly occurred with a 
supercritical airfoil. Two-dimensional airfoil flutter simulations were performed using symmetric and 
supercritical airfoils for investigation. 

2. Numerical methods 

2.1 Aerodynamics 

The Reynolds-averaged two-dimensional compressible Navier–Stokes equations were used to 
simulate the unsteady flow fields around the airfoils. The inviscid numerical flux was evaluated using 
the simple high-resolution upwind scheme (SHUS) [10], and a higher-order spatial accuracy was 
achieved using the monotone upstream-centered scheme for conservation laws (MUSCL) [11] and 
the van Albada limiter [12]. The lower-upper symmetric Gauss-Seidel (LU-SGS) algorithm [13] was 
used for the time integration. The Spalart–Allmaras (SA) one-equation model [14] was used for the 
turbulence model.  

At the inflow boundary, all variables were specified as the freestream value. At the outflow boundary, 
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the pressure was fixed as the freestream value, and the other variables were extrapolated. At the wall, 
the density was extrapolated and the velocity corresponded to the grid velocity given by the airfoil 
movement. The normal momentum equation, which includes the effects of wall acceleration on the 
pressure gradients, was used to determine the pressure at the wall. 

2.2 Structural dynamics 

Figure 1 shows a structural model that simulates a typical airfoil motion of a swept-back wing [8]. 
The airfoil owns two-degree-of-freedom: vertical displacement ℎ (downward is positive) and pitching 
angle 𝛼 (nose-up is positive). The non-dimensionalized governing equations using half of the wing 

chord length 𝑏 = 𝑐 2⁄  (ℎ̅ = ℎ 𝑏⁄ ) and an uncoupled circular pitching frequency 𝜔𝛼. of the structural 
model are written as follows [1,8]: 

[𝑀]{𝑞̈}  +  [𝐾]{𝑞}  =  {𝑄}, (1) 

where 

[𝑀]  =  [
1 𝑥𝛼

𝑥𝛼 𝑟𝛼
2]，[𝐾]  =  [

(𝜔ℎ 𝜔𝛼⁄ )2 0

0 𝑟𝛼
2] ,

{𝑞}  =  {ℎ̅
𝛼

}，{𝑄}  =
𝑉∗

2

𝜋
{

−𝐶𝑙

2𝐶𝑚
} ,

(2) 

and 

𝑉∗ =
𝑈∞

𝑏𝜔𝛼√𝜇
，𝜇 =

𝑚

𝜌∞𝑏2𝜋
. (3) 

In the above equations, 𝜔ℎ  is the uncoupled circular bending frequency.  𝑥𝛼  and 𝑟𝛼
2  are the static 

imbalance and radius of gyration. 𝐶𝑙 and 𝐶𝑚 are the lift and moment coefficients. 𝑉∗ is the flutter speed 
index and 𝜇 is the mass ratio. 𝑚 is the mass per unit length. 𝑈∞ is the freestream velocity, 𝜌∞ is the 
freestream density. In this study, no structural damping is considered.  

The asymmetric upper and lower shapes of the SC2-0610 supercritical airfoil generate non-zero lift 
and moment forces at the beginning of flutter calculations. Therefore, this study modified the force 
vector {𝑄}  of the structural equations using the lift coefficient 𝐶𝑙,0  and moment coefficient 𝐶𝑚,0 

obtained in the steady-state calculation as follows:  

{𝑄} =
𝑉∗

2

𝜋
{

−(𝐶𝑙 − 𝐶𝑙,0)

2(𝐶𝑚 − 𝐶𝑚,0)
} . (4) 

This modification allows the airfoil to be initially balanced at any angle of attack of interest. 

The fourth-order Runge–Kutta (R–K) method was employed as the time-integration method of the 
structural equation. The aerodynamic forces 𝐶𝑙 and 𝐶𝑚 were assumed to be constant at each stage 
of the R–K method. 

2.3 Fluid-structure coupling 

Each governing equation was solved separately in the temporal direction, and the variables were 
exchanged between the fluid and structural equations at each time step (a weak coupling). The 
procedure of fluid-structure coupling is as follows: 

0. Steady-state calculations are performed to obtain the flow field around the airfoil 

1. Small displacement is given for initiating an airfoil motion and the airfoil grid is moved 

2. The Navier-Stokes equations are solved to obtain the aerodynamic forces 

3. The aerodynamic forces are substituted into the structural equations to obtain the displacement 
ℎ and pitching angle 𝛼 

4. The airfoil grid is moved using the obtained displacement and pitching angle 

Items 2 to 4 are repeated. This study determined the flutter boundary with the time history of airfoil 
displacement. 

2.4 Conditions 

In this study, NACA64A010 and SC2-0610 airfoils were used. Figure 2 shows the computational grid 
for the SC2-0610 airfoil. The grid points was 803 × 150 for the NACA64A010 airfoil and 903 × 150 for 

the SC2-0610 airfoil, respectively. The minimum grid spacing was 10−6 (non-dimensionalized by the 
chord length 𝑐). The outer boundary was placed far away from the airfoil surface at a distance of 30𝑐 
to minimize the boundary effect in the transonic flow simulations. 𝑐(= 2𝑏) is the chord length. The 

time step size was set to ∆𝑡fluid = 10−3(non-dimensionalized by the chord length and speed of sound). 
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All grid points were moved according to the airfoil displacement and pitching angle obtained from the 
structural equations in the flutter calculations. The angle of attack was set to zero. 

The structural parameters in Eq. (2) and Fig. 1 are 𝑥𝛼 =  1.8, 𝑟𝛼
2 =  3.48, 𝑎 =  −2.0, 𝜇 =  60, and 

𝜔ℎ = 𝜔𝛼 =  100 rad/s [8]. The flutter speed index 𝑉∗ was parametrically changed to determine the 
flutter boundary. An eigenvalue analysis of the structural model indicates that the airfoil owns the first 
bending mode with the natural frequency of 11.35 Hz and the second torsion mode with the natural 
frequency of 84.95 Hz. 

 

 

 

Fig. 1 – Typical wing section model with 
two-degrees-of-freedom 

Fig. 2 – Computational grid for the SC2-0610 
airfoil 

 

3. Results and discussions 

3.1 Flutter characteristics of each airfoil 

Figure 3 shows the flutter speed and flutter frequency for both airfoils. In this study, the flutter speed 
is defined as the value of 𝑉∗ at the moment when the airfoil oscillation amplitude is nearly constant, 
and the flutter frequency is the one at the condition. For the NACA64A010 airfoil, the flutter speed 
takes a minimum value at 𝑀∞ =  0.825, and the flutter frequency indicates that the airfoil oscillates in 
the first bending mode. The flutter speed elevates rapidly in increasing the Mach number, and the 
bending-torsion coupling mode becomes dominant in the flutter oscillations. These trends represent 
the typical transonic flutter characteristics reported in several studies [4,8].  

On the other hand, the flutter boundary of the SC2-0610 airfoil exhibits the double transonic dip trend. 
The first dip occurs at a low Mach number condition of 𝑀∞ =  0.75, and the second one is generated 

at a high Mach number condition of 𝑀∞ =  0.855 . The first dip is caused by the shock wave 
appearance over the upper surface, as confirmed with the Mach number distributions shown in Fig. 
4(a) (the shock wave is not strong but emerges in the forward region). The phase-delayed motion of 
the shock wave against the airfoil motion produces the negative damping force and reduces the flutter 
speed [8]. After the first dip, the flutter speed turns to increase in increasing the Mach number. The 
increase in flutter speed is caused by the flow separation behind the shock wave. As shown in Fig. 
4(b), the separation occurs behind the shock wave in increasing the Mach number. In contrast to the 
shock wave motion with no separation, the shock wave motion with separation may have positive 
damping against airfoil motions because the shock wave motion was significantly changed with the 
separation during oscillations [15].  

Then, the flutter speed interestingly starts to decrease again in increasing the Mach number. The 
decrease is primarily caused by the shock wave appearance over the lower surface. Figure 5 shows 
the Mach number distributions of three Mach number conditions. While the flow fields on the upper 
surface are similar for three conditions, the flow fields over the lower surface are significantly different 
in the shock wave and flow separation. In increasing the Mach number, the shock wave emerging 
over the lower surface is strengthened, and the separation region is accordingly developed.  

Figure 6 shows the skin friction distributions over the lower surface, which demonstrate that the 
boundary layer behind the shock wave is fully separated at a high Mach number condition of 𝑀∞ =
 0.875, while no separation occurs at a low Mach number condition of 𝑀∞ =  0.825. The boundary 
layer at 𝑀∞ =  0.855 (the bottom of the second dip) is partially separated and reattached at a region 
near the trailing edge. Therefore, the results indicate that the behaviors of boundary-layer separation 
and reattachment over the lower surface may determine the bottom of the second transonic dip. 
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(a) Speed index 
 

(b) Flutter frequency 
 

Fig. 3 – Flutter characteristics of NACA64A010 and SC2-0610 airfoils 

 

  
(a) 𝑀∞ = 0.75 

 

(b) 𝑀∞ = 0.8 

 

Fig. 4 – Mach number distributions for the SC2-0610 airfoil at the steady-state (non-oscillating) 
condition around the 1st-dip. 

 

   
(a) 𝑀∞ = 0.825 

 
(b) 𝑀∞ = 0.855 

 
(c) 𝑀∞ = 0.875 

 
Fig. 5 – Mach number distributions for the SC2-0610 airfoil at the steady-state (non-oscillating) 

condition around the 2nd-dip. 

 

 
Fig. 6 – Skin friction distribution for the SC2-0610 airfoil on the lower surface around the 2nd-

dip. 
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3.2 Double transonic dip mechanism in a supercritical airfoil 

An analysis using a forced oscillation airfoil was performed to investigate the unsteady behaviors of 
shock wave and separation over the lower surface of the SC2-0610 airfoil. As was shown in Fig. 3(b), 
the flutter occurred in the first bending mode at the bottom of the second transonic dip (𝑀∞ = 0.855). 
Thus, the forced pitching oscillation similar to the first bending mode was adapted. The pitching motion 
𝛼 is given as follows: 

𝛼 = 𝛼0 cos (
2𝑈∞𝑘

𝑐
𝑡) , (5) 

where 𝛼0 is the oscillation amplitude, 𝑘 is the reduced frequency, and 𝑡 is the time. The pitching 

center is located at 𝑥 = −0.5𝑐 (see Fig. 1). The oscillation amplitude is 1 degree, and the reduced 
frequency is 0.2. These parameters represent the airfoil motion on the flutter boundary at 𝑀∞ = 0.855. 

Figure 7 shows the phase difference of lift coefficient for the variation of the airfoil motion (Eq. (5)). 
Generally, when the phase of lift force is delayed (i.e., the phase difference is negative), the airfoil 
motion becomes unstable. On the other hand, when the phase of lift force is advanced (i.e., the phase 
difference is positive), the airfoil motion becomes stable. The results show that the phase delay only 
happens at 𝑀∞ = 0.855, suggesting that the airfoil motion at 𝑀∞ = 0.855 could be the most unstable 

among three Mach number conditions.  The condition of at 𝑀∞ = 0.855 corresponds to the bottom of 
the second transonic dip.  

Figure 8 shows the phase difference of surface pressure coefficient on the lower surface. Here, the 
first harmonic component of surface pressure coefficient with respect to the pitching motion is defined 
as follows:  

𝐶𝑝 = 𝐶𝑝0 cos {
2𝑈∞𝑘

𝑐
𝑡 + 𝜃(𝐶𝑝)} , (6) 

where 𝐶𝑝 is the pressure coefficient on the lower surface, 𝐶𝑝0 is the amplitude of 𝐶𝑝 variation, and 
𝜃(𝐶𝑝) is the phase difference of surface pressure coefficient. The phase-advanced region is dominant 

over the lower surface at 𝑀∞ = 0.825 and 𝑀∞ = 0.875, while at 𝑀∞ = 0.855, the phase-delayed 
region appears over the lower surface, particularly behind the shock wave. Thus, the result suggests 
that the flow behaviors behind the shock wave determine the phase-delayed or phase-advanced 
feature of the lift coefficient. 

Figure 9 shows the variation of skin friction distribution on the lower surface during the oscillation. 
The distributions at 𝑀∞ = 0.855 demonstrate that the flow separation and reattachment occur in the 
region behind the shock wave during the pitching oscillation. On the other hand, the boundary layer 
at 𝑀∞ = 0.825 is attached during the oscillation and the boundary layer is fully separated during the 
oscillation at 𝑀∞ = 0.875. Therefore, the results indicate that the phase-delayed feature may be 
caused by the separation and reattachment cycle over the lower surface during the oscillation.  

4. Conclusion 

A two-dimensional transonic flutter analysis was performed using a conventional symmetric airfoil 

(NACA64A010) and a supercritical airfoil (SC2-0610). The following conclusions were drawn: 

 

1. The double transonic dip on the flutter boundary was captured with the supercritical airfoil 

2. The first transonic dip is a typical transonic dip, which was caused by the shock wave appearance 

over the upper surface 

3. The second transonic dip was triggered by the shock wave generation over the lower surface 

4. The separation and reattachment cycle caused the phase-delayed feature of aerodynamic forces, 

and thus determined the bottom of the second transonic dip. 
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Fig. 7 – Phase difference of lift coefficient for SC2-0610 airfoil around the 2nd-dip. 

 

  
(a) 𝑀∞ = 0.825 

 

  
(b) 𝑀∞ = 0.855 

 

  
(c) 𝑀∞ = 0.875 

 
Fig. 8 – Phase difference of surface pressure 
coefficient for SC2-0610 airfoil on the lower 
surface. 

Fig. 9 – Skin friction distribution for SC2-0610 
airfoil on the lower surface during the pitching 
oscillation. 
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