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Abstract

This paper presents a novel formulation for linear transient and free-vibration analysis of laminated shell struc-
tures based on Interior Penalty discontinuous Galerkin (DG) methods and variable-order through-the-thickness
kinematics, whose combined use allows solving the shell problem with high-order accuracy throughout both
the shell thickness and the shell modelling domain. The shell geometry is described via a generic system of
curvilinear coordinates using either an analytical or a NURBS-based parametrization of the shell mid surface;
the formulation also allows for the presence of cut-outs, which are implicitly represented by means of a level set
function. After deriving the governing equations of the shell problem from the weak form of three-dimensional
elasto-dynamics, the spatial discretization is performed via the DG approach, whereas the temporal time-
stepping by the Newmark scheme. Damping of the dynamic system is considered using the classical Rayleigh
model. Various numerical tests and the corresponding comparison with reference solutions are provided to
assess the accuracy of the proposed formulation.
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1. Introduction
In advanced applications for aerospace and automotive industries, laminated shells have become the
preferred class of materials thanks to the numerous design/optimization strategies that allows for sub-
stantial weight savings and structural performance enhancements. Among the various loading con-
figurations, it is well-known that dynamic loads easily induce larger strain and stress fields than those
predicted by static analyses when they excite the natural frequencies of the considered structures [1].
In the context of laminated shells, these fields are significantly affected by the interplay among the
inherent heterogeneity, the shell curvature and the possible presence of cut-outs, which render the
study of these structures a complex engineering problem that requires the development of accurate
numerical models [2, 3, 4, 5]. To maintain a high accuracy while reducing the computational cost,
high-order two-dimensional shell formulations are a valid alternative to fully three-dimensional mod-
els [6]. An example is provided by Equivalent Single Layer (ESL) theories, see e.g.[7, 6], whereby the
components of the displacement field are assumed to vary according to high-order functions through-
out the shell thickness. The shell is thus replaced by a single layer that is characterized by equivalent
mechanical properties and is governed by a system of differential equations in a set of two curvilinear
variables. These governing equations are generally solved via numerical methods as analytical solu-
tions exist only for a limited set of boundary conditions and material properties. Among the numerical
approaches proposed in literature, the discontinuous Galerkin (DG) method [8] has proved to be a
powerful and flexible technique that offers high-order accuracy for conventional and non-conventional
meshes, see e.g.[9, 10, 11], and has been employed successfully for the static analysis of shells
[12, 13, 14, 15]. Regarding eigenvalues analysis, DG has been used for problems unrelated to shell
structures [16, 17, 18], and more recently for the linear buckling analysis of plates and shells [19].
Nevertheless, to the best of the Authors’ knowledge, a DG formulation for the analysis of the linear
dynamic regime and of the free-vibrations of multilayered shells is not available in the literature.
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In this paper, we present a novel DG formulation for linear transient and free-vibration analysis of
laminated shell structures modelled by ESL kinematics. The geometry of the shell is described via
a generic system of curvilinear coordinates, while the presence of cut-outs is modelled implicitly by
means of a level set function. The DG approach is then employed to discretize the governing equa-
tions in space, whereas the temporal time-stepping is performed by a standard Newmark scheme.
Damping of the dynamic system is considered using the classical Rayleigh model.
The paper is organized as follows: Sec.2.introduces the two-dimensional weak formulations for the
transient and free-vibration analysis of laminated shells structures that are developed starting from
the weak forms of the three-dimensional elasto-dynamic and free-vibration problems for a multilay-
ered solid. Subsequently, Sec.3. introduces the domain-partition strategy employed in this work,
namely the implicitly-defined mesh technique [20, 21], and the proposed Interior Penalty DG method
for transient and free-vibration analysis of shells. In Sec.4., the accuracy of the proposed formulation
is assessed by computing the transient response and the natural frequencies of plates and cylindri-
cal shells, for which analytical and semi-analytical solutions are available. Then, the formulation is
employed to study a multilayered shell whose geometry is represented via a NURBS parametrization
and the obtained results are compared with those computed using Abaqus. The comparison confirms
the accuracy and the flexibility of the proposed approach.

2. Formulation
Let us consider a shell consisting of Nℓ linear-elastic, homogeneous, orthotropic layers. A quantity
relative to the ℓ-th layer is denoted by the superscript ⟨ℓ⟩ that takes values in 1, . . . ,Nℓ. Each layer
is characterized by its thickness τ⟨ℓ⟩ and its lamination angle θ ⟨ℓ⟩, which are assumed to be uniform.
The volume of the shell V ⊂R3 is obtained as the union of the volumes of the layers and its boundary
is denoted as ∂V . Thus, the thickness of the shell is τ = ∑

Nℓ
ℓ=1 τ⟨ℓ⟩. Eventually, in the reminder of

the paper, Einstein summation convection is employed, where Latin indices span the set {1,2,3} and
Greek indices span the set {1,2}.

2.1 Geometry description
The geometrical description of the shell starts from the map of its mid surface S that is represented
by the following equation

x0 = x0(ξ1,ξ2), for (ξ1,ξ2) ∈ Ωξ . (1)

where x0 = (x01,x02,x03)
⊺ is a generic point of S, ξ1 and ξ2 are auxiliary curvilinear coordinates and

Ωξ ⊂ R2 is the so-called reference domain. A normal unit vector n0 is associated to each point of S
and is computed as

n0 ≡
a1 ×a2

||a1 ×a2||
, (2)

where
a1 ≡

∂x0

∂ξ1
and a2 ≡

∂x0

∂ξ2
. (3)

Upon introducing a third curvilinear variable ξ3 ∈ Iξ3 , where Iξ3 ≡ [−τ/2,τ/2], the generic point x of
the shell volume V is given by the map

x= x(ξ1,ξ2,ξ3)≡ x0(ξ1,ξ2)+ξ3n0(ξ1,ξ2), for (ξ1,ξ2,ξ3) ∈ Ωξ × Iξ3 . (4)

Using Eq.(4), the vectors gi of the local covariant basis are obtained as gi ≡ ∂x/∂ξi, while the vectors
gi of the local contravariant basis are defined implicitly as gi ·g j = δ i

j, where δ i
j is the Kronecker delta.

Additionally, the covariant components of the metric tensor are defined as gi j ≡ gi ·g j, its contravariant
components as gi j ≡ gi ·g j and the determinant of (gi j) is denoted as g. Collecting the vector of the
contravariant basis as columns of the matrix Rξ , the following relationship holds

v =Rξvξ , (5)

where v ≡ (v1,v2,v3)
⊺ collects the Cartesian components of a generic vector in R3, whereas vξ ≡

(vξ1 ,vξ2 ,vξ3)
⊺ contains the corresponding covariant components. For further details on the differential

geometry employed in this work, the reader is referred to [22].
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Finally, the volume of the ℓ-th layer, denoted as V ⟨ℓ⟩, is identified as the region of the volume of
the shell where ξ3 varies between a bottom value ξ

⟨ℓ⟩
3b and a top value ξ

⟨ℓ⟩
3t . As such, it results

ξ
⟨ℓ⟩
3t −ξ

⟨ℓ⟩
3b = τ⟨ℓ⟩ and ξ

⟨ℓ−1⟩
3t = ξ

⟨ℓ⟩
3b for ℓ= 2, . . . ,Nℓ.

2.2 NURBS-based surface
As introduced in Sec.2.1, the mid surface of the shell is defined starting from a map x0 = x0(ξ1,ξ2). In
this work, either analytical functions or NURBS functions are used for this scope. The use of the latter
facilitates the coupling of the present formulation with CAD software libraries and allows reproducing
complex shapes with high-order continuity. The starting point to construct a NURBS sururface is a
grid of (n+1)× (m+1) so-called control points. The map of the mid surface is therefore defined as

x0(ξ1,ξ2)≡
n+1

∑
i=1

m+1

∑
j=1

Pi jSi j(ξ1,ξ2), (6)

where Pi j is a generic control point and Si j(ξ1,ξ2) is the associated shape function. The generic
shape functions is defined as

Si j(ξ1,ξ2) =
hi jNi,k(ξ1)M j,l(ξ2)

∑
n+1
i=1 ∑

m+1
j=1 hi jNi,k(ξ1)M j,l(ξ2)

, (7)

where hi j is the weight associated to the control point Pi j, Ni,k(ξ1) is the one dimensional i-th B-spline
function in the direction ξ1 having order k and M j,l(ξ2) is the one-dimensional j-th B-spline basis
function in the direction ξ2 having order l. The Cox de Boor formula is used to define the B-spline
functions as

Ni,1(ξ ) =

{
1 for ξ i ≤ ξ ≤ ξ i+1

0 otherwise
, (8a)

Ni,k(ξ ) =
(ξ −ξ i)Ni,k−1(ξ )

ξ i+k−1 −ξ i +
(ξ i+k −ξ )Ni+1,k−1(ξ )

ξ i+k −ξ i+1 , (8b)

where the values of ξ i are taken from the so-called knot vector
{

ξ 1,ξ 2, . . . ,ξ i, . . . ,ξ n+k+1
}

that identi-
fies the intervals for the piece-wise definition of the B-spline. For further details on NURBS surfaces
the interested reader is referred to the books by Rogers [28] and by Piegl and Tiller [29].

2.3 The Equivalent-Single-Layer theory
Within the Equivalen-Single-Layer (ESL) theories, the whole laminate is treated in an unique fashion
by expanding the mechanical variables of interest via the same functions throughout all the layers.
In this work, a displacement based formulation is adopted and the expansion is performed for the
covariant components of the displacement vector uξ ≡ (uξ1 ,uξ2 ,uξ3)

⊺, such that one may write

uξi(ξ1,ξ2,ξ3) =
Ni

∑
k=0

Zi
k(ξ3)U i

k(ξ1,ξ2), (9)

where Zi
k(ξ3) is the k-th known function of the third curvilinear coordinate, U i

k(ξ1,ξ2) is the k-th so-
called generalized displacement, Ni is the order of expansion of uξi . The generalized displacements
are collected in a vector U , whose dimension is NU = N1 +N2 +N3 +3. Similarly the functions Zi

k(ξ3)
are consistently collected in a 3×NU matrix Z such that the vector of covariant displacement compo-
nents may be written in matrix form as follows

uξ =Z(ξ3)U(ξ1,ξ2). (10)

3
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2.4 Strain-displacements relationship
Let γ be the strain tensor in Voigt notation, i.e. γ = (γ11,γ22,γ33,γ23,γ13,γ12)

⊺. Introducing the Cartesian
components of the displacement vector u = (u1,u2,u3)

⊺, the relationship between the strain and the
displacement is expressed, within the small displacements hypothesis, as

γ = Ii
∂u

∂xi
, (11)

where the following auxiliary matrices have been introduced

I1 ≡



1 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0

 , I2 ≡



0 0 0
0 1 0
0 0 0
0 0 1
0 0 0
1 0 0

 and I3 ≡



0 0 0
0 0 0
0 0 1
0 1 0
1 0 0
0 0 0

 . (12)

Then, the Cartesian coordinates of the displacement vector are related to the covariant ones by
means of Eq.(5). Using Eq.(10), it is possible to show that the derivatives of the displacement in
Cartesian components are related to the generalized displacement vector U and its derivatives with
respect to ξα as

∂u

∂xi
=D0iU +Dαi

∂U

∂ξα

, (13)

where

D0i ≡
∂ξ j

∂xi

∂Rξ

∂ξ j
Z+

∂ξ3

∂xi
Rξ

dZ
dξ3

, and Dαi ≡
∂ξα

∂xi
RξZ. (14)

Finally, upon using Eq.(13) in Eq.(11), the strain vector γ is written as

γ = J0U +Jα

∂U

∂ξα

, (15)

where
J0 ≡ IiD0i and Jα ≡ IiDαi. (16)

2.5 Constitutive behaviour
The constitutive behavior of the considered composite laminated shells is determined starting from
the constitutive behavior of the layers, which are assumed to be orthotropic, linear-elastic, and homo-
geneous. As such, in the basis m

⟨ℓ⟩
1 , m⟨ℓ⟩

2 and m
⟨ℓ⟩
3 aligned with the ℓ-th layer’s fibers direction, the

layer’s behavior may be characterized using the engineering constants, i.e. Young’s moduli, Poisson
ratios and shear moduli [31]. The basis of orthotropic material behavior is defined as

m
⟨ℓ⟩
1 ≡Rn0(θ

⟨ℓ⟩)
g1

||g1||
, m

⟨ℓ⟩
3 ≡ n0, and m

⟨ℓ⟩
2 ≡m

⟨ℓ⟩
3 ×m

⟨ℓ⟩
1 , (17)

where Rn0(θ
⟨ℓ⟩) is the matrix that performs a rotation of the lamination angle θ ⟨ℓ⟩ around the axis

identified by n0. In this reference system the constitutive relationship is expressed as

σ̃⟨ℓ⟩ = c̃⟨ℓ⟩γ̃⟨ℓ⟩, (18)

where σ̃⟨ℓ⟩, is the stress tensor in Voigt notation, γ̃⟨ℓ⟩ is the strain tensor in Voigt notation and c̃⟨ℓ⟩ is the
constitutive matrix. The constitutive relationship is expressed in Cartesian coordinates by expressing
the constitutive matrix in a rotated coordinate system via standard transformation rules, see e.g. [30].
In such way, one may write

σ⟨ℓ⟩ = c⟨ℓ⟩γ, (19)

where σ⟨ℓ⟩, γ, and c⟨ℓ⟩ are the stress, the strain and the constitutive matrix in Cartesian coordinates
respectively. Note that the strain γ is given by Eq.(15) and is the same for all the layers of the shell,
whereas σ⟨ℓ⟩ is typically discontinuous across the layers.

4
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2.6 Transient analysis
The governing equations of transient analysis of a multilayered shell are derived starting from the
weak form of the elasto-dynamic problem of a three-dimensional structure consisting of Nℓ layers,
which reads

Nℓ

∑
ℓ=1

∫
V ⟨ℓ⟩

δu⊺
ρ
⟨ℓ⟩üdV +

Nℓ

∑
ℓ=1

∫
V ⟨ℓ⟩

δγ⊺σ⟨ℓ⟩dV =
Nℓ

∑
ℓ=1

∫
V ⟨ℓ⟩

δu⊺bdV +
Nℓ

∑
ℓ=1

∫
∂V ⟨ℓ⟩

δu⊺td∂V . (20)

In Eq.(20), ρ⟨ℓ⟩ is the density of the ℓ-th layer, γ and σ⟨ℓ⟩ are the strain and the stress fields in Voigt
notation, respectively, ü is the second derivative of u with respect to time, t is the vector of prescribed
traction on the external surface and b is the vector of prescribed external volume forces. It is worth
noting that, although no damping terms are present in Eq.(20), they will be introduced within the
formulation via the Rayleigh damping method as detailed in Sec. 3.. Using Eqs.(19) and (15), it
is possible to obtain the following weak formulation for the transient analysis of laminated shells in
terms of the vector U of generalized displacements∫

Ωξ

δU⊺MÜdΩξ +
∫

Ωξ

[
∂δU⊺

∂ξα

(
Qαβ

∂U

∂ξβ

+Rα3U

)
+δU⊺

(
R⊺

α3
∂U

∂ξα

+S33U

)]
dΩξ =∫

Ωξ

δU⊺B dΩξ +
∫

∂Ωξ

δU⊺T d∂Ωξ , (21)

where the matrices Qαβ , Rα3, and S33 are referred to as generalized stiffness matrices and are
defined as

Qαβ ≡
Nℓ

∑
ℓ=1

∫
ξ
⟨ℓ⟩
3t

ξ
⟨ℓ⟩
3b

J⊺
αc

⟨ℓ⟩Jβ

√
g dξ3, (22a)

Rα3 ≡
Nℓ

∑
ℓ=1

∫
ξ
⟨ℓ⟩
3t

ξ
⟨ℓ⟩
3b

J⊺
αc

⟨ℓ⟩J0
√

g dξ3, (22b)

S33 ≡
Nℓ

∑
ℓ=1

∫
ξ
⟨ℓ⟩
3t

ξ
⟨ℓ⟩
3b

J⊺
0 c

⟨ℓ⟩J0
√

g dξ3. (22c)

The matrix M is referred to as generalized mass matrix and is defined as

M ≡
Nℓ

∑
ℓ=1

∫
ξ
⟨ℓ⟩
3t

ξ
⟨ℓ⟩
3b

Z⊺R⊺
ξ
RξZρ

⟨ℓ⟩√g dξ3. (23)

Finally, B and T are the generalized volume loads and the generalized boundary loads and are given
as

B ≡
(
Z⊺R⊺

ξ
t
√

g
√

nigi jn j

)
ξ3=±τ/2

+
∫

τ/2

−τ/2
Z⊺R⊺

ξ
b
√

g dξ3, (24a)

T ≡
∫

τ/2

−τ/2
Z⊺R⊺

ξ
t
√

g
√

nigi jn j dξ3. (24b)

2.7 Free-vibration analysis
Similarly to the case discussed in the preceding section, the equations governing the free-vibration
analysis of a laminated shell are derived from the following weak form of a three-dimensional multi-
layered structure

Nℓ

∑
ℓ=1

∫
V ⟨ℓ⟩

δγ⊺σ⟨ℓ⟩dV = ω
2

Nℓ

∑
ℓ=1

∫
V ⟨ℓ⟩

δu⊺
ρ
⟨ℓ⟩udV , (25)

where ω is a generic natural frequency. Upon applying the same substitutions as in Sec.2.6, the
corresponding two-dimensional shell formulation is obtained∫

Ωξ

[
∂δU⊺

∂ξα

(
Qαβ

∂U

∂ξβ

+Rα3U

)
+δU⊺

(
R⊺

α3
∂U

∂ξα

+S33U

)]
dΩξ = ω

2
∫

Ωξ

δU⊺MUdΩξ (26)

5
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3. Discontinuous Galerkin formulation
In a DG formulation, the reference domain Ωξ is partitioned into Ne elements such that Ωh

ξ
≡

⋃Ne
e=1 Ωe

ξ
≈

Ωξ , where Ωe
ξ

is a generic mesh element. The collections of the boundaries of the elements where
Dirichlet and Neumann boundary conditions are enforced are denoted as ∂Ωh

ξ D and ∂Ωh
ξ N , respec-

tively. Additionally, the partitioning of the domain creates Ni inter-element interfaces that are collected
in ∂Ωh

ξ I ≡
⋃Ni

i=1 ∂Ωi
ξ
, being ∂Ωi

ξ
a generic i-th interface. The so-called broken integrals are thus intro-

duced ∫
Ωh

ξ

• ≡
Ne

∑
e=1

∫
Ωe

ξ

•e dΩξ , (27a)

∫
∂Ωh

ξ I

• ≡
Ni

∑
i=1

∫
∂Ωi

ξ I

•i d∂Ωξ , (27b)

∫
∂Ωh

ξ D

• ≡
Ne

∑
e=1

∫
∂Ωe

ξ D

•e d∂Ωξ , (27c)

∫
∂Ωh

ξ N

• ≡
Ne

∑
e=1

∫
∂Ωe

ξ N

•e d∂Ωξ . (27d)

Moreover, upon considering two neighboring vectors e and e′ and indicating the element’s outer unit
normal as νe = (νe

1 ,ν
e
2), the following average and jump operators are introduced

{•}i ≡ 1
2

(
•e +•e′

)
and [[•]]iα ≡ ν

e
α •e +ν

e′
α •e′ . (28)

3.1 Implicitly-defined mesh
The reference domain is defined as the intersection of a background rectangle Πξ ⊇ Ωξ having
boundary ∂Πξ and a level set function ϕ = ϕ (x0(ξ1,ξ2)). In particular, the reference domain and
its boundary are defined as

Ωξ ≡
{
(ξ1,ξ2) ∈ Πξ | ϕ(ξ1,ξ2)< 0

}
(29a)

∂Ωξ ≡
{
(ξ1,ξ2) ∈ ∂Πξ | ϕ(ξ1,ξ2)< 0

}
∪
{
(ξ1,ξ2) ∈ Πξ | ϕ(ξ1,ξ2) = 0

}
, (29b)

The reference rectangle is then partitioned by a structured rectangular-based grid. The intersection
between the background grid and the reference domain produces cells that are classified as entire,
partial or empty according to weather they lay entirely or partially in the reference domain or do not
belong to it. Amongst the partial cells, some may have an unacceptably small area that causes an
ill-conditioning of the final linear systems. These cells are merged with nearby entire or partial cells
leading to the extended elements. An example of an implicitly-defined mesh, which includes entire,
partial and extended elements, is shown in Fig.(1)

3.2 Discontinuous Galerkin for transient analysis
The DG problem related to transient dynamic analysis consists in finding Uh such as

BD(V ,Uh,Üh) = F(V ,B,T ,U), ∀V ∈ V NU
hp , (30)

where Vhp denotes the space of discontinuous basis functions defined as

Vhp ≡
{

v : Ω
h
ξ
→ R | v|Ωe

ξ
∈ Pe

p ∀e = 1, ...,Ne

}
, (31)

being Pe
p the space of poynomials of degree p defined in Ωe

ξ
. Consistently, the space of discontinuous

vector basis functions is defined as V N
hp ≡ (Vhp)

N . The bilinear form BD(V ,Uh,Üh) and the linear form

6



DG FOR VIBRATIONS OF SHELLS

(a) (b)

Figure 1 – (a) Different types of cells. (b) Types of elements of the Implicitly-defined mesh.

F(V ,B,T ,U) in Eq.(30) are defined as

BD(V ,Uh,Üh)≡
∫

Ωh
ξ

V ⊺MÜh +
∫

Ωh
ξ

∂V ⊺

∂ξα

(
Qαβ

∂Uh

∂ξβ

+Rα3Uh

)
+V ⊺

(
R⊺

α3
∂Uh

∂ξα

+S33Uh

)
+

−
∫

∂Ωh
ξ I

[[V ]]⊺α

{
Qαβ

∂Uh

∂ξβ

+Rα3Uh

}
+

{
∂V ⊺

∂ξα

Qαβ +V ⊺R⊺
β3

}
[[Uh]]β+

−
∫

∂Ωh
ξ D

ναV
⊺
(
Qαβ

∂Uh

∂ξβ

+Rα3Uh

)
+

(
∂V ⊺

∂ξα

Qαβ +V ⊺R⊺
β3

)
Uhνβ+

+
∫

∂Ωh
ξ I

µ[[V ]]⊺α [[Uh]]α +
∫

∂Ωh
ξ D

µV ⊺Uh, (32)

and

F(V ,B,T ,U)≡
∫

Ωh
ξ

V ⊺B+
∫

∂Ωh
ξ N

V ⊺T −
∫

∂Ωh
ξ D

(
∂V ⊺

∂ξα

Qαβ +V ⊺R⊺
β3

)
Uνβ +

∫
∂Ωh

ξ D

µV ⊺U , (33)

respectively. It is worth noting that, in Eqs.(32) and (33), the integrals on ∂Ωh
ξ D are used to enforce

the Dirichlet boundary conditions in terms of prescribed displacements U , the integrals on ∂Ωh
ξ N are

used to enforce the Neumann boundary conditions and the integrals on ∂Ωh
ξ I are used to enforce the

inter-element continuity; eventually, µ is the so-called penalty parameter that must be positive and
chosen proportional to Q/h where Q is a sufficiently large constant and h is the characteristic mesh
size [8].
Once the DG-based space discretization is introduced in Eq.(30), one obtains the following linear
system of second-order differential equations involving only time derivatives

M Ẍ+DẊ+K X = F , (34)

where M , D and K are the mass matrix, the damping matrix and the stiffness matrix of the system,
respectively, X is the vector containing the problem unknowns and Ẋ and Ẍ are its first and second
time derivatives, respectively. It is worth noting that the second term in Eq.(34) does not come
directly from Eq.(33); instead, it is introduced to model the damping in the structure. In particular,
using Rayleigh damping method, see e.g.[23], the matrix D is constructed as a linear combination of
the matrices M and K as

D ≡ αM +βK . (35)

7
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Table 1 – Properties of the considered materials.

Material ID Property Component Value
M1 Young’s moduli E/Er 1

Poisson’s ratios ν 0.25
Density ρ/ρr 1

M2 Young’s moduli E1/Er 25
E2/Er, E3/Er 1

Poisson’s ratios ν23, ν13, ν12 0.25
Shear moduli G23/Er 0.2

G13/Er, G12/Er 0.5
Density ρ/ρr 1

where the coefficients α and β are obtained by specifying the damping ratios ζi and ζ j for the i-th
and j-th mode and solving the system

1
2

[
1
ωi

ωi
1

ω j
ω j

][
α

β

]
≡
[

ζi

ζ j

]
. (36)

Finally, the temporal time-stepping is solved employing the Newmark integration scheme which, for
the sake of conciseness, it is not reported here but may be found in [32].

3.3 Discontinuous Galerkin for free-vibration analysis
For free-vibration analysis, the DG problem becomes finding the eigenvalues λh =

1
ω2

h
and the eigen-

functions Uh that are solution of the following eigenproblem

BΩ(V ,Uh) =
1

ω2
h

B(V ,Uh), ∀V ∈ V NU
hp , (37)

where ωh is an approximation of the free-vibration frequencies ω and the following two bilinear forms
have been introduced

BΩ(V ,Uh)≡
∫

Ωh
ξ

V ⊺MUh, (38)

and

B(V ,Uh)≡
∫

Ωh
ξ

∂V ⊺

∂ξα

(
Qαβ

∂Uh

∂ξβ

+Rα3Uh

)
+V ⊺

(
R⊺

α3
∂Uh

∂ξα

+S33Uh

)
+

−
∫

∂Ωh
ξ I

[[V ]]⊺α

{
Qαβ

∂Uh

∂ξβ

+Rα3Uh

}
+

{
∂V ⊺

∂ξα

Qαβ +V ⊺R⊺
β3

}
[[Uh]]β+

−
∫

∂Ωh
ξ D

ναV
⊺
(
Qαβ

∂Uh

∂ξβ

+Rα3Uh

)
+

(
∂V ⊺

∂ξα

Qαβ +V ⊺R⊺
β3

)
Uhνβ+

+
∫

∂Ωh
ξ I

µ[[V ]]⊺α [[Uh]]α +
∫

∂Ωh
ξ D

µV ⊺Uh. (39)

4. Results
To validate the formulation presented in the preceding section, a few tests involving different ge-
ometries and several high-order ESL theories as well as DG basis functions are considered. The
investigated geometries are a square plate, a cylindrical shell, and a NURBS-based shell. Two differ-
ent materials are taken into account, namely an isotropic material and an orthotropic material, whose
properties are reported in Tab.(1).
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Table 2 – Properties of the considered shell sections.

Shell ID Material Layup Layer(s) thickness
P1 M1 [0] τ

P2 M2 [0/90/0/90] τ/4
C1 M1 [0] τ

C2 M2 [0/90/0/90] τ/4
N1 M2 [0/90/90/0] τ/4

4.1 Square plate
The first investigated geometry is a square plate, whose mid-surface is defined as

x0 =

ξ1
ξ2
0

 , (40)

where ξ1,ξ2 ∈ [0,L], being L the length of the sides of the plate. Two plate sections are considered
here, an isotropic plate P1 and a laminated P2 whose properties are reported in Tab.(2). The plate
has a thickness ratio of τ

L = 1
100 and is subjected to simply-supported boundary conditions. The

characteristic dimension of the mesh element h is then given by Le/L, where Le is the length of the
side of each square elements.
Figure (2) shows the convergence of the error on the first natural frequency and on the first eigen-
function as for a given mesh size h and order p of the DG basis functions using the FSDT. The errors
are defined as

e(ωh)≡
ωh −ωref

ωref
, (41a)

e(Uh)≡
|Uh −Uref|∞

|Uref|∞
, (41b)

where the subscript ref denotes exact solution quantities and the subscript h denotes the quantities
computed with the proposed DG formulation.
Four different ESL theories are then taken into account and the corresponding first ten non-dimensional
frequencies are computed for the plate P2 using an order p = 6 of the DG basis functions and a 4×4
structured grid. The non-dimensional frequencies are computed as

ω ≡ L2

π2

√
ρr

Erτ
2 ω, (42)

The obtained values are reported in Tab.(3) and compared with the analytical solutions, showing
excellent matching.
As the last test, the transient response of the plate P2 is investigated. The plate starts from an unde-
formed configuration and is subjected to simply-supported boundary conditions and to a pressure on
the lower surface whose expression is q0 sin(πξ1/L)sin(πξ2/L)H(t), where H(t) is the Heaviside step
function.
The transient response of the plate is reported in terms on the third non-dimensional component uξ3

of the displacement vector defined as

uξ3 ≡
τ3Er

L4q0
uξ3 . (43)

Figure (3) shows the computed value of uξ3 at the point of coordinates (L/2,L/2,0) as a function of
time t and order p of the DG basis functions using a 2×2 structured grid; in the figure, Tn is the period
of free-vibration of the half-wave bending mode while the dashed line denotes the exact solution,
which is accurately recovered for p > 2.

9



DG FOR VIBRATIONS OF SHELLS

(a) (b)

(c) (d)

Figure 2 – hp-convergence of the error on the first natural frequency for the plate P1 (a) and P2 (b),
and on the first eigenfunction for the plate P1 (c) and P2 (d)

Table 3 – First ten natural frequencies for the plate P2.

FSDT FSDT ED111 ED111 ED222 ED222 ED333 ED333
(DG) (S.A.) (DG) (S.A.) (DG) (S.A.) (DG) (S.A.)

ω1 1.4211 1.4211 1.4311 1.4311 1.4214 1.4214 1.4207 1.4207
ω2 4.0147 4.0147 4.0398 4.0398 4.0181 4.0181 4.0108 4.0108
ω3 4.0147 4.0147 4.0398 4.0398 4.0181 4.0181 4.0108 4.0108
ω4 5.6537 5.6537 5.6981 5.6981 5.6593 5.6593 5.6483 5.6483
ω5 8.6321 8.6321 8.6899 8.6899 8.6481 8.6481 8.6125 8.6125
ω6 8.6321 8.6321 8.6899 8.6899 8.6481 8.6481 8.6125 8.6125
ω7 9.6535 9.6535 9.7320 9.7320 9.6710 9.6710 9.6343 9.6343
ω8 9.6535 9.6535 9.7320 9.7320 9.6710 9.6710 9.6343 9.6343
ω9 12.6091 12.6091 12.7243 12.7243 12.6363 12.6363 12.5823 12.5823
ω10 15.0412 15.0412 15.1619 15.1619 15.0891 15.0891 14.9808 14.9808
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Figure 3 – Dynamic response of the plate P2.

4.2 Cylindrical shell
The second investigated geometry is that of cylindrical shell. The map of the mid-surface is given as

x0 =

Rcos(ξ1)
Rsin(ξ1)

ξ2

 , (44)

where R denotes the radius of the cylindrical shell. The first curvilinear coordinate for this geometry
takes values in [0,α], being α = 1 rad, and the second one takes values in [0,L]. The considered
shell sections are those denoted by C1 and C2 in Tab.(2) and consist of an isotropic single-layer and a
laminated cross-ply section, respectively. The thickness ratio is τ

L = 1
100 and the shell is subjected to

simply supported boundary conditions. Fig.(4) shows the convergence of the error on the first natural
frequency and on the first eigenfunction computed using Eq.(41) as functions of the order p of the
DG basis functions and the mesh size h. The shell theory used in these tests is the FSDT.
In the second set of tests, the values of the first ten non-dimensional natural frequencies for the
shell C2 are computed using an order p = 6 of the DG basis functions and a 4× 4 structured grid.
The values are compared with those obtained analytically in Tab.(4) showing excellent matching also
in this case. The non-dimensional values of the frequencies are computed as in Eq.(42). For the
last test, starting from an undeformed configuration, the shell C2 is subjected to an internal pressure
varying as q0 sin(πξ1/α)sin(πξ2/L)H(t). The value of the non-dimensional third covariant component
of the displacement vector uξ3 is computed as a function of time using different order of the DG basis
functions and a 2× 2 grid. Figure (5) shows the obtained results, which match very well with the
analytical solution for p > 2.

4.3 NURBS-based shell
The last investigated geometry is a generally-curved NURBS-based shell with a cut-out as shown in
Fig.(6). The detailed description of the geometry can be found in [24], where the information for the
definition of the NURBS-surface, such as the coordinates of the control points or the elements of the
knot vector, is provided. Nevertheless, the main geometrical measures are recalled here in Tab.(5)
for the sake of completeness. The level set function used for the cut-out is defined in Cartesian
coordinates as

φ(x0) = ad −|x01 − x1n|d −|x02 − x2n|d , (45)

where the values of a, d, x1n, and x2n are reported in Tab.(5) and x01 and x02 are the Cartesian
coordinates of a generic point on the mid-surface. Using the map of the reference surface of the
shell the level set is transformed into a function of the curvilinear variables and it is used to generate
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(a) (b)

(c) (d)

Figure 4 – hp-convergence of the error on the first natural frequency for the shell C1 (a) and C2 (b),
and on the first eigenfunction for the shell C1 (c) and C2 (d).

Table 4 – First ten natural frequencies for the shell C2.

FSDT FSDT ED111 ED111 ED222 ED222 ED333 ED333
(DG) (S.A.) (DG) (S.A.) (DG) (S.A.) (DG) (S.A.)

ω1 5.1031 5.1031 5.1210 5.1210 5.0987 5.0987 5.0933 5.0933
ω2 6.7424 6.7424 6.7442 6.7442 6.7418 6.7418 6.7417 6.7417
ω3 8.7785 8.7785 8.8269 8.8269 8.7801 8.7801 8.7456 8.7456
ω4 8.7999 8.7999 8.8317 8.8317 8.7999 8.7999 8.7931 8.7931
ω5 10.5801 10.5801 10.6484 10.6484 10.5852 10.5852 10.5522 10.5522
ω6 13.3841 13.3841 13.3911 13.3911 13.3852 13.3852 13.3832 13.3832
ω7 13.8991 13.8991 13.9523 13.9523 13.9102 13.9102 13.8851 13.8851
ω8 14.2770 14.2770 14.3763 14.3763 14.2946 14.2946 14.2474 14.2474
ω9 15.0348 15.0348 15.1503 15.1503 15.0621 15.0621 14.9537 14.9537
ω10 16.0497 16.0497 16.1837 16.1837 16.0801 16.0801 15.9738 15.9738
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Figure 5 – Dynamic response of the shell C2.

Table 5 – Geometrical parameters for the NURBS-based generally-curved shell.

NURBS-based shell
H 50 cm
D 5 cm
L 60 cm
a 8.5 cm
d 3
x1n 15 cm
x2n 12 cm
τ 1 mm

the implicit mesh. The shell is subjected to clamped boundary conditions on the external boundary
while the boundary of the cut-out is traction-free. In the first set of tests, the first six free-vibration
modes in terms of the magnitude of the displacement are evaluated using a 10×10 background grid
and a p = 6 for the order of the DG basis functions. The obtained results are compared with those
computed using Abaqus’ S3 elements; the comparison is reported in Fig.(7) showing the accuracy of
the present approach.

(a) (b) (c)

Figure 6 – Geometry of the NURBS-based shell in three different views.
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(a) Mode 1 (DG) (b) Mode 2 (DG) (c) Mode 3 (DG)

(d) Mode 1 (Abaqus) (e) Mode 2 (Abaqus) (f) Mode 3 (Abaqus)

(g) Mode 4 (DG) (h) Mode 5 (DG) (i) Mode 6 (DG)

(j) Mode 4 (Abaqus) (k) Mode 5 (Abaqus) (l) Mode 6 (Abaqus)

Figure 7 – First six free-vibration modes for the shell N1 computed using DG (a-c and g-i) and
Abaqus S3 elements (d-f and j-l).
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The last set of tests concerns the transient response of the NURBS-based shell when subjected
to a uniform pressure q0H(t) applied onto the internal surface. In this case, a damped analysis is
considered and the damping ratios for the first and sixth free-vibration mode are selected as ζ1 =
ζ6 = 0.1. Figure (8) shows the non-dimensional magnitude of the displacement for the point with
curvilinear coordinates ξ1 = α = 0.3922 and ξ2 = β = 0.5808 as a function of time 0 < t < 5Tn, where
Tn is the period of the first free-vibration frequency.

Figure 8 – Dynamic response of the shell N1.

5. Conclusion
In this work, an Interior Penalty discontinuous Galerkin formulation for the free-vibration and tran-
sient analysis of laminated composite shells has been proposed. The ESL approach is used for the
covariant components of the displacement vector along the shell thickness. The mid-surface of the
shell is described using either analytical or NURBS-based surfaces. The presence of a cut-out is
resolved through the implicit-mesh approach, whereby a level-set function, that implicitly defines the
reference domain, is combined with a background rectangular grid to generate the mesh. The effi-
ciency of the formulation has been assessed through multiple tests on different geometries. The first
two sets of tests where conducted on a square plate and on a cylindrical shell. These tests admit
analytical solutions and have allowed us to demonstrate the high-order accuracy of the formulation.
The last set of tests were conducted on a NURBS-based shell. The contour plot of the displacement
magnitude for the first six free-vibration modes and the transient response of the structure were com-
pared with Abaqus results, showing the capability of the proposed approach to accurately reproduce
the free-vibration and transient response of generally curved shells. In general, in all the conducted
tests, the results obtained with method proposed show excellent agreement with the reference ones,
demonstrating the potential of the formulation for being used as an efficient tool for transient and
free-vibration analysis of shell structures.
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