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Abstract

Flight simulation of flexible aircraft is compu-
tationally expensive. This paper presents an ap-
proach based on reduced–order models for com-
putational cost reduction of the aeroelastic equa-
tions. The model order reduction technique, the
X–HALE aircraft and a low computational cost
model are described. Finally, simulation time
histories are presented comparing time responses
and computational costs. Numerical results show
good agreement between full-order and reduced-
order models, with the latter presenting a signifi-
cant reduction in computational time.

1 Introduction

The development of modern, more efficiency
transport aircraft and high altitude long en-
durance (HALE) aircraft requires light and flex-
ible structures. At this point, the rigid–body
assumption may not be accurate anymore and
aeroelastic modes must be taken into account
when modeling flight dynamics.

However, flight simulations of flexible air-
craft are computationally expensive. The inter-
action between aerodynamics, structural dynam-
ics and flight dynamics results in mathematical
models with many state variables and nonlinear
equations [1,2]. Even approaches based on linear
structural and aerodynamic models can be expen-
sive depending on the effects they represent [3].

In particular, real–time simulation of flexible
aircraft is currently a challenge. The benefits pro-

vided by flight simulation are beyond design. De-
velopment costs are reduced by using flight sim-
ulators instead of flying prototypes, safety is in-
creased by providing pilots training or by simu-
lating situations that would be dangerous to be
reproduced in real flight.

Real–time flight simulators can be used for
control system validation via hardware–in–the–
loop simulations [4, 5]. They can also be used to
perform pilot–in–the–loop simulations for eval-
uating handling qualities of an aircraft [6] or to
investigate pilot–induced oscillations [7].

Motivated by the benefits of real–time sim-
ulation, this paper describes an approach for
reducing computational cost of flexible aircraft
models and presents preliminary results.

2 Model order reduction technique

The model order reduction technique em-
ployed in the current work was developed by Da
Ronch et al [8]. It was conceived for flight con-
trol law design of flexible aircraft. In summary,
the technique uses information on the eigenspec-
trum of the Jacobian matrix and projects the sys-
tem through a Taylor series expansion onto a
small basis of eigenvectors representative of the
system dynamics, retaining terms up to second or
third order.

Consider a flexible aircraft with dynamics
represented by the state equation

ẋxx = FFF(xxx,uuu), (1)

where FFF is a nonlinear function, uuu is the con-
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trol input vector and xxx is an n–dimensional state
vector containing rigid–body, structural and fluid
state variables:

xxx =

xxxrb
xxxsss
xxx fff


n×1

. (2)

Consider now ∆∆∆xxx = xxx− xxx000 a small perturba-
tion in the state vector with respect to an equi-
librium point xxx000 and ∆∆∆uuu = uuu− uuu000 a small per-
turbation in the control input vector with respect
to the equilibrium point uuu000. The nonlinear state
equation represented by Eq. (1) is expanded in
a Taylor series around xxx000 and uuu000 and the system
dynamics is approximated by

∆∆∆ẋxx≈ AAA∆∆∆xxx+
∂FFF
∂uuu

∆∆∆uuu+
1
2!

BBB(∆∆∆xxx,∆∆∆xxx)

+
1
3!

CCC(∆∆∆xxx,∆∆∆xxx,∆∆∆xxx),
(3)

where AAA, BBB and CCC represents the first, second and
third Jacobian operators defined by

Ai j =
∂Fi(xxx000)

∂x j
, (4)

Bi(aaa,bbb) =
n

∑
j,k=1

∂2Fi(xxx000)

∂x j∂xk
a jbk, (5)

Ci(aaa,bbb,ccc) =
n

∑
j,k,l=1

∂3Fi(xxx000)

∂x j∂xk∂xl
a jbkcl. (6)

The Taylor series expansion (3) must be pro-
jected onto a small basis formed by m (m� n)
eigenvectors of the Jacobian matrix AAA which are
representative of the aircraft dynamics. Denote
φφφiii and ψψψiii the right and left eigenvectors of AAA, i.e.

AAAφφφiii = λiφφφiii, for i = 1, ...,n, (7)

AAAT
ψψψiii = λ̄iψψψiii, for i = 1, ...,n. (8)

It is convenient that the set of eigenvectors
that forms the reduced–order model basis satis-
fies the biorthonormality conditions, i.e.

〈φφφiii,φφφiii〉= 1, for i = 1, ...,m, (9)

〈ψψψ jjj,φφφiii〉= δi j, for i = 1, ...,m, (10)

〈ψψψ jjj, φ̄φφi〉= 0, for i = 1, ...,m, (11)

where δi j represents the Kronecker delta and the
inner product is defined as 〈aaa,bbb〉 = āaaT bbb. Con-
sider the transformation of coordinates

∆∆∆xxx = ΦΦΦzzz+ Φ̄ΦΦz̄zz, (12)

where

ΦΦΦ =
[
φφφ111 ......... φφφmmm

]
(13)

and zzz∈Cm is the reduced–order model state vari-
able vector. Applying the transformation of coor-
dinates (12) into Eq. (3) and then premultiplying
each term by the conjugate transpose of the left
modal matrix, results in

ψ̄ψψ
T
j (φφφiiiżi + φ̄φφi ˙̄zi) = ψ̄ψψ

T
j

(
AAAφφφiiizi +AAAφ̄φφiz̄i +

∂FFF
∂uuu

∆∆∆uuu

+
1
2!

Bi(zzz,zzz)+
1
3!

Ci(zzz,zzz,zzz)
)
.

(14)

Once the biorthonormality conditions (9),
(10) and (11) were satisfied, the set of m equa-
tions (14) can be simplified as

żi = λizi +ψψψ
T
j

(
∂FFF
∂u

∆∆∆uuu+
1
2!

Bi(zzz,zzz)+

1
3!

Ci(zzz,zzz,zzz)
)
,

(15)

where the bilinear and trilinear terms are written
as

Bi(zzz,zzz) =
m

∑
r,s=1

Bi(φφφrrr,φφφsss)zrzs +Bi(φφφrrr, φ̄φφsss)zr z̄s+

Bi(φ̄φφrrr,φφφsss)z̄rzs +Bi(φ̄φφrrr, φ̄φφsss)z̄r z̄s

(16)
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and

Ci(zzz,zzz,zzz) =
m

∑
r,s,t=1

(
Ci(φφφrrr,φφφsss,φφφttt)zrzszt+

Ci(φφφrrr,φφφsss, φ̄φφttt)zrzsz̄t +Ci(φφφrrr, φ̄φφsss,φφφttt)zr z̄szt+

Ci(φφφrrr, φ̄φφsss, φ̄φφttt)zr z̄sz̄t +Ci(φ̄φφrrr,φφφsss,φφφttt)z̄rzszt+

Ci(φ̄φφrrr,φφφsss, φ̄φφttt)z̄rzsz̄t +Ci(φ̄φφrrr, φ̄φφsss,φφφttt)z̄r z̄szt+

Ci(φ̄φφrrr, φ̄φφsss, φ̄φφttt)z̄r z̄sz̄t

)
(17)

It is possible to calculate all the bilinear and
trilinear contributions without calculating all the
second and third order partial derivatives analyt-
ically. They can be approximated by using fi-
nite differences instead. The bilinear and trilinear
contributions consist, in general, of 4m2 and 8m3

terms. However, it is possible to reduce the num-
ber of terms to 2m2 +m and 2

3(2m3 + 3m2 +m)
respectively by exploiting the symmetry of the
Jacobian operators [8].

In this work, however, we calculate the
derivatives by using automatic differentiation, a
computational technique that takes advantage of
the fact that every computer program executes a
sequence of elementary operations. By applying
the chain rule to these operations, it is possible to
calculate the derivatives accurately without eval-
uating functions which are, in general, computa-
tionally expensive, and approximating the deriva-
tives numerically, avoiding rounding and trun-
cation errors. Since the aircraft model was im-
plemented in MATLAB, ADiGator toolbox was
used: a free, open source and easy–to–use au-
tomatic differentiation toolbox developed by Pat-
terson et al [9].

3 X-HALE aircraft

The X–HALE (Figure 1) is a flexible, remotely
piloted aircraft developed by Professor Carlos
Cesnik and coworkers at the University of Michi-
gan to provide a platform for collecting data that
can be used in support for validation of coupled
aeroelastic and flight dynamics formulations. It
is also intended to be used as a platform for non-
linear control laws tests [10].

(a) X–HALE during flight tests at ITA

(b) X–HALE taxiing

Fig. 1 X–HALE aircraft

It is a wing–boom–tail aircraft designed to
have a modular airframe that allows it to be
mounted in three configurations: slightly flexi-
ble (4m wingspan and aspect ratio equal to 20),
moderately flexible (6m wingspan and aspect ra-
tio equal to 30) and highly flexible (8m wingspan
and aspect ratio equal to 40).

The wing profile is an EMX–07 reflexed air-
foil with constant chord equal to 0.2m along the
wingspan with an incidence angle equal to 5 de-
grees. In all three configurations, the outermost
wing panels have 10 degrees dihedral angle and
are equipped with trailing-edge control surfaces.

The tails comprise NACA–0012 symmetric
airfoils with chord equal to 0.11m. The cen-
tral tail can be set to vertical or horizontal con-
figuration only, to increase or decrease lateral–
directional stability, respectively. The outer tails
are always in the horizontal configuration and
their incidence angle can be controlled.

The aircraft in its slightly flexible configura-
tion (aspect ratio equal to 20) is currently in op-
eration also at ITA in Brazil, and the moderately
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configuration (aspect ratio equal to 30) will enter
into operation in the near future.

In the current work, only the slightly flexi-
ble configuration (4m wingspan and aspect ratio
equal to 20) is considered. Wing control sur-
faces are deflected antisymmetrically, working as
ailerons. The central tail is set in vertical position
during the entire simulations in order to increase
lateral–directional stability. The outer tails are
symmetrically deflected, working as elevators.

4 X-HALE model

The X–HALE model used in the current work
was implemented following the methodology
proposed by Silvestre [11], which was experi-
mentally validated in flight for the utility aircraft
Stemme S15 [12].

The representation of the flight dynamics
including flexibility effects was based on the
linearized mean–axes formulation, proposed by
Waszak and Schmidt [13]. The equations of mo-
tion are detailed in Ref. [11] and reproduced here:

V̇VV |B =−−−ωωω|B×VVV |B +
1
m

(
TTT BIWWW |I +FFF |B

)
(18)

ω̇ωω|B =−JJJ−1(
ωωω|B× JJJωωω|B

)
+ JJJ−1MMM|B (19)

ṗpp = TTT T
BIVVV |B (20)

δ̇δδ =−τττ
−1

δδδ+ τττ
−1uuuccc (21)

[
η̇ηη(t)
η̈ηη(t)

]
=

[
000ne×ne III
ΠΠΠ111(t) ΠΠΠ222(t)

][
ηηη(t)
η̇ηη(t)

]
+

+

[
000ne×ns

ΠΠΠ333(t)

]
λλλ(t)+

[
000ne×nx

ΠΠΠ444(t)

]
xxxRB(t)+

+

[
000ne×nu

ΠΠΠ555(t)

]
δδδ(t)

(22)

λ̇λλ = ΛΛΛ(t)λλλ+ϒϒϒẇww3/4(t) (23)

where VVV |||BBB and ωωω|||BBB represents linear and angular
velocities of the body reference frame with re-
spect to the inertial reference frame; TTT BI is the
transformation matrix from the inertial frame to
the body frame; m is the total mass of the air-
craft; WWW |||III is the aircraft weight expressed in the
inertial reference frame; JJJ is the inertia matrix
with respect to the aircraft center of gravity; ppp
is the position of the center of gravity with re-
spect to the inertial frame; δδδ is the state vector of
the actuators; τττ is a diagonal matrix that contains
the actuators’ time constants; uuuccc is the control in-
put; ηηη is the vector of modal coordinates; λλλ is the
aerodynamic lag vector and ẇww3/4 represents the
first derivative of the downwash.

The length of the vectors ηηη and λλλ are the
number of elastic modes (ne) and twice the the
number of strips in the incremental aerodynamic
model (2ns), respectively. The matrices ΠΠΠiii and
ΛΛΛ are time variant, depending on the flight con-
dition and unsteady aerodynamics formulation.
The matrix ϒϒϒ is constant and depends only on the
coefficients of the exponential Jones approxima-
tion. The analytical definitions of those matrices
can be found in Ref. [11].

FFF |B and MMM|B are the sum of external forces
and moments, respectively, comprising rigid–
body aerodynamics, incremental aeroelastic un-
steady aerodynamics and propulsive forces and
moments expressed in the body reference frame:

FFF |B = FFFaero,RB|B +FFFaero,incr|B +FFF prop|B (24)

MMM|B = MMMaero,RB|B+MMMaero,incr|B+MMMprop|B (25)

The rigid–body steady aerodynamic coeffi-
cients were calculated using Hedman’s Vortex
Lattice Method [14] and XFOIL [15]. They
were disposed in lookup tables parameterized by
Reynolds Number and angle of attack.

The unsteady incremental aerodynamics due
to elastic deformation formulation is detailed in
Ref. [11]. It is was built by using unsteady strip
theory in time domain based on Jones’ exponen-
tial approximation of Wagner’s function [16].
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The rigid–body state space model contains
the classical three translational and three rota-
tional equations of motion, plus three Euler’s an-
gles and three navigation equations (x, y and z
coordinates), totalizing nRB = 12 rigid–body state
equations.

The four control surfaces and three motors
were modeled with first–order dynamics, totaliz-
ing na = 7 actuator dynamic equations.

The aircraft structural-dynamic model con-
tains elastic modes with frequencies up to 25Hz,
totalizing ne = 15 elastic modes and 2ne = 30
state equations.

The incremental unsteady aerodynamic
model was built by diving the lifting surfaces
in strips with approximate length equal to
5cm totalizing ns = 110 strips and 2ns = 220
aerodynamic lag state equations.

The number of state equations in the full–
order model is then calculated as n = nRB +na +
2ne +2ns = 269.

5 Results

In the remaining of this paper, the following
convention is used: Full–Order Model (FOM)
refers to a model represented by equations (18)
to (23); reduced–order model (ROM) refers to a
model represented by equations (26) to (31). The
number accompanying this nomenclature refers
to the number of elastic modes that was used to
represent the model, for example, FOM–15 refers
to a model represented by equations (18) to (23)
considering 15 elastic modes.

The model order reduction method presented
in section 2 was applied to equations (22) and
(23), retaining linear terms only. This is reason-
able since we are interested in reducing simula-
tion time by model order reduction and equation
(23) contains the largest number of state equa-
tions. Additionally, equation (22) is responsible
for introducing the highest frequency poles in the
system, the influence of which may fastly vanish
in time responses.

The rigid–body equations of motion and the
actuator dynamics remain the same. The set of
equations that describe the ROM is given by:

V̇VV |B =−−−ωωω|B×VVV |B +
1
m

(
TTT BIWWW |I +FFF |B

)
(26)

ω̇ωω|B =−JJJ−1(
ωωω|B× JJJωωω|B

)
+ JJJ−1MMM|B (27)

ṗpp = TTT T
BIVVV |B (28)

δ̇δδ =−τττ
−1

δδδ+ τττ
−1uuuccc (29)

[
η̇ηη(t)
η̈ηη(t)

]
= ΦΦΦeeeżzzeee +ΦΦΦeeeżzzeee (30)

λ̇λλ = ΦΦΦaaażzzaaa +ΦΦΦaaażzzaaa, (31)

where

żzzeee = AAAeee
(
zzzeee− zzze0

)
+BBBeee(uuueee−uuue0), (32)

and

żzzaaa = AAAaaa(zzzaaa− zzza0)+BBBaaa(uuuaaa−uuua0) (33)

where zzzaaa and zzzeee are the reduced–order state vari-
ables; uuueee and uuuaaa contain the relevant variables
that describe the flight conditions at a given time
instant; zzze0, zzza0 are calculated as

zzze0 = ΨΨΨ
T
eee [{ηηη0}{η̇ηη0}]T (34)

and
zzza0 = ΨΨΨ

T
aaa λλλ0 (35)

The ROM–7 basis is composed by the seven
lowest frequency structural modes (modes up to
12.9Hz were considered) plus four aeroelastic lag
states, two for the wing and two for the tails.
Figure 2 illustrates the map of poles for both,
FOM–15 and ROM–7. Besides FOM–15, in or-
der to compare simulation results of a FOM and
a ROM with the same number of elastic modes
taken into account, simulations with a FOM–7
are presented as well.

The simulations were performed in a com-
puter equipped with a microprocessor Intel Core
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Fig. 2 Map of poles of Full–order models and
Reduced–order model

i7–7700HQ 2.8GHz, 8GB of RAM, Windows 10
and MATLAB 2017a. The time integration al-
gorithm used was the fixed–step, fourth–order
Runge–Kutta method and the time steps were
chosen according to the criterion of representing
the highest frequency of each model with 8 points
per cycle. Table 1 summarizes this criterion.

Two test cases are presented, in both the oper-
ation velocity and altitude are 14m/s and 650m,
respectively.

In the first test case, a three–degree eleva-
tor doublet command was applied in order to
compare the FOM and ROM longitudinal time
responses. Figure 3 shows the elevator deflec-
tion; Figure 4 shows the wing tip displacements
and Figure 5 illustrates the longitudinal response
of the aircraft and Figure 6 shows the coupled
lateral–directional response, , because the air-
craft has its center of gravity slightly offset to the
left. Another relevant characteristic to fully un-
derstand the lateral–directional behavior in Fig-
ure 6 is that the aircraft has elevator roll control
reversal.

The second test case consists in a frequency
sweep, ranging from 0.5Hz to 2.5Hz, applied to
the ailerons, as seen in Figure 7. Figures 8 and 9
illustrate wing tip displacements and the lateral–

directional responses, respectively. Particularly,
in Figure 8, the small but persistent difference
in wing tip displacements between FOM-15 and
FOM-7 is due to the different number of elastic
modes retained in both – this difference is also
present in Figure 4.

Through the analysis of Figure 3 to 9, it is
possible to observe that the proposed ROM was
capable of approximating the FOM for both lon-
gitudinal and lateral–directional dynamics. With
respect to the simulation times, Table 2 compares
the average simulation time for a 10s flight.

Model Ts [s] Standard deviation
FOM–15 7.95 0.04
FOM–7 4.71 0.02
ROM–7 2.84 0.02

Table 2 Average simulation computational time
for a 10s flight calculated through 5 samples.

Through the analysis of Table 2, it is possi-
ble to observe that ROM–7 provided a simulation
computational time reduction of 64.23% when
compared with FOM–15 and 39.6% when com-
pared with FOM–7.

6 Concluding Remarks

This paper presented an approach based on
reduced–order models for reducing computa-
tional cost of flexible aircraft simulations.

A model order reduction technique that uses
information on the eigenspectrum of the Jacobian
matrix and projects the system through a Taylor
series expansion onto a small basis of eigenvec-
tors was applied to the aeroelastic and aerody-
namic lag state equations while the rigid–body
equations of motion were unchanged. Automatic
differentiation algorithms were employed to ob-
tain the reduced-order model matrices.

The results show a good agreement be-
tween full–order–models and reduced–order–
model, with a significant reduction of computa-
tional cost when using the latter.

Moreover, the reduced-order model was
shown to be able to yield in much less comput-
ing time results that are in good agreement with
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FOM–15 FOM–7 ROM–7
Number of Elastic Modes 15 7 7

Highest frequency pole [Hz] 20.81 12.9 12.9
Time step [ms] 6 10 10

Table 1 Simulation time step.
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Fig. 3 Left and right elevator deflection for a 3 degree doublet.
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Fig. 4 Wing tip displacements (positive downwards) due to a 3 degree elevator doublet.
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Fig. 5 Longitudinal response due to a 3 degree elevator doublet.
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Fig. 6 Lateral-directional response due to a 3 degree elevator doublet.
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Fig. 7 Left and right ailerons deflection for a 0.5 Hz to 2.5 Hz frequency sweep command.
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Fig. 8 Wing tip displacements (positive downwards) due to a 0.5 Hz to 2.5 Hz frequency sweep
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Fig. 9 Lateral-directional response due to a 0.5 Hz to 2.5 Hz frequency sweep.
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those provided by a full-order model having the
same number of elastic degrees of freedom.

The findings and discussions are conserva-
tive and the advantages provided by the proposed
approach may become larger when dealing with
models that include structural-dynamic or incre-
mental aerodynamic nonlinearities or both.
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