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Abstract  

Several researches have investigated the use of 

essentially nonlinear attachments, such as a 

nonlinear energy sink (NES), coupled to a 

linear host structure. NES devices efficiently 

reduce vibrations due to the one-way energy 

flow from the host structure to the nonlinear 

attachment, where it is localized and dissipated. 

NES devices also do not possess any 

preferential resonance frequency, enabling 

frequency-wise wideband performance and 

robustness against detuning. In this work, the 

interactions between an essentially nonlinear 

piezoelectric attachment and an 

electromechanically coupled two-degree-of-

freedom (2-DOF) aeroelastic typical section are 

investigated. Equations of motion are derived to 

model the 2-DOF typical section with 

piezoelectric coupling added to the plunge 

DOF. An equivalent electrical circuit of the 

piezoaeroelastic system is presented and 

employed in the simulations of the system in 

short-circuit condition and also combined to the 

NES.  

1 Introduction  

Piezoelectric materials have been employed for 

passive vibration control. In such case, the 

terminals of the piezoelectric material are 

combined to a passive circuit where energy is 

dissipated. The first piezoelectric shunt damping 

circuits investigated in the literature were the 

resistive [1], the inductive [2], and resistive-

inductive ones [3,4]. The effect of a resistive 

shunt is analogous to the constrained-layer 

damping technique [5]. The inductive shunt 

allows the cancelation of the impedance of the 

piezoelectric capacitance, increasing the energy 

flow between mechanical and electrical domain. 

Knowing from Uchino and Ishii [1] that a 

resistor creates a damping effect, Hagood and 

von Flotow [3] and Wu [4] studied the effect of 

a resistor connected to an inductor and realized 

the damped dynamic vibration absorber effect. 

Different piezoelectric shunt damping 

techniques have been widely investigated in the 

literature as reported in review articles by 

Lesieutre [5] and Ahmadian and Deguilio [6]. 

The resistive-inductive (RL) shunts are 

effective in the neighborhood of a target 

frequency. Any frequency mistuning (due to 

design uncertainties, ageing and external 

conditions) results in reduced performance to 

attenuate vibrations. Moreover, low target 

frequencies require very high and unpractical 

inductances.  

Researchers have explored nonlinear 

piezoelectric shunt circuits in order to enable 

broader frequency bandwidth performance. 

Agnes and Inman [7] investigated a nonlinear 

piezoelectric absorber and reported a weak 

performance on vibration attenuation. More 

recently, Soltani and Kerschen [8] explored the 

effects of a nonlinear piezoelectric tuned 

vibration absorber designed to attenuate 

vibrations of a nonlinear primary system.  

Researchers have also investigated 

essentially nonlinear mechanical attachment in 
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order to enable NES [9]. Gendelman and his co-

authors [9-11] were the first to report the 

nonlinear energy-pumping phenomenon (or 

targeted energy transfer) that can be observed in 

NES. It is characterized by the irreversible 

energy transfer from the primary system to the 

vibration absorber, where energy is localized 

and dissipated due to the presence of a damper. 

The effects of mechanical NES (essentially 

nonlinear mass-spring systems) on the behavior 

of aeroelastic systems have already been 

reported in the literature. Lee et al. [12]  

investigated the effects of a mechanical NES 

device connected to a nonlinear typical section 

and the numerical results were validated against 

experimental data from wind tunnel tests. The 

effects of a rotational NES on the aeroelastic 

behavior of a flexible wind have also been 

reported [13-15]. 

While many researchers reported in the 

literature investigates mechanical approaches 

for a NES device only a few have discussed a 

piezoelectric based NES. Zhou et al. [16] report 

the use of  piezoelectric based NES on mistuned 

bladed disks. The sink is obtained by 

associating piezoelectric material an electrical 

circuit composed by an RL circuit in series with 

a negative capacitance and a nonlinear 

capacitance. The nonlinear capacitance provides 

a cubic voltage to charge relation required for 

the NES, while the negative capacitance is 

employed to reduce the internal capacitance of 

the piezoelectric material.  

In this paper, we investigate the effects of a 

piezoelectric NES on the aeroelastic behavior of 

an electromechanically coupled 2-DOF typical 

section. The electromechanical coupling is 

added to the plunge DOF. An electrical circuit 

based on the approach presented by Zhou et al. 

[16] is presented to obtain the piezoelectric 

based NES. The equations of motion of the 

typical section and also an unsteady 

aerodynamic model are presented. An 

equivalent electrical circuit is derived to 

represent the piezoaereoelastic typical section in 

electrical domain and also to include the 

nonlinear shunt circuit in the solution. 

Numerical results show that the piezoelectric 

NES device yields a substantial increase of the 

flutter envelope of the typical section, assuming 

the short-circuit condition as the baseline. 

2  Aeroelastic Typical Section 

Figure 1 displays the 2-DOF typical section. 

The plunge and pitch displacements are denoted 

by h and  α , respectively. In addition, b is the 

semichord length, U is the airflow speed, xαb is 

the distance of the axis of rotation from the 

center of gravity, Kh and Kα  are the stiffness per 

unit length for plunge and pitch, Bh and Bα are 

the damping coefficient per unit length for 

plunge and pitch, M is the aerodynamic moment 

per length and F is the aerodynamic lift per 

length. 

 

 
Fig. 1. Typical Section Model 

Adding piezoelectric coupling to the 

plunge DOF of the typical section, the equations 

of the electromechanically coupled system are  
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where l is the span length, m is the airfoil mass 

per unit length, mf is the fixture mass per unit 

length (connecting the airfoil to the plunge 

springs), Iα is the moment of inertia per unit 

length about the elastic axis, Cp is the inherent 

capacitance of the piezoelectric material, Vp is 

the voltage across the shunted circuit, θ is the 

electromechanical coupling and q is the 

electrical charge.  
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Using Theodorsen’s unsteady thin airfoil 

theory [17], the aerodynamic loads are 

calculated as  
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where   ,   ̇ ,   ,   ̇ ,   ,   ̇ ,   ,   ̇  are 

oscillatory aerodynamic derivatives and ρ is the 

air density. Assuming harmonic condition in 

equations (6) and (7) and substituting in 

equations (1) and (2) results  
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where en represent the remaining aerodynamic 

terms. 

An equivalent electrical circuit of the 

electromechanically coupled typical section can 

be obtained [18]. In such case, the inertia, 

stiffness and damping terms of equations (1) 

and (2) are replaced by its electrical analogs: 

inductance (L), resistance (R) and capacitance 

(C), respectively. It can be noted that all terms 

of equations (6) and (7) are proportional to 

structural displacement and velocity. In the 

equivalent circuit, each equation is represented 

by an RLC circuit with voltage-controlled 

voltage sources, which couples both DOFs. The 

electromechanical coupling is represented by a 

voltage-controlled voltage source (V(vp)) in the 

plunge circuit and by a current-controlled 

current source (ip( ̇)) connected in parallel with 

the capacitor Cp in order to represent the 

piezoelectric material. The equivalent electrical 

circuit is shown in Fig. 2. 

 

 
Fig. 2. Equivalent Electrical Circuit (adapted from 

[18]) 

 The “circuit” block of Fig. 2 can represent 

different external circuits. In this paper, a 

piezoelectric based NES is considered which is 

obtained by connecting a RL circuit in series 

with a nonlinear capacitance and a negative 

capacitance, as shown in Fig. 3. 

 

 
Fig. 3. Nonlinear Shunt Circuit 

 The negative capacitance minimizes the 

linear effect of the internal capacitance of 

piezoelectric material, which is required for a 

NES. The electrical equation of the NES is  

3 0
res p

q
Lq Rq q h

C C


      (8) 

where β is the nonlinear capacitance coefficient 

and Cres is the residual capacitance that is 

related to the piezoelectric internal capacitance 

and negative capacitance added to the system. 3  

Piezoelectric 

3 Based NES Circuit 

In practice, Cneg and Cnl in Figure 3 are obtained 

synthetically, as shown in the piezoelectric NES 

circuit of Fig. 4, which is included in the 

“circuit” block of Fig. 2 for numerical 

simulations. 
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Fig. 4. Piezoelectric Nonlinear Shunt Circuit Used In 

Numerical Simulations 

In Fig. 4, R1 and L1  stand, respectively, for 

the resistor and inductor of the piezoelectric 

NES. The negative capacitance is composed by 

the resistors dcR , 3a cR , 3a mR  and 4aR , the 

operational amplifier 1OA , and the capacitor C2. 

The resistor dcR  is used to remove any DC 

component in the negative capacitance circuit. 

The value of Cneg can be expressed as, 

4 2

3 3

a
neg

a c a m

R C
C

R R
 



 (9) 

 

The cubic nonlinear capacitor is obtained 

through the voltage term 
3

cV q . The voltage 

cV  is obtained through the operational 

amplifiers 2OA  and 3OA , the resistors 1mR  to 

4mR , the two voltage multipliers AD633 and the 

voltage gains 1  and 1G . The gain 1  stands for 

voltage divider circuits. In case  max c satV V  

(where 
satV  is the saturation voltage of 3OA ), 1  

assumes the value  maxsat cV V  to ensure 3OA  

does not saturate. In case  max c satV V , 1  

becomes equal to one. When 1 1  , the voltage 

divider gain is not necessary and can be 

replaced by a short-circuit. The voltage cV  is 

given by, 

3
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and the gain 1G  is adjusted such that 3

cV q . 

Therefore,  

3
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and in case 1 1G  , the circuit of  Erro! Fonte de 

referência não encontrada.a should be used 

and if 1 1G  , the circuit shown in Erro! Fonte 

de referência não encontrada.b should be 

employed. In both cases, the value of resistor 

3gR  can be chosen arbitrarily. 
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4 3
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a) b) 

Fig. 5. Circuit To Provide The Voltage Gain G1 

4 Case Studies 

This section presents the case studies using the 

equivalent electrical model of Fig. 2. In the first 

case, the aeroelastic behavior of the typical 

section with the piezoelectric material in short 

circuit condition is investigated, which is used 

as a reference. Then, in the second case, the 

piezoelectric based NES circuit is connected to 

the typical section and its aeroelastic behavior is 

investigated. In all simulations, an initial plunge 

displacement of 3 mm is assumed. 

The typical section properties are shown in 

Table 1. Two piezoceramics (QP10n from Mide 

Corp.) are considered in the plunge DOF, 

leading to an equivalent capacitance of Cp = 120 

nF and an electromechanical coupling parameter 

of θ = 1.55 mN/V. 

 

Table 1. Typical section parameters 

Parameter Value 
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l 0.5 m 

a -0.5 

b 0.125 m 

xαb 0.0258 m 

m 0.789 kg/m 

mf 1.091 kg/m 

Iα 0.003 kg.m 

Kα 3.13 N/rad 

Kh 2193 N/m² 

Bα 0.0258 N.s/rad 

Bh 0.8241 N.s/rad² 

 

4.1 Short Circuit Case 

The aeroelastic behavior of a 2-DOF typical 

section in short-circuit condition is briefly 

discussed. The time responses of pitch and 

plunge DOFs are evaluated for different airflow 

speeds and the short-circuit flutter speed of the 

typical section is determined. Fig. 6 shows that 

the system is stable for airflow speeds smaller 

than  10.7 m/s and unstable for airflow speed 

larger than 10.7 m/s. Therefore,   the short-

circuit flutter speed is assumed as 10.7 m/s. 

 
Fig. 6. Aeroelastic Behavior Of The Typical Section 

For The Short-Circuit Condition. 

4.2 Piezoelectric NES Case 

The NES parameters shown in equation (8) are 

obtained iteratively. Initially, the parameter Cres 

is set to eliminate the influence of the linear 

capacitance. Then, simulations are performed in 

order to determine L, R and β that yields 

enhanced vibration attenuation. Although 

eliminating the influence of the linear 

capacitance would be theoretically required, in 

practical applications, such condition leads to 

instabilities. Numerical simulations conducted 

in order to find an acceptable negative 

capacitance in the stable domain. The final 

properties of the NES are shown in Table 2. 

 

Table 2. NES parameters 

Parameter Value 

L 10 H 

R 25 kΩ 

β 5x10
14

 V/C³ 

Cres 50 μF 

 

Using the parameters of tables 1 and 2 in 

the equivalent electrical circuit simulations, the 

aeroelastic behavior of the typical section 

displayed in Figure 7 is obtained at the short-

circuit flutter speed. While persistent 

oscillations are observed for the short-circuit 

condition, the use of piezoelectric based NES  

results in damped oscillations. The maximum 

voltage across the piezoceramic electrodes in 

Fig. 7 is 257.7 V. 

 

 
Fig. 7. Effects Of Piezoelectric NES At The Short-

Circuit Flutter Speed (U = 10.76 m/s). 

 

Fig. 8 shows aeroelastic behavior of the 

typical section with the piezoelectric NES for 

different airflow speeds above the linear short-

circuit flutter speed. In such case, the system is 
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stable for airflow speeds smaller than 13.1 m/s, 

assumed as the new flutter boundary that is 

22.4% larger than the short-circuit one. The 

maximum voltage across the piezoceramic 

electrodes is always smaller than 264.5 V.  

 

 
Fig. 8. Aeroelastic Behavior Of The Typical Section 

With The Piezoelectric NES. 

Although not shown, it is important to note 

that the NES performance depends on the initial 

condition. 

Fig. 9 displays the voltage-charge behavior 

of the linear residual capacitance, of the cubic 

term and also the combined one, resq C , 3q and 
3

resq q C  , respectively. Although a residual 

capacitance is present, the resulting voltage-

charge is very close to a cubic one, what is 

enough to enable an essential nonlinear 

behavior. 

 
Fig. 9. Characterization Of The Nonlinear Circuit. 

 

5 Conclusions 

This paper verifies the effects of a piezoelectric 

based NES on the aeroelastic of a 2-DOF 

typical section. An equivalent electrical circuit 

of the typical section was presented. A  NES 

circuit was discussed and the main electrical 

equations provided. The essentially nonlinear 

piezoelectric NES consists of a resistor, an 

inductor, a negative capacitance circuit and a 

nonlinear capacitance circuit all connected in 

series.  

The aeroelastic behavior of the typical 

section in short-circuit condition was assumed 

as a reference case. The short-circuit flutter 

speed was determined as 10.7 m/s. This flutter 

boundary was expanded by 22.4% when the 

piezoelectric based NES was considered. 

Therefore, a piezoelectric based NES can be 

considered a useful method of aeroelastic 

control. 
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