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Abstract

This work deals with the feedforward active con-
trol of velocity fluctuations over incompressible
3D boundary layers. Two strategies are eval-
uated, the Linear Quadratic Gaussian (LQG)
controller, built using the eigensystem realiza-
tion algorithm (ERA), is compared to a wave-
cancellation scheme, obtained via the direct in-
version of the frequency-domain transfer func-
tions of the system. For the evaluated cases, it
is shown that LQG leads to a wave-cancelling
signal of the incoming Tollmien-Schlichting
wavepacket. Such result allows further insight
into the physics behind the active control of con-
vectively unstable flows permitting, for instance,
the optimization of the transverse position for ac-
tuation via a linear stability approach.

1 General Introduction

The manipulation of the flow dynamics via
passive or active control strategies poses a
challenge with several foreseeable industrial and
technological applications, and there is a partic-
ular interest in the delay of the laminar-turbulent
transition of a boundary layer and consequent
drag reduction, as the main expenses of a com-
mercial airline are related to fuel consumptions
[1].
In a low free-stream turbulence environment,
transition of unswept wings is most often due
to Tollmien-Schlichting (TS) waves which,

depending on the Reynolds number of the flow,
will grow exponentially until a critical amplitude
will lead to non-linear interactions [2] and
finally breakdown to turbulence. In general,
the actuation is placed in a region where the
amplitude of the TS waves is small, and the
convective nature of the flow is accounted via a
feedforward scheme, where the input signal is
not affected by the actuation. Several examples
of this type of control may be found in the
literature; for instance Fabbiane et al. [4, 3]
apply linear-quadratic-Gaussian (LQG) and
adaptive schemes and Li & Gaster [5] consider
an inversion of transfer functions for the active
control of 3D boundary-layers.
The work of Fabbiane et al. [3] evaluates the
energy budget related to active control and
demonstrates that, even though the actuation
is performed in a region of low amplitude of
the TS waves, with the currently available flow
control actuators, it can difficult to obtain drag
reductions below the energy break-even point,
for their evaluated cases.
With this in mind, we propose an inversion
technique based on the nature of the convectively
unstable flow and show that the more complex
LQG controller reduces to such strategy, in the
frequencies of interest for control, leading to a
wave-cancellation scheme. The control law is
similar to the one proposed in Li & Gaster [5],
however a penalization of the actuation signal
is also included, which allows uncontrollable
frequencies to be disregarded and increases the
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robustness of the system with respect to noise
and model uncertainties. Knowledge that the
closed-loop control acts via a wave-cancelling
signal allows a further stability analysis to im-
prove the shape of actuation in order to diminish
the amplitude of actuation.

2 Methods and Baseline case for study

The incompressible Navier-Stokes equations
model the flow,

∂u
∂t

+(u ·∇)u =−∇p+
1

Re
∇

2u+λ(x)u+ f (1)

∇ ·u = 0 (2)

where u(x, t) and p(x, t) are the velocity and
pressure, respectively, at each time step t and
position x = (X1,X2,X3), taken in the cartesian
coordinates. The streamwise direction X1 is
aligned with the free-stream velocity U∞, X2 is
normal to the surface of the plate and X3 defines
a spanwise direction. Two-dimensional and
three-dimensional simulations are performed;
for the former, the dependence of the quantities
along the spanwise direction is not considered.
A plate of semi-infinite length lies in the X1X3
plane, where no-slip conditions are enforced at
X2 = 0. Direct Numerical Simulations (DNS)
using the spectral code SIMSON are performed
to analyse the control action. The flow is peri-
odic along the spanwise direction and a fringe
forcing, given as λ(x), introduced in the last 20%
of the domain, ensures periodicity also along the
streamwise direction [7]. These periodic direc-
tions are discretised using a Fourier basis, and
for the wall-normal direction Chebyshev polyno-
mials are used. Figure 2 presents a scheme of the
simulation and coordinates considered.

Spatial coordinates and velocities are non-
dimensionalized using the displacement thick-
ness δ∗ in the entrance of the domain and the
free-stream velocity U∞, respectively. The result-
ing Reynolds number, defined as Re = δ∗U∞/ν,

Fig. 1 Scheme for the 3D simulation of the flat
plate considered. The blue and red circles repre-
sent the input sensors and actuators, respectively.

where ν is the kinematic viscosity, is 1000. Time
integration is performed using the fourth-order
Crank-Nicholson/Runge-Kutta method, with a
constant non-dimensional time step of ∆t = 0.4.
The computational domain for the 3D simulation
is of [0,1000]× [0,30]× [−70,70] in the X1, X2
and X3 directions, with Nx1 = 768 and Nx3 = 96
Fourier modes at the X1X3 plane and Nx2 = 101
Chebyshev polynomials at the vertical direction.
The 2D simulation is performed with the same
X1X2 configurations.
A volume forcing f is used both to introduce ran-
dom disturbances and to perform the control ac-
tion. The forcing is divergent-free, consisting of
localized synthetic vortices [6], with spatial sup-
port given as

b =
[
χX̃2,−γX̃1,0

]
exp(−X̃1

2 − X̃2
2 − X̃3

2
) (3)

where X̃1 = (X1 − X10)/χ, X̃2 = (X2 − X20)/γ

and X̃3 = (X3 − X30)/ζ, such that X10, X20 and
X30 indicate the position where the disturbance
is centred and χ, γ and ζ the spatial decay of
the force. A random broadband signal d(t)
modulates the forcing at the position of upstream
perturbations, whereas a control signal u(t)
determines the actuation signal at the position
X1u.
A localized measurement of the streamwise skin
friction is used to define the inputs given by
sensors y(t), and downstream objective, z(t).
Four rows of equispaced independent objects are
placed with a transverse separation of ∆X3 = 10
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Fig. 2 Resulting block diagram for feedforward
control.

for the 3D simulation. Disturbances are added at
the wall, at X1d = 35, measurements are taken
at X1y = 300 and X1z = 500, defining input and
objective, respectively. Actuation is performed at
X1u = 400, both on the wall, for the baseline case,
and at an optimized position to be discussed later.

The scheme we consider for control is reac-
tive to input behaviour, with input upstream of
the actuation, leading to a feedforward scheme,
as the flow is strongly convective. Figure 2
presents the resulting block diagram for this pur-
pose, the transfer function Ĝyz(ω), where ω is
the angular frequency, determines the relation be-
tween input position and objective, y, u and z are
input, actuation and output respectively.
Such transfer functions were obtained from three
strategies: the Fourier transform of the impulse
responses of the system, an empirical frequency-
response or using theoretically constructed by
means of solutions of the parabolized stability
equations (PSE) [12].

The role of the controller will be to determine
the kernel such that the actuation, described via a
finite impulse response filter (FIR), which reads

u(t) =
∫ +∞

0
k(τ)y(t − τ)dτ (4)

The kernel k(t) defines the control law, and two
cases will be considered. The first is optimal lin-
ear quadratic gaussian [9] applied to a reduced-
order model of the linearized system obtained
with the eigensystem realization algorithm[10];
the second is the direct inversion of the system,
performed in the frequency-domain from the im-

pulse responses of the linearized simulation. For
the latter, we superpose the open-loop signal with
an actuation, such that the Fourier-transformed
output is given by

Ẑ(ω) = Ŷ (ω)Ĝyz(ω)+Û(ω)Ĝuz(ω) (5)

and minimize the functional,

J =
∫

∞

−∞

[
Û∗(ω)R(ω)Û(ω)+ Ẑ(ω)∗Q(ω)Ẑ

]
dω

(6)
defined in the frequency-domain, which penal-
izes both actuation and output. We take Û(ω) =
K̂(ω)Ŷ (ω), and the inverse Fourier transform of
K̂(ω) will lead to a FIR format such that the actu-
ation is computed via equation 4. This procedure,
which we will refer to as wave-cancellation, has
the added advantage of not depending on the step
of building a reduced-order model for computa-
tion of the control, dealing directly with the trans-
fer functions obtained using impulse responses of
the system.
The extension of this method and the resulting
kernels for a 3D boundary layer involves a sec-
ond Fourier transform, from X3 to the transverse
wavenumber β, and this derivation may be found
in Sasaki et al. [11].
The actuation for the 3D boundary layer, writ-
ten in its discretized form, for M+1 sensors and
actuators is given by a double discrete convolu-
tion of the measurements with the kernel, using a
buffer of N points for the the time discretization:

ul(n) =
M/2

∑
m=−M/2

N

∑
j=0

km( j)yl−m(n− j), (7)

The baseline case for study considers the stream-
wise positions of X1 = 300, 400 and 500 for
input, actuation and output, respectively; inflow
disturbances are inserted at X1 = 35.

3 Results

Figure 3 shows the LQG and wave-cancellation
kernels, which were calculated by evaluating the
penalizations of the state and actuation in order to
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obtain the best performance in terms of the reduc-
tion of the objective signal. The objective corre-
sponds to the axial velocity perturbations which
develop on top of the laminar, unperturbed, solu-
tion.
The resulting shear of the axial velocity is given

in figure 4, with respect to its laminar unper-
turbed solution, for the uncontrolled and con-
trolled cases.
There is a reduction of 75% on the mean-square

value of the shear of the velocity fluctuations on
the wall, for both controllers. The corresponding
actuation for both of the evaluated control strate-
gies is equivalent, with both the shape and am-
plitude of the kernels being similar. Although
not shown here, both strategies presented ade-
quate robustness characteristics on what concerns
the amplitude of perturbations, plant uncertain-
ties given in terms of the Reynolds number and
noise in the sensors and actuators.
The results of this section indicate that the
closed-loop actuation, for both of the evalu-
ated controllers, is acting by means of a wave-
cancelling signal of the incoming Tollmien-
Schlichting wavepacket. This destructive inter-
ference occurs downstream of the actuation po-
sition. By acknowledging this fact, it is possi-
ble to use the PSE derived transfer functions and
concepts of linear stability in order to improve
the position of actuation, displacing it above of
the wall, to an improved transverse location. The
method to perform this analysis is outlined in de-
tail in Sasaki et al. [11].
The idea concerns the use of the position of the
critical layer, where the receptivity of the flow
to perturbation is greatest [13], and then con-
sider the different amplification rates of each
frequency by means of the PSE transfer func-
tion. The wave-cancellation and LQG kernels
were computed for the same objective position
but considering the optimized transverse position
of actuation X2opt . The results of this procedure
are summarized in table 1, which considered sim-
ulations over the 2D boundary layer.

Table 1 indicates that by acting on the
improved transverse position it is possible to

(a) LQG - Continuous

(b) LQG - Discrete

(c) Wave-cancellation - Continuous

(d) Wave-cancellation - Discrete

Fig. 3 Behaviour of the LQG and wave-
cancellation kernels with the respective chosen
penalizations in a continuous and discretized for-
malism. The index m indicates the position of the
actuators, with m = 0 indicating an aligned actu-
ator/sensor pair.
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(a) Uncontrolled

(b) Controlled - Wave Cancellation

(c) Controlled - LQG

Fig. 4 Behaviour of the shear of the velocity fluc-
tuation with respect to the laminar value, compar-
ison between uncontrolled and controlled cases.

Controller u2 z2

Uncontrolled case - 399

LQG - Wall 0.281 0.001
LQG - X2opt 0.004 0.001

Wave-cancellation - Wall 0.281 0.002
Wave-cancellation - X2opt 0.004 0.003

Table 1 Summary of the closed-loop cases evaluated.
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Fig. 5 Comparison of the rms values of the out-
put, for the 2D simulation for actuation on the
wall and at the optimal position. (a) LQG (b)
Wave-cancellation

diminish the actuation power by two orders
of magnitude without any significant loss of
performance in the closed-loop behaviour.
Figure 5 presents the rms of the axial velocity
fluctuation as a function of the axial position
and confirms the reduction of the axial velocity
remains downstream of actuation. The same
behaviour is also observed for the wave cancel-
lation control.

4 Conclusions

Two techniques were evaluated for the closed-
loop control of streamwise velocity fluctuations
in a transitional 3D boundary layer. The linear
quadratic gaussian regulator, built using an
eigensystem realization algorithm, was shown to
lead to equivalent results, in terms of actuation
and closed-loop performance, to the simpler
wave-cancellation kernels. This trend gives in-
sight into the physical mechanisms behind flow
control and allowed the use of linear stability
tools to aid on the design of an actuator which
would more efficiently generate TS waves that
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cancel incoming ones.
Via these ideas, an improved position for actua-
tion was determined. This result presents a proof
of concept, demonstrating that there is room for
significant improvements of the current available
actuators which could allow to go beyond the
break even point highlighted in Fabbiane et al.,
2017 [3]. This may also serve as a guideline for
the design of actuators for flow control, where
the wave-cancellation scheme presents a fast
method to perform parametric evaluations and
sensor/actuator placement.
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