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Abstract

The size and behavior of laminar separation bub-
bles is strongly related to the laminar-to-turbulent
transition process that takes place downstream
of the separation of the laminar boundary layer.
Wind-tunnel experiments and numerical simula-
tions in which external fluctuations are imposed
show a clear dominance of instability waves of
convective nature in the transition process. On
the other hand, stability analysis demonstrate the
existence of a self-excited mechanism that intro-
duces a three-dimensionalization of the recircu-
lation region. This paper studies the co-existence
of both mechanisms, i.e. how the spanwise mod-
ulation of the bubbles can alter the properties of
instability waves. It is found that a large con-
vective amplification is induced by the spanwise
velocity gradients.

1 Introduction

Separation bubbles have the potential to amplify
external disturbances in a explosive manner: the
orders-of-magnitude amplitude growth resulting
from convective instability mechanisms typically
leads to strong non-linear phenomena and tran-
sition to turbulence, even at low excitation lev-
els [5, 1, 4, 8]. Some researchers investigated
the origin of three-dimensionality under these cir-
cumstances, attributing it mainly to secondary in-

stabilities of the spanwise vortices shed from the
bubble [11, 8]. Rist and Maucher [10] investi-
gated the non-linear interactions occurring when
two oblique waves were excited, finding that the
transition occurred in an abrupt manner (which
they termed oblique breakdown) more similar to
the experimental observations, than under other
forcing conditions in which the dominant com-
ponent was 2D.

The absence of external excitation neglects
the amplifier behavior of the bubbles, and only
self-excited global instabilities have the potential
of initiating the transition process. Recently[14]
it was demonstrated that the 3D global insta-
bility mode existing in LSBs [20, 16] becomes
active for LSBs that are significantly weaker
(with a reversed-flow magnitude urev ∼ 7− 8%)
than required for the onset of self-sustained two-
dimensional oscillations (urev ∼ 16− 20%) [1,
11]. On the other hand, the presence of spanwise
gradients in the 3D base flow as well as spanwise
sections with a peak recirculation urev higher than
that of the baseline 2D LSB suggests that the pri-
mary centrifugal instability can enhance the am-
plifier character of the separation bubbles. In
this respect, it is worth noting that experimen-
tal and numerical studies observed the sponta-
neous appearance of streamwise streaks [21, 19]
or three-dimensionality [4] underlying the dom-
inant convective instability and without explic-
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itly imposing them. An extension of the Parab-
olized Stability Equations (PSE) that considers
three-dimensional (with one slowly-diverging di-
rection) base flows, sometimes referred to as 3D-
PSE [6, 3], is employed in this respect.

2 3D separation bubbles resulting from self-
excited instability

2.1 Baseline separation bubbles

Baseline LSBs are computed using an in-
verse nonsimilar boundary-layer formulation in
which a streamwise distribution of the displace-
ment thickness is prescribed. For a bounded
streamwise extent, the displacement thickness is
smoothly increased over the corresponding value
for a zero-pressure-gradient boundary layer. The
streamwise extent of the displacement thickness
increase is fixed, and different decelerated flows
are computed by varying the peak displacement
thickness δ̄max. Fully laminar, two-dimensional
and steady flows with a closed recirculation re-
gion are computed in this manner.

2.2 Self-excited linear global instability

Global eigenmode analyses, considering modal
perturbations of the form q̂(x,y)exp[i(βz−ωt)],
show that the three-dimensional centrifugal in-
stability is the only self-excited linear mecha-
nism active in the present baseline LSBs. This
instability is characterized by: (i) its frequency
ω = 0; (ii) it is not active for two-dimensional
perturbations; (iii) it has a preferential wavenum-
ber βc ≈ 0.166 for the present LSBs; and (iv)
it becomes active for reversed flow larger than
u0,rev ≈ 6.98%. Detailed information on the pri-
mary instability analyses can be found elsewhere
[14].

2.3 Non-linear evolution and growth satura-
tion

Direct numerical simulations are carried out to
study the subsequent non-linear evolution of the
flow. A supercritical pitchfork bifurcation is re-
covered, as shown in figures 1 and 2. The in-
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Fig. 1 Temporal evolution of the fundamental
spanwise mode, quantified by ‖ũ1‖∞, for differ-
ent baseline LSBs.

teractions between the fundamental wavenumber
of the primary instability with its harmonics and
the distortion of the spanwise-average compo-
nent lead to disturbance growth saturation. The
three-dimensional flows at saturated conditions
are denoted by q3D in what follows, while q2D
refers to their spanwise average. While the cen-
trifugal instability reduces the mean bubble re-
circulation, the spanwise modulation of the sep-
arated shear layer results in localized peak re-
versed flow greater than u3D,rev = 10%.

Figure 3(a) shows the baseline LSB together
with the streamwise velocity components of the
linear eigenmode corresponding to the primary
instability, while figure 3(a) shows the corre-
sponding distorted separation bubble after non-
linear saturation, ū3D. Colour contours illustrate
the strong modification of the disturbance com-
ponent on account of non-linearities, as well as
the formation of a streamwise streak downstream
of the peak deceleration within the LSB.

3 Convective amplification of disturbance
waves

3.1 3D Parabolized Stability Equations

Linear amplification of incoming disturbance
waves is studied using Parabolized Stability
Equations (PSE). The classic PSE approach is
extended here to three-dimensional base flows
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Fig. 2 Bifurcation diagram of the primary in-
stability, corresponding to the saturation of the
three-dimensional instability. Peak reversed flow
of the baseline LSB (u0,rev); the saturated three-
dimensional flow (u3D,rev), and the spanwise-
averaged saturated flow (u2D,rev)

that depend strongly on two spatial directions and
only mildly on the streamwise one: disturbances
of the form

q′(x,y,z, t) =
q̂(X ,y,z)exp [i(

∫
x′ α(X

′)dx′−ωt)]+ c.c. (1)

are considered, where q̂(X ,y,z) is the shape func-
tion and α(X ′) is a streamwise wavenumber
which depends on the slow variable X . Introduc-
tion of this decomposition into the Navier Stokes
equations in disturbance form, one obtains the
matrix problem

R
∂q̂
∂X

= L q̂+F(q̂, q̂). (2)

PSE can take into account non-linear interactions
between the different frequency Fourier modes,
through the coupling term F. The marching al-
gorithm in PSE requires of a normalization con-
dition to isolate the slow variations of the shape
function q̂ from the fast-scale oscillations and
spatial growth. Here, the following normaliza-
tion condition [6] is used∫

y

∫
z
q̂∗

∂q̂
∂X

dydz, (3)

Fig. 3 (a) Baseline LSB and eigenmode cor-
responding to the primary instability. Nearly-
horizontal grey surfaces correspond to u0 = 0 and
0.5. The surfaces correspond to u′ = ±0.5‖u′‖∞

of the eigenfunction’s streamwise velocity com-
ponent. (b) Steady three-dimensional LSB result-
ing from the saturation of the primary instabil-
ity. The horizontal grey surface corresponds to
ū3D = 0 and 0.5. Disturbance streamwise veloc-
ity component u′. Baseline LSB with δ̄max = 7.4,
u0,rev = 8.06%
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Fig. 4 Maximum N−factor for baseline LSBs q0
and three-dimensional LSBs q3D, as a function of
u0,rev.

which provides an condition for the iterative cal-
culation of α. The superscript ∗ denotes complex
conjugation. This approach, being an straight-
forward extension of the classic PSE, was not
successfully implemented until [3] due to its
computational cost.

Numerical solution of both the PSE requires
the spatial discretization of the two-dimensional
linear operators R and L in the cross-stream (y,z)
planes. A new stability code was used [12], that
combines variable-stencil high-order finite differ-
ences and sparse algebra, exploiting the banded
structure of the differentiation matrices. In this
work, a 7-points stencil is used, which results
in the optimal balance between convergence of
results and computational cost. The same sten-
cil is used for first and second order differentia-
tion matrices, which allows for the control of the
matrix structure, improving the efficiency of the
sparse implementation. PSE are marched along
the streamwise direction using an implicit Euler
scheme. The necessary sparse matrix inversions
are done using the package MUMPS [2]. Further
details on the numerics can be found elsewhere
[15, 13].

3.2 Results

The three-dimensional separation bubbles q3D
resulting from the saturation of the primary

Fig. 5 Convective amplification of initially
plane T-S waves. The surfaces correspond to
ω′z = ±0.1 of the disturbance’s spanwise vortic-
ity component. The disturbance field is normal-
ized with ‖ω′z‖∞ = 1. Grey surfaces correspond
to u0 = 0 and 0.5 of the 3D LSBs q3D. (a)
u0,rev = 6.99%, (b) 7.02%, (c) 7.06%. The fre-
quency for the maximum N−factor is considered
for each case.
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self-excited instability, and the baseline two-
dimensional LSBs q0 are taken as the base flows
q̄ in the analyses. A relatively narrow range
of reversed flow magnitudes around the critical
conditions for the self-excited primary instabil-
ity is considered: u0,rev ≈ 6.85− 7.55%, δ̄max =
6.5−7.0. These base flows have boundary-layer
separation at xs ≈ 220− 222 and reattachment
at xr ≈ 320− 325, which corresponds to ReL ≈
37,600−38,200.

The arbitrary cross-section x0 = 100 is cho-
sen as inlet. The spanwise domain size is ad-
justed to be one wavelength of the primary in-
stability, i.e. Lz = λz = 2π/βc, and periodic-
ity is imposed on this direction. The complex
wavenumber α and shape function q̂ correspond-
ing to the plane (β = 0) T-S wave for each ω

are imposed as inlet conditions. The maximum
N−factor computed for each separation bubble
is shown in figure 4. The maximum amplifica-
tion for the two-dimensional bubbles rises mod-
erately from N = 9.57 (u0.rev = 6.85%) to N =
9.86 (u0,rev = 7.55%). Conversely, a remarkable
increase in the maximum amplification follows
from the three-dimensionality of the separation
bubble, reaching values N ≈ 12.5 for the base
flow q3D corresponding to u0,rev = 7.29%.

The spatial structure of the disturbance waves
corresponding to the maximum amplitude condi-
tions is discussed next. Three-dimensional bub-
bles with u0,rev = 6.99−7.06% are shown in fig-
ure 5. Three spanwise periods are shown in the
figure, to ease the visualisation of the peak and
valley structures. Disturbance waves, spanwise-
homogeneous at introduction and upstream of
separation, are distorted by the spanwise-varying
separation bubble. Disturbance amplitude peaks
are aligned with the spanwise planes of higher re-
versed flow, while the minimum disturbance am-
plitudes are aligned with the spanwise planes of
lesser reversed flow. In the three-dimensional
steady LSBs q3D, a positive streamwise streak
follows downstream of the reversed-flow peak,
which distorts the relative phases of the distur-
bance waves along the spanwise direction. The
result resembles pairs of oblique waves, that
seemingly arise from the peak reversed-flow lo-

cations in the figures.
The aspect ratio between the spanwise and

streamwise periodicity lengths, λz/λx = α/βc,
is also shown for each case. The streamwise
wavelength in the reversed flow region down-
stream of the maximum wall-normal extent of
the bubble, the streamwise wavenumber only a
slight variation with u0,rev, and the aspect ratio
λz/λx ≈ 1.93−2.1. These values are in excellent
agreement with experimental visualisations using
particle image velocimetry on LSBs formed on a
flat plate [9] and on the lee-side of an airfoil [7],
in which spanwise-modulated vortical structures
were found to appear in the absence of explicit
forcing. The frequencies corresponding to maxi-
mum amplitudes in terms of the Strouhal number
defined using the momentum thickness and free-
stream velocity at separation, in order to allow
for comparison with other results in the litera-
ture. The Strouhal number for which the max-
imum amplitudes are attained lay in the range
Stθ = 0.0094− 0.0104, which agrees well with
the reported experimental measurements on un-
forced flat-plate LSBs [17, 18, 9].

4 Conclusion

Recirculating flows, and laminar separation bub-
bles in particular are unstable with respect to a
three-dimensional instability of centrifugal na-
ture. This instability is self-excited, and becomes
active for weaker reversed flows than required for
the onset of self-excited oscillations that would
lead to vortex shedding. On account of this insta-
bility, LSBs develop a spanwise-periodic modu-
lation in terms of size and recirculation intensity.

Wind-tunnel experiments show that LSBs are
dominated by the convective amplification of
disturbance waves that are originated well up-
stream of the separation, and that exhibit large
growths in the separated shear layer due to the
inflectional instability. This paper shows that
the three-dimensionality of the separated shear
layer impacts on the amplification of disturbance
waves originated upstream. The total amplifica-
tion is drastically increased, with the maximum
N−factor shifting from N = 9.747 to N = 12.495
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for the same conditions. The LSB’s streamwise
vorticity distorts the initially two-dimensional T-
S waves periodically along the spanwise direc-
tion resulting into an arrangement that resembles
pairs of oblique waves. The aspect ratio of the
wavy disturbances in the aft portion of the separa-
tion bubble, λz/λx ≈ 1.94−2.01, is similar to re-
ported experiments which considered LSBs with-
out explicit forcing [7, 9]. The organized oblique
wave pattern together with the strong spatial am-
plification suggests an oblique transition scenario
akin to that proposed by [10].
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