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Abstract

In this paper, persistent coverage control prob-
lem in two-dimensional space is formulated. The
monitoring space is discretized into cells with
time-increasing ages. Gradient-based and tar-
get based persistent coverage controller are de-
signed. A probabilistic prediction model is pro-
posed to predict coverage performance of the de-
signed controllers. Numerical simulation is per-
formed to demonstrate the predicted performance
of persistent coverage control algorithms.

1 Introduction

Multi-agent system has been widely studied for
decades. Especially, coverage control is one of
the important problems in the multi-agent sys-
tem. The multi-agent coverage control problem
can be formulated as follows; allocate sensor net-
work at proper locations that maximize the sens-
ing quality while minimizing the communication
costs and control efforts. The sensor network
(sensing agents) are controlled to the gradient di-
rection or by the optimal control, which make
them converge to certain locations in given space
to be monitored [1],[2]. In this sense, the cov-
erage control problem is often called as a static
coverage problem.

Meanwhile, for the mission space that is too
broad to be fully covered by a static distribution
of static sensor network, the sensing agents have

to continuously move around the mission space
to monitor the whole area. Besides, the charac-
teristics of the mission space may be changing
(dynamic). Those types of coverage problems are
dynamic coverage problem. The objective of the
dynamic coverage problem is to make a one-time
sweep of the monitoring space as well as to esti-
mate the dynamic properties of the mission space
[3]. When the information of the mission space
is not given to the sensing agents beforehand, the
problem is called as the exploration problem. In
the exploration problem, obstacles in the mission
space are typically considered.

In the persistent coverage control problem,
the mission space should be monitored persis-
tently [4]. The time-increasing uncertainties are
defined and distributed in the mission space that
the sensing agents should suppress the uncertain-
ties, while continuously patrolling the mission
space. The persistent coverage control problem
can be considered as the expansion of the dy-
namic coverage problem that sweeps the whole
mission space repeatedly [5]. Note that it is not
necessary for every persistent coverage controller
to repeate the same sequence.

The persistent coverage control problem usu-
ally discretizes the two-dimensional mission
space into cells and allocate time-increasing un-
certainty level or age to each cell. The uncer-
tainty can be represented in dynamic equations
and combined with the detection model of sens-
ing agents, and optimal control problem is often
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formulated [6],[7]. A local gradient-based con-
troller was also developed for the persistent cov-
erage problem. Though some persistent cover-
age control approaches have been developed, the
prediction of performance has not been studied.
Only the optimal coverage performance in a lim-
ited problem formulation was examined [8].

In this study, persistent coverage control
problem is formulated, and the performance
function representing the monitoring level of the
mission space is defined. A prediction model
that predicts the performance of persistent cov-
erage algorithm is proposed using probabilistic
approach. The prediction model considers binary
detection model of sensors and completeness of
the persistent coverage algorithm. That is, it is as-
sumed that every cell in the mission space should
be detected evenly. Two types of distributed per-
sistent coverage control algorithms are designed,
and their coverage performances are compared
with the predicted performance obtained from the
proposed prediction model.

This paper is organized as follows. In Sec-
tion 2, the preliminaries includes agent model,
mission space description and performance func-
tion. In Section 3, the performance prediction
model is explained. Target-based and gradient-
based persistent coverage algorithms are de-
signed in Section 4, and numerical simulations
are carried out in Section 5. Section 6 presents
the concluding remarks.

2 Preliminaries

In this section, dynamic model of the agent and
mission space discretization are defined.

2.1 Agent and Mission Space Model

Consider a dynamic model of the agent.

ẋ j(t) = µcosθ j

ẏ j(t) = µsinθ j

θ̇ j(t) = u j

(1)

where Pj = [x j,y j]
T is the position of agent j ∈

{1, · · · ,M}, and θ j is its heading angle. The
heading angle is controlled by control input u j,

and the speed of each agent µ is assumed to be
constant.

Monitoring space, Ω = [0,1]2 ⊂ R2, is dis-
cretized into N number of square cells ci, i ∈
{1, · · · ,N = n2}, and each cell has its age value
denoted as ai. The age dynamics of cell can be
represented as follows,

ȧi(t) =

{
1 if ci /∈D
0 Otherwise

(2)

where D = ∪M
j=1D j is the set of cells inside the

sensing radii of some agent. For the agent j, Di
is defined as follows,

D j = {ci|d(Pci,Pj)≤ r j}, i ∈Ω (3)

where Pci and r j are the position of cell i and
sensing radius of agent j, respectively, and d(·, ·)
is the Euclidean distance operator, i.e., d(a,b) =√

(a−b)T (a−b).
The age of cell ci is initialized to zero value

when ci ∈D . The binary detection model may be
more reasonable that other than probabilistic de-
tection models, because sensors usually acquire
information very faster than the uncertainty or
agent dynamics. That is, the age of certain area
increases slower than the speed of sensor’s infor-
mation acquisition.

In the multi-agent situation, the Voronoi tes-
sellation and the Delaunay graph are widely used
for coverage control with distributed communi-
cation models. The mission space is divided into
Voronoi regions V = {V1, · · · ,VM} as

Vj = {s ∈Ω|d(s, p j)≤ d(s, pk),∀k 6= j} (4)

On the other hand, Delaunay triangulation
G = (V ,E) is a dual graph of the Voronoi di-
agram. The position of each agent is vertices
V = {1, · · · ,M}, and E ⊂ [V ×V ] is the set of
edges. Two vertices are connected and become
an edge when they are in the adjacent Voronoi
regions, respectively.

Each agent predicts the age of each cell repre-
sented by an age vector A j = [â j

1, · · · , â
j
N ]

T ∈RN ,
where â j

i is the predicted age of cell i by agent
j. The age vector A j is predicted based on the
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age dynamics (1), where element is initialized to
zero when the corresponding cell is detected by
the agent j. Note that the real age vector A =
[a1, · · · ,aN ]

T may differ from the predicted age
vectors because only the initialization by agent j
itself is considered in A j. When the agent pair
( j,k) = (k, j) ∈ E is the edge of the Delaunay
graph G, agents j, and k share their local infor-
mation and update the predicted ages to the re-
cent one.

2.2 Performance Function

Performance function C(t) is defined to evaluate
the performance of the persistent coverage algo-
rithm at time t as follows,

C(t) = 1− ∑
N
i=1 tanh(ρai(t))

N
(5)

where ρ ∈ R is a positive scaling constant. The
performance function C(t) ∈ [0,1] is designed to
indicate the monitoring level of the entire mission
space. To do this, the hyperbolic tangent function
is used to bound the age and limit the individual
cell’s influence on the performance value.

If there does not exist any agent available
in the mission space, then the performance C
has zero value. On the other hand, C = 1 im-
plies the full coverage situation, i.e., ci ∈D,∀i ∈
{1, · · · ,N}

3 Performance Prediction

In this section, performance function C(t) is pre-
dicted based on the information of agents in the
mission space. It is assumed that the performance
function converges to a steady-state value in fi-
nite time. At the steady-state, the age increment
and decrement become same. The total incre-
ment of ages over the mission space can be writ-
ten as follows,

∆a↑ = (N−m)∆t (6)

where m(< N) is the number of cells in D , and
∆t is a small time interval. Likewise, the total
decrement of ages over the mission space can be
represented as follows,

∆a↓ =−asµcm∆t (7)

where as is the average age of cells being de-
tected by agent at the steady-state. Note that, in
this study, the speed of agent with respect to the
number of cells, µc, is considered and it may be
different from the speed of agent, µ, because the
square discretization of the mission space makes
it dependent to the agent heading angle. In this
study, µc is approximated as µc ≈ µ

√
n.

The sum of the increment and the decrement
becomes zero in the steady-state. From this rela-
tion, the average age of cells in the steady-state,
as, can be computed as follows,

∆a↑+∆a↓ = ∆t((N−m)−asµcm)≡ 0

as =
1
µc

(
N
m
−1
)

(8)

The steady-state average age as is used to
compute the probability p, where p is the proba-
bility of an individual cell that has been detected
during the time interval with length 1. That is,
i ∈ D at least once during the arbitrary time in-
terval [t, t + 1] when p = 1. Therefore, for every
time interval τ, the probability is pτ.

The predicted age of an individual cell,
āi(t) = E(ai), can be computed by adding up the
expected values of each trial as follows,

E(ai) =
n

lim
n→∞

Ek,i (9)

where
E0,i = pτ×0
E1,i = pτ(1− pτ)× τ

E2,i = pτ(1− pτ)2×2τ

...
En,i = pτ(1− pτ)n×nτ

with τ = t/n. Simplifying the geometric series
and substituting the result into (9) yield

ā(t) = E(ai) = lim
n→∞

n

∑
k=0

pτ(1− pτ)kkτ

=
1
p
− e−pt

(
1
p
+ t
) (10)

The probability p can be obtained by consid-
ering the steady-state value.

as = lim
t→∞

ā(t) =
1
p

(11)
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Combining (8),(10) and (11), we have

p =
µcm

N−m
(12)

ā(t) =
1
µc

(
N
m
−1
)

− exp
(

µcm
N−m

t
)(

1
µc

(
N
m
−1
)
+ t
)
(13)

Substituting it into (5) yields the predicted per-
formance as follows,

C̄(t) = 1−
(

1− m
N

)
tanh(ρā(t)) (14)

4 Persistent Coverage Controller

In this section, two different control algorhithms
for persistent coverage control are presented.
Figure 1 describes the mission space and the
agents distributed. The target-based algorithm
determines the target cell in the mission space,
and the agent is guided to the target cell position.
The gradient-based algorithm computes the gra-
dient vector based on the newly detected cells,
and the agent is guided to the gradient vector di-
rection.

4.1 Target-Based Algorithm

Target based-algorithm determines the target cell
of the agent based on the cell ages. The target
cell t j of the agent j is the cell having the biggest
age value inside the Voronoi region, i.e.,

t j = argmax
ci∈V j

(â j
i ), â j

i ∈ A j (15)

Once the target cell t j is determined, heading an-
gle rate is used to make the agent reach the target
cell. Figure 2 shows the geometry between the
agent and its target cell. The angular error be-
tween heading angle of the agent and target di-
rection is defined as follows,

θe = |θe|e (16)

1

2

34

5

Agent
Target
Voronoi Tesselations
Delaunay Graph

(a) Target-based algorithm

1

2

3

4

5

Agent
Gradient direction
Voronoi Tesselations
Delaunay Graph

(b) Gradient-based algorithm

Fig. 1 Snapshot of the mission space and the agents

where

|θe|= cos−1 (v ·vcmd) (17)
e =−sign(vn(3)) (18)

v =

µcosθ j
µsinθ j

0

 (19)

vcmd =

Tj(1)−Pj(1)
Tj(2)−Pj(2)

0

 (20)

vn = v×vcmd (21)

To regulate the angular error, the error dy-
namics can be designed by the following simple
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Fig. 2 Geometry between the agent and its target cell

first-order ordinary differential equation.

θ̇e =
d
dt

(
θcmd−θ j

)
=−θ̇ j =−kθe (22)

where k > 0 is a scalar gain. Control input u j
considering magnitude saturation |u j| ≤ ulim can
be designed as follows,

u0
j = θ̇ j = k|θe|e (23)

u j =

{
sign

(
u0

j

)
·ulim if |u0

j | ≥ ulim

u0
j Otherwise

(24)

4.2 Completeness of Taget-Based Algorithm

For the persistent coverage control problem, the
target-based algorithm guarantees the complete
surveillance of the given mission space. That
is, the target-based persistent coverage algorithm
does not leave any blind spots, and eventually
sweeps the entire cells in the mission space in fi-
nite time.

Theorem 1 For the bounded mission space Ω⊂
R2, agent dynamics (1), and control input (24),
suppose that ȧi is constant for all i ∈ {1, · · · ,N}.
Then, every cell is detected in finite time.

Proof. Consider arbitrary initial time t0
and t1 > t0. All of the cells belong to one of
two sets: i) One set, SD is the set of cells de-
tected by agent at least once before t1, and ii)
another set, SU is the set of cells not detected
until t1. The upper bound of the elements in
SD can be written as follows,

sup(aD) = t1− t0, aD ∈ SD (25)

The age of the cell in SU can be represented
as follows,

aU = t1− t0 +au
0, aU ∈ SU (26)

where au
0 is the initial age of the cell at t0.

From Eqs. (25) and (26), following inequality
can be obtained.

aU > sup(aD)≥ aD (27)

Therefore, when target-based algorithm,
(15), is used, the target cell is selected in the
set SU . Because Ω is bounded, agent reaches
the target cell in finite time with the control
input, (24). Consequently, as t1→ ∞, the set
SU → /0.

4.3 Gradient-Based Algorithm

Gradient-based algorithm computes the gradient
vector, and the agent is guided to the gradient
vector direction. Therefore, the controller can be
designed in a similar way of the target-based al-
gorithm. In the gradient-based algorithm, how-
ever, the gradient vector is computed based on the
predicted ages in the sensing range of the agent.
The gradient vector is defined as the vector con-
necting the center of mass and the agent position.
The center of mass is computed as follows,

C j =
L j

M j
∈Ω (28)

where

M j =
∫

s∈D j

â j
i ds (29)

L j =
∫

s∈D j

(
s · â j

i

)
ds (30)

The gradient vector g =C j−Pj is used in the
controller. The velocity vector command vcmd in
the gradient-based algorithm can be represented
as follows,

vcmd =

g(1)
g(2)

0

=

C j(1)−Pj(1)
C j(2)−Pj(2)

0

 (31)
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5 Numerical Simulation

5.1 Prediction and Simulation

In this study, prediction model is proposed based
on several assumptions. However, those assump-
tions may be different from the numerical simu-
lation situation. The first factor is the approxima-
tion of constant µc. Because of the square dis-
cretization, though the speed of sensing agent is
constant, the value of µc may not be constant due
to the square discretization of mission space as
well as heading angle change of the agent. If µc
is overestimated than the actual value, then the
probability in (12) will be also overestimated.

The second factor is the constant m assump-
tion. The prediction model assumes that the num-
ber of cells in the detection range of the agent is
constant. However, m may be lowered in the situ-
ations that some agents are too close to each other
and their detection range overlaps. The same
situation occurs when the agent is close to the
boundary of the mission space. This makes the
prediction model overestimate the probability in
(12).

5.2 Simulation Case A. Number of Agents

Numerical simulation is performed to compare
the performance of the designed controllers and
predicted performance. Two different simulation
cases are considered. In the first simulation case,
different number of agents in the mission space is
considered, (M ∈{3,5,7,9}). Intuitively, steady-
state coverage performance will be higher if more
agents are used. For the prediction, (11) and (12),
increasing the number of agents increases m, and
the predicted steady-state age is lowered.

The mission space is discretized into n2 =
502 = 2,500 number of cells, and the sensing ra-
dius of agent is r = 0.1. The speed of agent is set
µ = 0.5. The homogeneous agents that has the
same specifications with respect to each other are
considered in the simulation. The design param-
eters are ρ = 1/

√
n, and k = ulim = 10.

Figures 3 and 4 show the coverage and mean
age history for the simulation changing the num-
ber of agents. The coverage perforamances of
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Fig. 3 Coverage and Mean age history (3 agents)
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Fig. 4 Coverage and Mean age history (9 agents)
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Table 1 Steady-state prediction performance in Cases A and B
Prediction (%) |Prediction-TBA| (%p) |Prediction-GBA| (%p)

3 agents 61.85 5.30 1.28
5 agents 78.90 0.03 4.84
7 agents 86.65 1.66 3.33
9 agents 90.95 2.40 3.66
µ = 0.3 43.27 12.24 7.11
µ = 0.5 61.85 4.88 3.35
µ = 0.7 71.90 2.24 1.43
µ = 0.9 77.87 0.73 4.38
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Fig. 5 Coverage and Mean age history (µ = 0.3)

target-based algorith and the gradient-based al-
gorithm converges to steady-state value, but has
some fluctuations. Because the initial age of the
cells are zero, the initial coverage value is 1 and
decreases. For every cases, the predicted age and
coverage shows a decent predictions.

5.3 Simulation Case B. Speed of Agents

In the second simulation case, different speed of
agent is considered, µ ∈ {0.3,0.5,0.7,0.9}. Sim-
ulation settings and design parameters are same
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Fig. 6 Coverage and Mean age history (µ = 0.9)

as in Case A, except for the number of agent
M = 3. Predicted steady-state age is lowered as
the speed of agent becomes fast as shown in (11)
and (12). This prediction is natural because fast
agents will cover the mission space more fast and
lowers the mean age of the cells in the mission
space.

Figures 5 and 6 show the coverage and mean
age history for the simulation with various speeds
of agents. Steady-state coverage performance in-
creases as the speed of the agent increases.
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Simulation results are summarized in Table 1.

6 Conclusion

Persistent coverage control problem was for-
mulated with cell discretization of the two-
dimensional mission space and time-increasing
age dynamics of the cells. Coverage performance
function was proposed to measure the monitor-
ing level of the mission space. The target-based
controller and the gradient-based controller were
designed for the persistent monitoring over the
mission space. The target-based controller does
not leave any blind spot and sweeps every cell
in a finite time. Agents share their local infor-
mation based on Voronoi tessellation and De-
launay triangulation graph. The performance of
the persistent coverage algorithm was predicted
based on agent specifications including the speed,
the sensing radius, and the number of agents.
The predicted coverage performance was com-
pared with the numerical simulation results of the
target-based and the gradient-based controllers.
The prediction model shows the decent predic-
tion of the coverage performance for various sim-
ulation cases with respect to the speed of agents
and the velocity of agents.
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