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Abstract  

Optimal design techniques recently gained a 

wide popularity in the industry as relatively 

powerful computers have become broadly 

available and as attractive tools such as 

surrogate models and evolutionary optimization 

went through maturation. However, when 

dealing with complex geometries and difficult 

physical phenomena to be modeled, computing 

costs still remain high, due to the large number 

of required numerical simulations feeding the 

traditional surrogate models. Turb’Opty
TM

 is a 

meta-model which only requires a single CFD 

simulation at a reference configuration point, 

based on automatic differentiation of the 

discretized Reynolds-Averaged Navier-Stokes 

equations and high-order Taylor-series 

expansions. A flow database containing the 

derivatives of the physical variables with 

respect to the design variables is produced by 

the Turb’Opty
TM

 parameterization tool and 

thoroughly explored, in the post-processing 

step, by a multi-parameter and multi-objective 

genetic algorithm coupled to the associated 

extrapolation tool. In this paper, post-

processing of a derivative database will be 

depicted through a 3D study of an automotive 

shrouded fan with casing. 

 

Nomenclature 

x Axial direction  

ϴ Tangential direction  

g Tip clearance 

hb Blade height 

ṁgap Leakage mass flow rate in the gap 

∆Vθgap Azimutal velocity delta between inlet and 

outlet of the gap  

∆Ps Static pressure delta between inlet and 

outlet of the fan 

Psin Mean static pressure at the fan inlet  

Psout Mean static pressure at the fan outlet 

ṁ Overall mass flow rate of the fan 

r Radius 

Vθ in Mean azimutal velocity at the inlet of the 

fan 

Vθ out Mean azimutal velocity at the outlet of the 

fan 

ω Rotation speed of the fan 

τ Torque of the fan 

η Static efficiency of the fan 

q Vector of conservative and turbulent 

variables 

p Vector of parameters 

αk Stagger angle parameters 

ϴk Leading-edge sweep parameters 

Δp Vector of parameter variations 

F Vector of total flux of discretized RANS 

equations 

G Jacobian matrix 

R First order residual 

q
(n)

 Total derivative of order n of q with 

respect to p 

G
(n)

 Total derivative of order n of G with 

respect to p 

R
(n)

 Total derivative of order n of R with 

respect to p 

bk Right-hand side of linear system 

Npop Number of individuals in genetic 

algorithm population 

Ngen Number of generations achieved by 

genetic algorithm 
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1    Introduction 

For modern turbomachines, the necessary 

clearance between casing and rotors is a major 

problem regarding efficient design. It is well 

known that this clearance is responsible for 

some secondary flows impinging the ”main” 

flow, thus generating aerodynamic losses and/or 

flow patterns that can trigger some instabilities 

such as surge and extraneous noise sources [1]. 

For axial compressors such as fans, the 

clearance is usually responsible for the biggest 

part of the efficiency drop. These effects may 

vary, depending on the size of the gap and the 

geometry of the machine. For the particular case 

of shrouded fans studied here (see Fig. 1), 

blades are connected together by a tip ring. This 

system is generally used to ensure stronger 

mechanical properties of the row. 

 

 

Fig. 1. 3D fan without casing treatment  

Because of the pressure rise through the rotor, 

fluid circulates within the gap from the outlet 

towards the inlet of the compressor (see Fig. 2), 

thus reducing the overall ‘useful’ mass flow rate 

of the rotor and the achievable compression 

rate. The gap flow is also subject to a high 

circumferential shear between rotor and casing. 

As a consequence, the flow quickly accelerates 

in the azimutal direction, acquiring an important 

tangential mean velocity. This velocity is then 

communicated to the main flow due to viscous 

mixing when gap flow exits in the main stream, 

generating an unwanted pre-swirl in the tip 

region of the blades. The resulting off-design 

inlet flow conditions are responsible for 

increased aerodynamic losses. 

 

Fig. 2. Fan meridian view 

In order to reduce the mass flow and the swirl of 

the gap flow, a new casing treament was 

designed and previously optimized separately 

from the fan using Turb’Opty
TM

 [2] (the rotor 

was simulated by an infinite plane with a 

uniform translation movement). Depending on 

the application, the objective and the type of 

turbomachine (compressor, fan, or turbine), 

other casing treatment techniques can be found 

in literature. For shrouded blades, radial fins, 

labyrinth seals [3][4][5], or even “bladelets” [6] 

are used, whereas for tip free blades, classical 

treatments are a circumferential grooving of the 

casing [7][8], slots of various shapes located 

above the blade, or a complex shroud shape [9] 

[10][11][12]. However none of these systems is 

designed to reduce both leakage mass flow rate 

and swirl. The present casing treatment consists 

in a helicoidal grooving of the shroud. The bent 

grooves are intended to provide some fluid 

guidance in order to limit the outlet swirl, but 

also to supply some blockage so as to limit the 

mass flow and increase the mean axial pressure 

gradient through the gap. 

 

 

Fig. 3. 3D fan with casing treatment – Config.2 
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From this point of view, the higher the 

aerodynamic losses, the better it is. This kind of 

automotive low-speed cooling fan is interesting 

because it has an important gap due to assembly 

constraint (the clearance g is about a few 

millimeters, leading to a ratio g/hb of 2% where 

hb is the blade height). Therefore, this device is 

an appropriate one to prove the effectiveness of 

the new casing treatment. 

A Reynolds-Averaged Navier-Stokes (RANS) 

simulation on the fan with integrated casing 

treatment, denoted as Config.2 (see Fig. 3), is 

performed using the Turb’Flow
TM

 solver [13]. 

Pitch periodicity is assumed in the azimutal 

direction as the computation is realized on a 

one-ninth of the complete geometry. The mesh 

is block-structured and is composed of 5 million 

nodes. A five-step Runge-Kutta second-order 

time scheme and a Jameson second-order spatial 

scheme are used. The turbulence model is the 

Kok’s k-ω [14]. A frozen rotor model (multiple 

reference frames) is also used meaning that 

centrifugal and Coriolis forces are added into 

the Navier-Stokes equations for the rotating 

domains of the mesh. The results of such a 

simulation show that although the grooving 

performs well in terms of leakage mass flow 

rate ṁgap and swirl reduction ∆Vθgap in the gap, 

its overall performance is disappointing 

compared with the one of the original fan 

without casing treatment, denoted as Config.1, 

which simulation was performed using identical 

numerical parameters. Indeed, Config.2 exhibits 

a lower static pressure difference as well as a 

reduced static efficiency though keeping almost 

identical value for the torque compared to 

Config.1. It should be noted that the only 

difference between Config.1 and Config.2 is the 

casing treatment; blades are identical for both 

configurations. Values for gap performance and 

for overall performances are respectively 

depicted in Table 1 and in Table 2. 

 

 ṁgap (kg/s) ∆Vθgap (m/s) 

Config. 1 0.0258 5.02 

Config. 2 0.0142 3.39 

Variation (%) -45 -32.5 

Table. 1. Comparison of gap performance  

The explanation of such a poor overall 

performance is that blades were initially 

optimized by the fan manufacturer considering 

unfavorable flow conditions due to the gap 

flow.  

 

 ∆Ps (Pa) τ (N.m) η 

Config. 1 198 0.499 0.641 

Config.2 192 0.501 0.626 

Variation (%) -3.0 +0.4 -2.3 

Table. 2. Comparison of gap performance 

As a result, Config.2 is parameterized all along 

the radius in order to re-adapt the blades 

considering the enhanced tip flow conditions 

which are triggered by the new casing 

treatment. A database of derivatives as 

described in Section 3, whose reference is 

Config.2, is then produced. An optimization 

based on the latter derivative database is 

eventually achieved. The main goal of this 

optimization is to increase the static pressure 

rise in the rotor while maintaining a sufficient 

efficiency. 

 

The paper is organized as follows. Section 2 

presents the five parameters used to re-adapt the 

blades. Then, the Turb’Opty
TM

 parameterization 

method as well as the computation of the flow 

derivatives with respect to the design variables 

are explained in Section 3 (see [15] for a more 

general presentation of the method). Section 4 

shows the results of the optimization which uses 

the latter derivative database during the 

evaluation process. Additional flow simulations 

are also presented to validate the objective 

values of one optimal solution.  

2    Definitions of the blade shape parameters 

Five geometric parameters have been 

considered in order to re-adapt the blade profiles 

with respect to the new tip flow conditions 

which are induced by the grooving: the hub 

stagger angle α1, the mid-span stagger angle α2, 

the shroud stagger angle α3, the hub leading-

edge sweep θ1 and the mid-span leading-edge 

sweep θ2. 
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 ∆min (°) Ref. value(°) ∆max(°) 

α1 -3.0 0.0 +3.0 

α2 -3.0 0.0 +3.0 

α3 -3.0 0.0 +3.0 

θ1 -3.0 0.0 +3.0 

θ2 -3.0 0.0 +3.0 

Table. 3. 3D fan parameter ranges 

Their respective ranges are listed in Table 3. A 

variation of any of these parameters triggers a 

mesh deformation which is calculated using 

analytical functions trough Turb’Mesh
TM

. This 

mesh deformation is taken into account during 

the computation of the derivative database. 
As far as the stagger angles are concerned (see 

Fig. 4), moving towards the red dotted line 

means ∆αk takes a negative value and creates a 

more staggered profile, whereas moving 

towards the blue dotted line means ∆αk takes a 

positive value and creates a less staggered 

profile. These three design variables enable the 

evolution of the stagger angle to be quadratic 

from hub to shroud. 

 

 

Fig. 4. Parameterized stagger angles αk (k=1,2,3) 

As far as the leading-edge sweeps are concerned 

(see Fig. 5 and Fig. 6), moving towards the red 

dotted line means ∆θk takes a negative value and 

creates a more swept blade, whereas moving 

towards the blue dotted line means ∆θk takes a 

positive value and creates a less swept blade.  

It should be pointed out that the shroud remains 

fixed when changing the value of θ1 and that 

both hub and shroud remain fixed when 

changing the value of θ2. These two design 

variables enable the evolution of the leading-

edge sweep to be quadratic from hub to shroud. 

 
 

Fig. 5. Parameterized hub forward sweep θ1  

 
 

Fig. 6. Parameterized hub forward sweep θ2  

3    Computing the Derivative Database 

The first step of the Turb’Opty
TM

 

parameterization method is to perform a steady 

RANS simulation on a reference configuration 

using a CFD solver. In the present paper, the 

reference configuration is Config.2 and the 

Turb’Flow
TM

 software is used as mentioned 

earlier in Section 1. When convergence is 

reached, the discretized steady RANS equations 

can be written in the following symbolic form: 

 

0ppqF )),((  (1) 

 

With F the flux vector expressing mass, 

momentum and energy conservation with 

respect to q which contains the conservative 

variables (ρ, ρV , ρE) and the transport of 

turbulent variables ρk and ρω. F includes both 

convective and viscous fluxes. 
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Once discretized, the steady RANS equations 

can be differentiated with respect to the design 

variables p using automatic differentiation [16]. 

The first-order automatic differentiation of 

equation 1 gives: 

 

ppq
p

F
pqpq

q

F 1 








).,(.).,( )(  

(2) 

 

where q
(1)

 is the desired first-order derivative of 

q with respect to the parameters vector p. 

Denoting qFG  / the Jacobian matrix and 

R(q, p, Δp) the right hand side of equation (2), 

the high-order derivatives q
(n)

 of q with respect 

to p are then recursively built by subsequent 

automatic differentiations of equation (2): 

 

 

Once the derivatives have been computed and 

stored, the flow field corresponding to any 

modified parameters vector p+Δp can be 

approximated by a multi-parameters high-order 

Taylor-series expansion: 
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!
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(6) 

 

In equation 6, the truncation error is of the order 

of magnitude of Δp
(n+1)

 and q(p+Δp) satisfies 

the equilibrium condition to the n
th

-order 

approximation: 

 

)()),(( no p0ppppqF   (7) 

 

For each order k of the derivative, a linear 

system of the form Gq
(k)

 = bk is solved. G is 

always the same Jacobian matrix; only the right-

hand side bk changes and is deduced from the 

order k-1. 

The resolution of the linear system (see [17] for 

an overview of the methods) is based on a 

Krylov iterative method preconditioned with an 

additive Schwarz domain decomposition 

technique. An incomplete LU factorization is 

used to approximate the sub-domain operator. 

As five parameters are used, the whole 

derivative database contains, five first-order 

derivatives, five second-order derivatives and 

ten second-order cross-derivatives for a total 

number of twenty derivatives. As an example, 

the residual’s l2 norm of the iterative method is 

plotted in Figure 7 when computing the second-

order derivatives of the flow variables with 

respect to the hub stagger angle α1. 

Fig. 7. Convergence of the Krylov iterative 

method  

It should be noted that the computation of the 

whole derivative database is performed on the 

same reference geometry Config.2 but with a 

coarser grid composed of 500 000 nodes. This is 

due to memory constraints and to the available 

computing resources. Moreover, turbulence is 

frozen during the computation. Some previous 

derivative computations including turbulence in 

the linear system have shown a deterioration of 

the Jacobian matrix pre-conditioning leading to 

unconverged results. In this paper, the 

derivatives of the turbulent variables ρk and ρω 

with respect to the parameters are equal to zero 

meaning that the turbulence level for any 

extrapolated flow field is the same as the one of 

the reference configuration (frozen turbulence). 

pqG 1 .. )(
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As the Jacobian matrix is the same for each 

derivative computation, its pre-conditioning is 

performed only once. The elapsed time for pre-

conditioning is 3.5 hours. The mean elapsed 

time for solving each linear system (i.e. 

computing each derivative) is 3.5 hours. 

Therefore, the whole derivative database 

containing 20 derivatives is obtained in about 

3.5+20*3.5=73.5 hours. 12 cores from 3 Intel 

Xeon X5550 processors are used and these 

processors are distributed over 3 nodes of 72Go 

of memory each. Global memory usage is 

roughly 120Go. 

4    Multi-parameter Multi-objective 

Optimization 

In the post-processing step, the whole flow field 

can be extrapolated almost instantaneously 

(read/write procedure) for any variation of the 

parameters. This means that any optimization 

criterion based on the extrapolated flow 

variables can be evaluated thereafter. The 

extrapolation tool is coupled to Non-dominated 

Sorting Genetic Algorithm 2 (NSGA2) [19]. In 

the present paper, extrapolation is of second 

order including the cross derivatives. The same 

three objectives as in Section 1 are used and 

vary according to the five parameters described 

in Section 2. For sake of clarity, definitions of 

the objectives are recalled: 

 

 maximization of static pressure 

difference: 

 

ΔPs = Psout -Psin 

 

 minimization of the torque: 

 

τ = ṁ.(r.Vθ out − r.Vθ in) 

 

 maximization of the static efficiency: 

 

η = (ΔPs . ṁ) / (τ . Ω) 

 

NSGA2 is run with a population of Npop = 500 

individuals evolving during Ngen = 100 

generations in order to thoroughly explore the 

parameter space. This corresponds to 50 000 

calls of the extrapolation tool. This post-

processing method of the derivative database 

takes approximately 5 hours on this 500 000 

node mesh, using 1 core of an Intel Xeon X5460 

processor. 

It should be noted that changing one or more 

objectives for the optimization process does not 

involve computing once again the whole 

derivative database. Only the routine that 

evaluates the criterion is modified. When using 

another meta-modeling technique that requires 

numerous flow simulations (see [18] for a 

review of the different techniques), changing a 

criterion involves building once again the meta-

model. 

Figures 8, 9 and 10 show in blue circles the 

three projected views of the obtained Pareto 

optimal population also called Pareto surface. 

Objective values of the reference configuration 

Config.2 are depicted as a black square and 

those of two Pareto optimal solutions of special 

interest, Config.3 and Config.4, are respectively 

represented as a red downward-pointing triangle 

and a green upward-pointing triangle. Their 

respective Δp values (with respect to the 

reference configuration) are listed in Table 4. 

 

 

Fig. 8. (η, ΔPs) projection of the Pareto surface 

On the one hand, Config.3 has been chosen 

because it maintains the same level of static 

efficiency η while increasing the static pressure 

difference ΔPs. The torque τ being negatively 

correlated to the static pressure difference, this 
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automatically prompts a deterioration of this 

latter objective. 

 

 

Fig. 9. (η, τ) projection of the Pareto surface 

  

Fig. 10. (ΔP, τ) projection of the Pareto surface 

On the other hand, Config.4 has been 

considered because it keeps the same level of 

static pressure difference while enhancing both 

the static efficiency and the torque. Table 5 

sums up the overall performance for Config.2, 

Config.3 and Config.4. Table 6 compares the 

gap performances between each configuration. 

As the pressure rise in the rotor is identical 

between Config.4 and the reference 

configuration, few differences can be observed 

regarding the mass flow rate ṁgap in the gap 

between these two configurations. 

 

 Config.3 Config.4 

α1 -3.0° -2.0° 

α2  2.0° -1.0° 

α3  2.0°  2.0° 

θ1 -2.2° -2.5° 

θ2  3.0°  3.0° 

Table 4. Δp values for the two chosen optima 

 ΔPs (Pa) τ (N.m)  η 

Config.2(Turb’Flow) 192 0.501 0.626 

Config.3 (Turb’Opty) 214 0.533 0.630 

Config.4 (Turb’Opty) 192 0.440 0.710 

Table 5. Comparison of overall performance 

 ṁgap (kg/s) ∆Vθgap (m/s) 

Config.2(Turb’Flow) 0.0142 3.39 

Config.3 (Turb’Opty) 0.0161 1.60 

Config.4 (Turb’Opty) 0.0150 0.80 

Table 6. Comparison of gap performance 

However, Config.4 enables to reduce the swirl 

∆Vθgap by over 75% compared with the reference 

configuration. This latter flow pattern is 

responsible for better inlet flow conditions at the 

tip of the blades which explain the enhanced 

values of torque and static efficiency for 

Config.4 as mentioned earlier in Table 5. 

Config.3 exhibits a higher mass flow in the gap 

(+13%) compared with the reference 

configuration. This is a consequence of a higher 

pressure rise in the rotor observed for this 

optimum as mentioned earlier in Table 5. 

However, the swirl has been reduced by over 

50% which enables to keep acceptable tip flow 

conditions and explains why the torque is not so 

deteriorated with respect to the higher static 

pressure difference and why the static efficiency 

remains at the same level as the one of the 

reference configuration. 

These remarks have to be linked with the 

observation of Figure 11 where the mean 

meridian field of relative total pressure is 

represented for each configuration. The zone of 

low relative total pressure close to the tip ring 

(which is related with aerodynamic losses) is 
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reduced in both axial and radial directions for 

the two chosen optima compared to the 

reference configuration. Config.4 is the 

configuration which exhibits the most 

significant reduction of this zone. 
 

 

Fig. 11. Mean meridional field of relative total 

pressure 

 ΔPs (Pa) τ (N.m)  η 

Config.2(Turb’Flow) 

1ninth rotor, steady  

192 0.501 0.626 

Config.3 (Turb’Opty) 

1 ninth rotor 

214 0.533 0.630 

Config.3 (Sc/Tetra) 

1 ninth rotor, steady 

233 0.636 0.625 

Config.3 (Sc/Tetra) 

full rotor, steady 

232 0.619 0.639 

Config.3 (Sc/Tetra) 

full rotor, unsteady 

243 0.623 0.625 

Table 7. Comparison of overall performances 

Even though Config.4 exhibits significant 

improvements regarding the torque and the 

static efficiency, a particular attention is payed 

on Config.3 as the main goal of this 3D blade 

re-adaptation is to increase the static pressure 

rise. Therefore, in order to confirm the 

extrapolated results, three additional CFD 

simulations are performed on Config.3 using the 

unstructured solver Sc/Tetra
TM

 [20][21]. These 

three flow simulations are carried out using a 

first-order implicit time scheme and a spatial 

upwind Monotone Upstream Centered Scheme 

for Conservation Laws (MUSCL) of second 

order. A k-omega Shear-Stress-Transport (SST) 

turbulence model [22][23] that has been shown 

to yield more accurate results on similar fans 

[1], is also used. An Arbitrary Lagrangian 

Eulerian method (ALE) [24][25] is chosen to 

rotate the mesh. The first flow simulation is 

steady and is performed on a one-ninth rotor 

geometry containing 5 million elements. The 

second one is also steady but is realized on a 

complete rotor geometry composed of 42 

million elements. 

The third one only differs from the second one 

by its unsteadiness. The first flow simulation is 

the most comparable to the extrapolated result. 

This simulation even provides a higher static 

pressure difference compared with the 

extrapolated one. As the torque does not grow 

unfavorably with respect to the growth of static 

pressure difference, the static efficiency is 

approximately the same as the one coming from 

the extrapolation. Static pressure difference and 

efficiency of the second and the third 

simulations are even better than the ones of the 

first simulation and than the extrapolated ones. 

These two last simulations enable to verify that 

both 360° flow structures and global 

unsteadiness level of the flow have a low 

influence on the criteria. All these results are 

presented in Table 7. 

5   Conclusion 

An optimization based on a high-order 

derivative database, produced by the 

Turb’Opty
TM

 parameterization code, has been 

applied to a 3D automotive shrouded fan with 

casing treatment. Contrary to other meta-

modeling techniques, only a single CFD 

simulation is needed and extrapolation is used 

subsequently to create possible solutions. As the 

associated extrapolation tool is easily coupled to 

a multi-parameter multi-objective optimizer, a 

group of Pareto optimal solutions is found. In 

the present paper, two Pareto optimal fan 

configurations, chosen on the Pareto surface, are 

highlighted as they exhibit particularly 

interesting overall objective results. They show 

that the casing treatment coupled to re-designed 

blades can lead to significant enhancements. 

Regarding the main objective, which is 

increasing the static pressure difference while 
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keeping acceptable value of the static efficiency 

compared to the reference configuration, 

Config.3 is the most promising optimum. The 

results of several flow simulations on this 

configuration show that the trend given by the 

derivatives is meaningful, which completely 

validates the use of this type of casing 

treatment. 

Nevertheless, the static efficiency has not been 

increased compared with the reference 

configuration and this is probably because the 

casing treatment remains fixed in the present 

optimization. Indeed, the optimization of the 

casing treatment was performed separately from 

the fan. The next step of this study is to 

optimize simultaneously the fan and the casing 

treatment and the goal will be to maintain the 

level of static pressure difference obtained with 

Config.3 but also to increase the static 

efficiency. Thanks to the flexibility of the 

Turb’Opty
TM

 software, only the derivatives with 

respect to the grooving parameters will have to 

be computed and added to the actual derivative 

database. The future optimization will be based 

on this latter extended derivative database. 
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