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Abstract

This paper explores the applicability of linear
and nonlinear v2−f turbulence models to cir-
culation control flows. The model constants
have been calibrated using on a flat plate and
a two-dimensional hill. These models were ap-
plied to the General Aviation Circulation Con-
trol airfoil to assess the applicability of the
models to circulation control flows. The re-
sults indicate that the v2− f turbulence mod-
els perform better at predicting the lift, but
it did not adequately capture the local flow
properties.

1 General Introduction

To generate increased lift from traditional sub-
sonic airfoils, either the angle of attack or the
camber must be increased. The maximum lift
coefficient of a traditional wing is limited by
the eventual separation of flow over the wing,
due primarily to the adverse pressure gradi-
ent that builds on the wing as lift is increased.
Traditionally, this obstacle is overcome by use
of complex moving wing surfaces, including
flaps, slats, and other devices.

Circulation control has been proposed as a
simpler and more effective alternative to the

usual high-lift devices [1]. Circulation control
is an active flow control device that increases
the lift coefficient without the use of complex
components in freestream flow. Circulation
control is primarily needed when high lift co-
efficients are required due to low airspeeds,
particularly during takeoff and landing. The
technology makes use of the Coanda effect, ac-
cording to which a fluid has a tendency to stay
attached to an adjacent curved surface [2]. A
high-speed jet of air is blown out of the leading
and/or trailing edge of a wing, which follows
the wing surface. The stagnation point on the
leading edge and the flow separation point on
the trailing edge are thus manipulated such
that the circulation is increased, and conse-
quently lift is increased.

The extent of the stagnation and separa-
tion point movement is primarily a function
of the jet momentum coefficient, Cµ. The jet
momentum coefficient is a measure of the jet
momentum relative to the freestream momen-
tum, and has two common formulations, which
are defined as follows

Cµ =

(
2hjetbjet
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ρjet
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Traditional CFD approaches have been ap-
plied to circulation control airfoils, mostly in
two dimensions, with mixed success. Un-
fortunately, the physics of circulation control
wings are highly complex, and are not well un-
derstood due to limited experimental studies.
The high momentum of the circulation control
jet allows the boundary layer to remain at-
tached longer than usual, thereby moving the
separation point. This movement of the sep-
aration point is the primary reason that lift
is augmented, and any CFD modeling tech-
niques must be able to accurately model the
separation point by properly predicting the
spreading rate of the jet and the exchange of
momentum between the jet and the surround-
ing fluid.

Todays computer resources limit most aca-
demic and industrial CFD to RANS solutions,
especially for high Reynolds number flows.
Many attempts have been made to model cir-
culation control flow fields using common tur-
bulence models (including Baldwin-Lomax [3,
4, 5], Spalart-Allmaras [1, 4, 5, 6, 7, 8, 9],
k−ε [10], and k−ω [8, 9, 10, 11]) and while ac-
ceptable accuracy has been obtained in some
cases, the general consensus has been that
these models are not well suited for circula-
tion control flow fields.

2 Summary of Turbulence Models
Used

The traditional approach relating the
Reynolds stresses to the mean strain rate
tensor has been to make use of the Boussinesq
assumption, where the turbulent viscosity
creates a linear relationship between the
Reynolds stresses and the mean strain rate
tensor. Equation (3) shows this relationship.

ρu′′i u
′′
j =

2

3
ρkδij − 2µtSij (3)

with Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
where ρu′′i u

′′
j is the Reynolds stress tensor, Sij

is the mean strain rate tensor, k is the tur-

bulence kinetic energy and µt is the turbulent
eddy viscosity.

Common linear eddy viscosity formula-
tions can vary in complexity from zero-
equation (algebraic) to four-equation; the
number of equations refers to the number of
differential equations that need to be solved in
a given model. Examples of zero-equation lin-
ear eddy viscosity models include the Cebeci-
Smith [12] and Baldwin-Lomax [13] models.
The most common one-equation model is the
Spalart-Allmaras turbulence model [14]. Two-
equation models include the k − ε models [15]
and the k − ω model [16] turbulence models.
The standard v2 − f turbulence model [17] is
an increasingly common four-equation turbu-
lence model.

Linear eddy viscosity models have proven
to be quite powerful in CFD applications,
but the linearization of the relationship be-
tween the Reynolds stresses and the strain
rate can cause these models to produce non-
physical results. In particular, the Boussinesq
assumption results in isotropic normal viscous
stresses, i.e.

ρu′′ 2 = ρv′′ 2 = ρw′′ 2 =
2

3
ρk (4)

Thus, any anisotropy in the Reynolds stresses
(such as near-wall anisotropy) cannot be cap-
tured.

One approach to solving this shortcoming
has been to introduce empirical damping func-
tions or other sorts of ad-hoc modifications.
This allows improvement upon a model for a
given type of flow, but is far from universal.
Pope [18] suggested that the more robust ap-
proach to this problem is to reformulate the re-
lationship between the Reynolds stresses and
the strain rate in a nonlinear manner. The
general approach to formulating a nonlinear
eddy viscosity model is to generalize the for-
mulation of the Reynolds stresses to the fol-
lowing

ρu′′i u
′′
j =

2

3
ρkδij + ρk

∑
λ

gλT λij (5)
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where T λij are the tensor bases and gλ are the
calibrated expansion coefficients. The specific
approach to deriving the general form of the
Reynolds stresses can vary depending on the
number and form of the terms chosen to in-
clude in the tensor bases.

2.1 Standard Turbulence Models

For this work, the standard one-equation tur-
bulence Spalart-Allmaras model [14] and the
standard two-equation k−ε [15] and k−ω [16]
models are used within FLUENT.

2.2 v2 − f with Linear Eddy Viscosity

Durbin [17] developed the v2 − f turbulence
model to be used in flows in which near-wall
turbulence is of significant importance, specif-
ically flows with separation, recirculation, or
heat transfer [19]. The model solves four
transport equations, those for turbulence ki-
netic energy, turbulence dissipation rate, ve-
locity scale, and an elliptic relaxation factor.
The model is essentially an extension of the
k − ε turbulence model, with the computa-
tional advantage of using the eddy viscosity
concept to close the transport equations (as
opposed to full second moment closure), but
improves upon several known deficiencies of
the k− ε model. Specifically, the v2−f model
can be integrated to a solid wall, eliminat-
ing the need for damping functions or wall
functions [20]. Also, the introduction of the
velocity scale allows the model to correctly
scale damping of turbulence transport near
walls, which turbulence kinetic energy cannot
do [21]. In recent years, the v2 − f turbulence
model has proven robust and superior to other
RANS methods, despite its linear eddy viscos-
ity formulation and insensitivity to streamline
curvature [19].

The v2−f turbulence model uses the same
transport equations for turbulence kinetic en-
ergy and turbulence dissipation rate as does
the k − ε turbulence model. In addition to
these transport equations, this model solves
the following transport equations for the ve-

locity scale and the elliptic relaxation factor.
These four transport equations are

∂

∂t
(ρk) +

∂

∂xj
(ρkuj)

= Pk − ρε

+
∂

∂xj

[(
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σk

)
∂k
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]
(6)

∂
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(
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k
− 2

3

)
− C2

Pk
ρk

(9)

where Pk represents the production of turbu-
lence kinetic energy due to the mean flow ve-
locity gradients and is modeled as

Pk = 2µtSikSik (10)

The turbulence length scale, L, and the tur-
bulence time scale, T , are represented as

L = CL max

[
k3/2

ε
, Cη

(
µ3

ρ3ε

)1/4
]

(11)

T = max

(
k

ε
, CT

√
µ

ρε

)
(12)

Finally, the turbulent viscosity is obtained
from

µt = ρCµv2T (13)

It is important to note that this model does
not use any wall functions or turbulence damp-
ing functions. Instead, the model uses the ve-
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locity scale (which is a measure of velocity fluc-
tuation normal to streamlines) to damp turbu-
lence transport near inhomogeneities, and the
elliptic relaxation function to model non-local
effects.

2.3 v2− f with Nonlinear Eddy Viscos-
ity

One deficiency in the standard v2 − f tur-
bulence model is the use of the Boussinesq
assumption to linearize the relationship be-
tween the Reynolds stresses and the mean
strain rate. Pettersson Reif [22] proposed a
nonlinear constitutive relationship that could
account for turbulence anisotropy, thereby im-
proving the v2 − f predictive capability of the
turbulence model for turbulent shear flows.
The nonlinearization begins with the proposal
by Pope [18] for an equilibrium solution of a
second-moment closure. The resulting formu-
lation is

ρu′′i u
′′
j =

2

3
ρkδij − 2ρCµv2τ1Sij

+ ρV τ 2Cµ3

(
SikSkj −

1

3
S2δij

)
(14)

where the coefficients are defined as

S2 = SklSkl (15)

Cµ3 =
6

5

(
1

γ1 + η1

)
(16)

η1 = τ 2SijSij (17)

γ1 =
1

0.1 + η1
(18)

V = max

(
2

3
− v2

k
, 0

)
(19)

Details of the development of this model can
be found in [23].

2.4 FLUENT Integration

The above v2 − f turbulence models were
written as user-defined functions used within
the commercial CFD solver FLUENT. These
models were based on the work of Herschl et

al. [24, 25] with the addition of stability and
robustness improvements.

3 Validation Cases

Two validation cases are presented here that
were used to calibrate and validate the turbu-
lence models. Details of the calibration pro-
cess can be found in [23].

3.1 Flat Plate

The first validation case is the standard incom-
pressible, turbulent flat plate. The constants
used in the v2−f turbulence model have been
altered and calibrated numerous times since
the model was first introduced. Many authors
make logical arguments for the order of magni-
tude of the contents, but the constants have no
universally accepted values. To address this is-
sue, the constants were calibrated for a turbu-
lent flow over a flat plate. Particular attention
was paid to two aspects of the flat plate flow.
First, the skin friction profile needed to match
the well-known experimental profile from [26]

Cf =
0.027

Re1/7x

(20)

Second, the model was tuned such that the
near-wall velocity profile matched the widely
accepted velocity profile throughout the tur-
bulent boundary layer.

for y+ < 5

u+ = y+ (21)

for 5 ≤ y+ < 30

u+ = −y+

+ e−κB
[
eκu

+ − 1 − κu+

−1

2

(
κu+

)2 − 1

6

(
κu+

)3]
(22)

for 30 ≤ y+ < 350

u+ =
1

κ
ln
(
u+
)

+B (23)

Figure 1 shows the skin friction coefficient re-
sults for several turbulence models including
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Fig. 1 Turbulent flat plate skin friction co-
efficients for the turbulence models and the
experimental curve fit from White [26].

the newly implemented linear v2− f and non-
linear v2 − f models. These new models were
calibrated to best match skin friction curve
from [26].

Figure 2 shows the velocity profile through
the boundary layer for the two new turbulence
model implementations. These models were
calibrated to best fit the experimental data
from [27]. The turbulence models capture the
entire velocity profile.

3.2 S3H4 2D Hill

The flow over a 2D sinusoidal hill was used as
a validation case. The hill geometry definition
is defined by Kim et al. [28], where SxHy de-
notes a maximum slope of 0.x and a height
of y. The hill geometry is defined with the
following equation

y =
H

2

{
1 + cos

[(π
2

)( x

L1

)]}
(24)

where L1 =
H

2S

Figure 3 shows the geometry modeled with
S = 3 and H = 4. This geometry was chosen
because of the severe adverse pressure gradi-
ent on the down-wind side. While the flow
does stay attached, it is very close to separa-

Fig. 2 Turbulent flat plate velocity profiles for
the turbulence models and the experimental
data from Wieghardt [27].

Fig. 3 S3H4 hill geometry from Kim et al. [28].

tion; with a slightly larger hill would result in
separation.

Velocity profiles generated with the v2 − f
turbulence models were compared to profiles
generated with standard turbulence models
and experimental data gathered by Kim et
al [28]. These are shown in figure 4. The
streamline curvature and potential for sepa-
ration makes the case an excellent validation
case, with the potential to demonstrate an im-
provement in the nonlinear eddy viscosity.

The experimental data show no separa-
tion region downstream of the hill, while the
Spalart-Allmaras and linear v2 − f turbulence
models show separation. The k − ε, k − ω,
and nonlinear v2 − f turbulence models show
no separation, which is consistent with the ex-
perimental data.
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(a) Spalart-Allmaras

(b) k − ε

(c) k − ω

(d) Linear v2 − f

(e) Nonlinear v2 − f

Fig. 4 Velocity profiles at various locations
along bump compared to experimental data
from Kim et al. [28].
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Figure 5-1: GACC airfoil 

For all cases, boundary conditions were defined to match experimental cases. The 

boundary conditions are as follows. 

Fig. 5 General aviation circulation control
(GACC) airfoil used for this study.

4 Circulation Control Results

The v2 − f turbulence models were applied
to the General Aviation Circulation Control
(GACC) airfoil and compared to the results
from Jones et al. [29] and Lee-Rausch et al. [8].
Results were also generated using the turbu-
lence models presented by Lee-Rausch et al.
and Jones et al. to ensure the mesh and CFD
solver are adequate. Figure 5 shows the GACC
airfoil geometry. The trailing edge slot is at
the start of the flap. The flap is a dual-radius
flap geometry.

4.1 Mesh

Careful attention was paid to the grid gener-
ation process to limit errors due to poor grid
quality. In particular, several aspects of the
grid were scrutinized. First, gridline orthogo-
nality needed to be enforced to minimize nu-
merical error. This criterion, along with the
large flap deflection, led to a unique farfield
configuration; this was necessary to provide
adequate mapping of gridlines from both the
flap and the near-flap region on the lower sur-
face to the farfield. Second, since the v2 − f
turbulence model does not use damping func-
tions nor wall functions, the cell nearest any
wall needed to be placed in the laminar sub-
layer. The meshing criteria was to ensure that
y+ < 5. Third, the leading edge discretization
needed to be sufficient to capture the stagna-
tion point, which is crucial in predicting the
lift coefficient. Finally, the grid needed suffi-
cient resolution in the wake region to capture
any recirculation, should the v2−f turbulence
model predict it. The slot region needed to be
accurately resolved in order to capture the slot

6
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Figure 5-2: Computational grid for GACC airfoil: farfield (top-left); nearfield (top-right); leading edge (middle-left); flap 
(middle-right); circulation control slot (bottom) 

Fig. 6 Views of the computational mesh used
in this study of the circulation control airfoil.

flow around the flap. Also, the shear layer
between the flow over the upper surface and
slot needed to be resolved. A fully structured
grid was generated to meet these criteria. The
computational grid is shown in figure 6.

4.2 Force Coefficients

Figure 7 shows the lift coefficient variation
with respect to the blowing coefficient. The
linear and nonlinear v2 − f turbulence mod-
els show improvement in the prediction of the
lift coefficient for the GACC airfoil, and the re-
sults obtained using common turbulence mod-
els showed the same over-prediction that Jones
et al. and Lee-Rausch et al. observed. It
is worth noting that these data are only for
blowing coefficients up to approximately 0.16,
while values of 0.50 and higher are not uncom-
mon. In this light, it appears that even the
v2 − f models will over predict the lift coeffi-
cient in these higher blowing coefficient cases,
however there is no data available to compare
against.

Comparing the drag coefficient variation
with respect to blowing coefficient, figure 8

Fig. 7 Lift coefficient variation with respect
to slot blowing coefficient for the various tur-
bulence models compared to the computa-
tional data from Lee-Rausch et al. [8] and ex-
perimental data from Lee-Rausch et al. [8] and
Jones et al. [29].

7



MARSHALL & STORM

Fig. 8 Drag coefficient variation with respect
to slot blowing coefficient for the various tur-
bulence models.

shows there is a significant difference between
the v2−f data and the other turbulence model
data. Again, without experimental data to
provide validation, it is difficult to assess the
capabilities of any of the turbulence models in
predicting drag.

4.3 Surface Quantities

Figure 9 shows the pressure coefficient distri-
butions generated by the standard turbulence
models and the v2 − f turbulence models for
the GACC airfoil at a blowing coefficient of
0.084. These data are compared to those pre-
sented by Lee-Rausch et al. Results for the
linear and nonlinear v2 − f turbulence models
indicate reasonable agreement for the pressure
coefficient for most of the airfoil, including
the region surrounding the circulation control
slot. However, these turbulence models pro-
duced significantly lower pressure coefficient
than the experimental results and other turbu-
lence models at the suction peak on the upper
surface of the leading edge.

Fig. 9 Pressure coefficient values on the cir-
culation control airfoil for the various turbu-
lence models and experimental data from Lee-
Rausch et al. [8] for Cµ = 0.084.

The v2 − f turbulence models predict the
lift coefficient much more accurately than
common turbulence models; however, they do
not predict the pressure coefficient nearly as
accurately. The under prediction of the pres-
sure coefficient near the suction peak con-
tributes primarily to pressure drag rather than
lift and may indicate that the drag predictions
from figure 8 are over-predicted for the v2 − f
models.

Figure 10 shows the skin friction coeffi-
cient predictions for the GACC airfoil at a
blowing coefficient of 0.084. The turbulence
models used in this comparison predict simi-
lar skin friction profiles with the two excep-
tions. First, the Spalart-Allmaras turbulence
model predicts significantly higher skin fric-
tion on the leading edge and the upper surface
of the flap, shown in figures 11 and 12 respec-
tively. Second, the leading edge skin friction
coefficient predictions vary widely between the
various turbulence models, noting that the two
v2−f models do predict similar values. Exper-
imental results for the skin friction profile are
not available for the GACC airfoil, therefore
any quantitative analysis of the accuracy of
the turbulence models predictive capabilities
with respect to skin friction is not possible.
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Fig. 10 Skin friction coefficient values on the
circulation control airfoil for the various tur-
bulence models for Cµ = 0.084.

Fig. 11 Leading edge skin friction coefficient
values on the circulation control airfoil for the
various turbulence models for Cµ = 0.084.

Fig. 12 Trailing edge skin friction coefficient
values on the circulation control airfoil for the
various turbulence models for Cµ = 0.084.

4.4 Velocity Field

Another quantity that can be compared be-
tween the experimental data from Jones et al.
and these turbulence models is the velocity
field around the airfoil. Jones et al. reported
the velocity field around most of the upper sur-
face and along the lower surface just past the
forward stagnation point. Figure 13 shows the
Jones et al. data and the various turbulence
model predictions. Clearly, Spalart-Allmaras
and the two two-equation turbulence models
are drastically over-predicting the upper sur-
face velocity (thus the over-prediction of lift),
while the two v2 − f models are much closer
to the experimental velocity.

Another property that can be compared
between the experimental data and the com-
putational data is the location of the for-
ward stagnation point. The experimental data
show the forward stagnation point to be at
x/c = 0.03 while the turbulence models pre-
dict a wide variety of locations. While the pre-
dicted stagnation point location of the v2 − f
models is reasonably close at x/c = 0.0115
and x/c = 0.0127 for the linear and nonlin-
ear models respectively, they do not perform
much better than the two-equation model pre-
dictions.
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(a) Spalart-Allmaras (b) k − ε

(c) k − ω (d) Linear v2 − f

(e) Nonlinear v2 − f (f) Experimental data
from Jones et al. [29]

Fig. 13 Velocity contours for the various tur-
bulence models and the experimental velocity
contours from Jones et al. [29].

The final data to be compared is the trail-
ing edge flow and is shown in figure 14. This
region is significant since the circulation con-
trol flow is in this region. Comparing the tur-
bulence model predictions to the experimental
data, it is clear that none of the turbulence
models do a satisfactory job at capturing the
flow accurately. The direction of the slot flow
wake coming off of the trailing edge flap is not
well predicted. All of the turbulence models
except for Spalart-Allmaras drastically over-
predict the size of the low-speed region above
the slot flow aft of the trailing edge. From
this figure, it is clear that there is a significant
amount of flow physics that none of these tur-
bulence models are capturing.

5 Conclusions

While the two v2 − f turbulence models have
done a better job of predicting the lift co-
efficient for a circulation control airfoil flow,
there are a number of flow characteristics that
are not well captured. In terms of turbulence
model capabilities, the v2 − f models outper-
formed the other turbulence models in predict-
ing the performance of the GACC, but there
is definite room for improvement. The non-
linear eddy viscosity models, and even more
sophisticated turbulence models being devel-
oped, provide the best chances for improving
the predictive capabilities of RANS solvers for
circulation control flows.
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(a) Spalart-Allmaras (b) k − ε

(c) k − ω (d) Linear v2 − f

(e) Nonlinear v2 − f (f) Experimental data
from Jones et al. [29]

Fig. 14 Velocity contours for the various tur-
bulence models and the experimental velocity
contours from Jones et al. [29].
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