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Abstract

This paper presents an analytical method in
computational aeroelasticity for an airfoil
considering two degrees of freedom (heaving
and pitching) based on the Wagner integral
function. In the obtained aeroelastic equations
of motion, there are some integral parts that
give an integro-differential system of equations.
Using appropriate approximation for the
Wagner function, a new form of equations can
be obtained by derivation from mentioned
equations. These equations are in the form of
ordinary differential equations. Using the
obtained equations, the flutter speed is
predicted for a given airfoil and the results are
compared with the results of other investigators.
Also, the dynamic responses of the airfoil to a
sharp-edged gust are shown in pre-flutter
regime for different cases.

Nomenclature
¢ b airfoil chord and semi chord length
mass per unit length and reduced mass ratio
m; i m/ 7pb?
I moment of inertia about elastic axis per unit
ed. length

nondimensional radius of gyration about

" elastic axis (1, / mb? )%

nondimensional distance between elastic

a axis and midchord
¥ nondimensional distance between elastic
¢ axis and center of mass
w,0 airfoil motion in heave and pitch directions
k, ok P heave and pitch stiffness coefficients

circular frequency and plunging (,, /m)%

W, Wy, Wy ,
and pitching frequencies (kg / I, )é
P density of air
U, flutter speed of airfoil
fresstream velocity and its nondimensional
v,V value U /bwe
t, o time
o(t) the Wagner function
P(t) the Kussner function
Introduction

The indicial function was introduced by Wagner
to describe the lift response of a two
dimensional flat plate in incompressible
flow [1]. Some years latter, Theodorsen [2]
introduced the frequency response of a two
dimensional flat plate airfoil in incompressible
flow. The use of Laplace transformation was
suggested by Jones [3], and Sears [4] applied
this method to solve some problems. Garrick [5]
used a convenient approximation according to
the Fourier integral transform for the Wagner
function. Garrick [6] and Miles [7] used
Duhamel superposition formula on a simple
harmonic motion of an airfoil that leads to
arbitrary equations of motion. Marzocca et.al
[8] used a two dimensional rigid/elastic lifting
surface in unsteady incompressible flow. The
Wagner's function was used to describe the time
domain unsteady aerodynamic lift and moment.
Also, the Kussner's function was applied for
gust loads modeling.

In recent years (Over the past two decades) two
different approaches are developed for unsteady
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aerodynamic  modeling  for  aeroelastic
application which are known as Peters’
aerodynamics and reduced order modeling
(ROM). Peters et.al [9] offers a new type of
finite state aerodynamic model. This model
offers finite state equations for the induced flow
field which are derived directly from the
potential flow. The resultant equations can be
exercised in the frequency-domain, Laplace-
domain or time-domain and have capability to
apply the two or three dimensional problems.
Also ROM was introduced, developed and used
for aeroelastic problems by many authors
[10-12]. Both of the Peters’ finite state
aerodynamic model and ROM describes
unsteady aerodynamics in a state space form.
But the use of the Wagner function seems to be
most appealing for the researchers to develop
simple and exact model for unsteady flow
analysis.

In this regard, transformation of the aeroelastic
equations in differentials form provides a good
physical interpretation of the different terms in
these equations. Transforming the integral terms
into differentials with the addition of two new
second order differential equations and
corresponding augmented states were presented
in Poirel and Price study [13]. Details of this
process are given in Dinyavari and Friedmann
work [14].

This study, presents an analytical approach for
calculating the aeroelastic response of a two-
dimensional airfoil (typical section) in time-
domain. In this method, the resulted integral
parts from the Duhamel integral part of the
Wagner's function in aeroelastic equations will
be omitted by using an appropriate
approximation of the Wagner's function and by-
part integral method and therefore a set of two
fourth-order  differential  equations  with
corresponding initial conditions will be
obtained. The present formulation will be
examined in the time and frequency domain and
the obtained results will be compared with those
of other investigations.

1 Structural Modeling

The airfoil structure is modeled as a rigid flat
plate, with two degrees of freedom in heave and
pitch directions (Figl). The structural stiffness
is provided by translational and torsional
springs.

Midchord \§

;
~ap )

Figure 1. Schematic of the two-dimensional airfoil

model.

The linear structural equations for this model
by neglecting structural damping can be stated
as follows [13]:

mi + mbayf + k,w = —L(t) (1)

mbxyto + I, ,0 + kg = M, ,(t) (2)

where the positive direction of (w,@) is
shown in Fig. 1.

2 Aerodynamic Loading

Assuming the subsonic incompressible,
irrotational unsteady potential flow, the
aerodynamic lift and moment about elastic axis
can be modeled as [15]:

L(t) = mpb® [0 — abl + UG

+27erb[w(0) + b(% — a)d(0) + U(‘)(O)}gp(t) (3)
+27TpUbf0tg0(t - 0)[123 + b(% —a)f + Ué]da

M, (t) = mpb* [aid — b} + @) — Uy — a)d]

+2mpU (Y5 + a)[ (0) + 0} — a)(0) + UBO) | t) (4
+2mpU? (Yo + a)fotgp(t —o)|ib + bV — a)i + Ul

The unsteady aerodynamic loads can be
computed using appropriate approximation of
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the Wagner function. Therefore, the Wagner
function is approximated by [16]:

p(t) =1—ce ™ — e @ (5)

Wherec, = 0.165, ¢, = 0.335, ¢, = 0.0455 U/ and

& = 03Uy

3 Aeroelastic Modeling

Combining the structural and aerodynamic
equations (Egs. 1-4), the aeroelastic equations
of motion can be obtained as follows:

(m + wpb®)io + (mbzxy — mpab®)o
+71pb?U0 + kyw
+2mpUbip(t) [ 1(0) + b( Y5 — a)6(0) + U6(0)]

= —2WpUbLtw(t - U)[w + b(% —a)f + UQ]

(6)

(mbzy — mpab®Yis + (... + wpb* (V5 + a*))d
+7r,ob3U(% —a)f + k0
—2mpUb% (Y4 + a)p(t)[(0) + b(Y4 — a)(0) + U6(0)] (7

= QWpUbZ(% + a)fotgo(t - cr)[i[) + b(% —a)f + UH]

In order to eliminate the integral parts, using by-
part integral method and some simplification
along with using Eq (5) instead of the Wagner
function, equations (6) and (7) will lead to
equations (8, 9). Equations (8) and (9) which are
ordinary differential equations of the aeroelastic
system.

(m 4 7pb?)io + (mbzy — mpab®)d + 2mpUbp(0)ib
+H(mpb™U + 2mpUb* (14 — a)p(0))d
+(k 427 pUbgp(0) )w
+(2mpUbp(0) + 2mpUb* (V4 — a)p(0))0 (8)
—2mpUb (1) (w(0) + b( V4 — a)6(0))
= 2mpUb(—Ng e " T1g — Ny, Iy

+ Ay ey, + Ay e )

(mbzy — wpba)iv + (I, + mpb* (Y4 + a?))0
—2mpUb% (L4 + a)p(0)

Hmpb®U (Vg — a) — 2mpUb® (V) — a®)p(0))0
—2mpUb% (L4 + a)p(0)w

+(kg — 2mpUb* (V4 + a)p(0) )
—2mpUb* (Y} — a*)(0))0

+2mpUb* (Vy + @) (w(0) + b( Y5 — a)6(0))(1)

= 2mpUb* (V4 + a) (\e g + My,e Iy

—&t —é&ot
_)\wle "y — )\wze : ]2’w)

t
Ao, = ¢i&” and I;, = feg’”:v(a) do .
0
Using the coefficients defined in table (1):

Table (1) : Define Coefficients for equations
(10,11)

A =m + mpb?

A" = mbz, — mpba

B = mbzy — wpab?
B' = L, + mpb*(Jg + a*)
C = 2mpUby(0)
C' = —2mpUb? (% + a)p(0)
D = wpUb?* + 2mpUb* (Y4 — a)p(0)
D' = wpb*U(Y4 — a) — 2mpb*U(Y — a?)(0)
E = k, + 2mpUby(0)
E' = —2mpb*U (Y4 + a)p(0)
F = 21pU?bp(0) + 2mpUb> (% —a)p(0)
F' = ky—2mpb*U (Y + a)p(0)
— 27rpb3U(%L — a*)p(0)
G = —2mpUb(w(0) + b(14 — a)6(0))
G = 2mpb*U (Y4 + a) (w(0) + b(Y4 — a)f(0))

A simple form of the aeroelastic equations
can be written as follows:
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AW + BO + Cw + DO

YEw + FO + G
(10)
= —Bye g — B e Iy
+ﬁwleigltllw + /61,02 6762t12w
A%+ B'6 + Chw+ DO
+E'w + F'0+ Gy
(11)

_ nl —at ! —eot

= Bpe Vg + Bpe Py
! —et ! —é&ot

_Bwle ! Ilw - BwQe ’ IQw

Where g = ompunn, > 81, = 2mpUb% (Y4 + a)
and z; denote 6, and w; .

Omitting the integral parts(/,,,/,,), equations

will transform the Eqs(10), (11) into ordinary
differential equations, those are so friendly to
solve. So, multiplying equations (10, 11) by
e and differentiation with respect to t (time)
will yield to following equations:

Ae (eyii + i) + Be (40 + )
+Ce™ (e + W) + Det(e,0 + 6)
+Eet (eqw + w) + Fe™ (6,0 + 0)
+Ge (219 + §) (12)
= —0y,e'0 — By, "2 (e — &)L + ']
+ﬁ“’1e€1tw + ﬂ’“’ze(ﬁ_@)t [(51 — &)y + we@t]

Al e (eyid + i) + B'et (16 + 6)

+0"e™ (et + 1) + D'e™ (210 + 0)

+EB'e (e + ) + F'e? (216 + 0)

(13)
+G'e (610 + @)
= Bh,e70 + B, ) (g

_ﬂwle ity — 61226(51*52)75 [(51

Similarly, multiplying left and right hand
sides of equations (12, 13) by e factor and
differentiating with respect to ¢ will omit
I, and [I,,. After simplifying and rearranging,

— & )129 + Qegzt]

— &)y, + wegzt}

the following equations we arrive at following
equations

B(El + 82) + D] 0

) +
[Beey + D(g +€2) ]

) —

)

Buy — mmw (14)
[D5152 + F(e; + &)+ By, + By, }
[E5152 - ﬁwlfz - 51@51} w
[Feies + Byo + Boer] 0
+G [§ + (a1 +&)p +aep]=0
Aw® + B'OW +[Al(e) + &) + C'] i
+[B'(e; + &)+ D'] §
+[A'eiey + C'ley + &)+ E'] ©
+[B’5152 + D'(e; + &) + ]
+[C’5152 + E'(e; + &) + ﬂ,,,l + ﬂ,,,z ] w (15)
+[D’€1€2 + F'(g) + &) — ﬁ()l ,602 ]

+[E'eiey + B0 + Bu,er ] w
+[F,5152 - ﬁ(;152 - 50,«251] 0
TG [§+ (&1 + &) +asp] =0
The required initial conditions for the new
equations of motion can be obtained from the

old I.Cs and by putting them into Eqs.(10-13),
the following additional I.Cs will be obtained.

Y3 ]‘ / A

(0) = i [(B'C = BC")i(0)
+(B'D — BD")(0) + (B'E — BE"Yw(0) (16)
+(B'F — BF")§(0) + (B'G — BG")p(0)]

. 1 ; "

6(0) = mr—pl(4'C — AC")i(0)
+(A'D — AD")H(0) + (A'E — AE"yw(0) (17

HA'F — AF"0(0) + (A’ G — AG")p(0)]
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ii(0) =
1

present method predict the same value for flutter
speed for the given airfoil.

75— ap (e T OB - A’s}. + C")BYio(0)

(

+((Be, + D)B' — (B'e, + D"\B)i(0)

+((Ce, + E)B' — (C'e; + E"B)(0)
) )

Table (2) : Given airfoil specifications '

p 0.002378 Sluges/ft’
+((Dey + F)B' — (D's; + F')B)(0) (18) Ieq. 1.606 Sluges.ft’
H((Be, — By, — Bu,)B’ k, 1003.75 ft.1b/rad
~(B'e; + By, + Bu,)B)w(0) fn: 2 1 glll,lzef;[
+((Fey + By, + By,)B’ k, 100 Ib/ft
~(F'e; = By, — B, )B)0(0) X, 0.1
+HB'G = BG)(219(0) + $(0))] a -0.2

0(0) = In following figures, %, wi and Wi are
m[((z‘léﬁ +C)A = (A'ey + C7)A)i(0) nondimensional speed, d:mpineg factor, Hand
(B, + DA — (B'e, + D")A)i(0) nondimensional frequency, respectively.

+((Ce + E)A' — (C'e; + E")A)i(0) (19)

(Dey + F)A" — (D'e; + F")A)0(0)

+((Eep = B, — Bu,)A" = (E'ey + By, + Bu,)Aw(0)
H(Fey + By, + Bg,)A" — (F'ey — B4, — 54,)A)0(0)
+HA'G — AG)(e19(0) + ¢(0))]

4 Case study

Verification of introduced formulation is
carried out by considering a two dimensional
linear airfoil with specifications as shown in
table (2). First the damping and frequency parts
of the eigenvalues of the aeroelastic system are
compared with the results that obtained based
on the Theodorsen and Peters theories. The
results of present formulation which are
obtained using the P method are compared with
the results of the Theodorsen using P-k method
and Peters using P method, respectively. Figures
(2a, 2b) show the good correspondence between
the different theories. The difference between
the results of the present theory and Peters’
theory with those of the Theodorsen theory is
due to using P and P-k methods. Also from
these figures, we can determine the dynamic
instability speed of aeroelastic system (flutter
speed). All of the mentioned theories and

01 F Nondimensional speed

1.5

0.1F
02F

03F

Damping Factor

04F
05F
0.6F present study

F p-k method (Theodorsen) [17] o
07F 2 p method (Peters) [17]

oo

08k

(a)
z
5
3
g
=
E
2
g
£
=
£
=]
Z
o present study
L o p-k method (Theodorsen) [17]
02F A p method (Peters) [17]
T T I T YT [T TN YT S T S Y S N T |
0 0.5 1 1.5 2 25
Nondimensional speed (b)

Figure 2. damping(a); and frequency (b).of the aeroelastic
system versus nondimensional airspeed
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In order to show the applicability of the present
formulation, the response of the aeroelastic
system to a sharp-edged gust is determined. The
sharp-edged gust is the most critical case for
gust modeling. It can change the angle of attack
of the system largely and rapidly and can induce
large lift and load factor beyond the structural
strength. In order to account the gust response,
first it is necessary to develop the formulation
and to find the higher order initial conditions to
cover the sharp-edged gust effects. In the
forwarding section the dynamic responses of the
typical section due to a sharp-edged gust will be
investigated. Those equations can be driven by
adding one part to equations (14, 15) as sharp-
edged gust effects. These parts are based on
Kussner’s function and obtained in a similar
manner which was introduced in present study
[18].

w + BOW £ [A(e + &)+ C] i
Ble, + &)+ D] 6
e +6&)+ E] @

)+ F]é
&+ &) = By — 5w2]
&1+ &)+ By + By, ] 0

Fegy — 511;1 )

b
O
Ny
+
Q

& + &

(20)

.—.._..6._._,_,
WD
N
+
AEA

- 511]251] w
[Feiey + By ez + Bo,e1] 0

+G [§ + (a1 + &)P + a182]

+H (¢ + (e + &) + ee| = 0

Alw® + BOW 4+ [Ale, + &) + C'] i
+[B'(e; + &)+ D'] 0

+[A'eiey + C'ley + &) + E'] @
+[B'eigs + D'(e; + &) + ]

+[C’5152 + E'(e; + &) + ﬂ,,,l + ﬂ,,,z ] 71
+[D,€1€2 + Fl(e 4+ &) — ﬂol ﬂr)z] 0 ( )
+[E,€152 + ﬁﬂiq € + ﬁwz 51] w
+[F,5152 - ﬁ(;152 - 50,«251] 0

+G' [+ (&1 + &)p + e182p]

+Hl [7/1 + (El + 52)121 + 51527/)} =0

So, the second order initial conditions would
be found as following

1
A'B— AB’
+(B'D — BD"6(0) +
+(B'F — BF")(0) +
+(B'H — BH')i(0)]

i(0) = [(B'C' — BC")i(0)

(B'G — BG")¢(0)

1
AB'— A'B
+(A'D — AD"6(0) +
+HA'F — AF")0(0) +
+HA'H — AH')i(0)]
Also, the third order initial conditions in
sharp-edged gust case are written as

6(0) = [(A"C — AC" )i (0)
(A'E — AE"Yw(0)

(A'G — AG")p(0)

(23)

ii(0) =

1 /
m[((Aq—FC) — (A's; + C')B)i(0)

+((Be, + D)B' — (B’e; + D")B)#(0)

H{((Ce, + E)B' — (C'ey + E"B)i(0)

((Dey + F)B' — (D', + F"\B)(0) (24)
+((Bey — By, — B, )B' — (E'sy + B,, + Bu,)B)w(0)
+((Fey + By, + By, )B" — (F'ey — B, — B4,)B)0(0)
+(B'G — BG")(514(0) + ¢(0))
(B

+(B'H — BH')(,9(0) + 9(0))]

6(0) =
v
AB'— A'B
+((Be, + D)A' — (B'e; + D")A)4(0)

+((Cey + B)A" — (C'g + ENA)w(0)

((Dey + F)A' — (D'e, + F')A)(0) (25)
+((Bey — By, — Buy)A = (E'ey + 8., + B, )A)w(0)

+((Fey + By, + B89,)A" — (F'ey — By, — B3,)A)0(0)

+HA'G — AG")(219(0) + £(0))

+HA'H — AH")(19(0) + ¢(0))]

[((Az) + C)A" — (A'ey + C")A)ii(0)
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where (t)stands for the Kussner function
and can be stated approximately as following
[16]
—0.130s -5 Ut
P(s) =1—0.5e —0.5e7%, s = > (26) .
Also  the coefficients Hand H'are %ﬂ 06
introduced in equation (23) as = 05
0.4
H = 27pUbw, e
) , 1 (27) 0.2;
H' = 27pUb (é + a)wy o
00 — ‘0.I25‘ — ‘0!5‘ — ‘04I75‘ — 1
Where wy is the gust speed. Time, s (b)
For an.alrfml with fQIIOWIng spemﬁca.tmns the Figure 3.Dynamic response time histories of the flexible
dynamic responses in pre-flutter regimes are airfoil for ;t = 14 and A = 0.0375 ; (a) heaving
shown. The dynamic responses include the direction; (b) pitching direction.
plunging and pitching amplitude variation
versus time relative to steady state responses.
14
13F
Table (3) : Given airfoil specifications 12 ‘
LLIE
P | 0.002378 Sluges/ft® | k, | 100 Ib/ft 1F
09F
V| 1(ft/s) x, 0.0 T o0sf
2 07F
T 0.5 a |0.0 e
=t
c | 1ft ol
0.4F
03F
The results found for sharp-edged gust with unit 02h
(wy =1 ft/s) value in four different conditions 01
" 00““04125““0415““04175““1
and zero initial conditions. -
ime, s
(@
1.3 r
12F
L1f
09F
2 08 8
g O6F 4
= 0sf £
04F
0.3 ; 0.3
0.2 % 0.2
0.1 0.1F
00 — ‘0.125‘ — ‘OTS‘ — ‘0A175‘ — 1 007‘ — ‘0.125‘ — ‘0.15‘ — ‘0.175‘ — 1
Time, s (a) Time, s (b)

Figure 4.Dynamic response time histories of the flexible
airfoil for ;t = 14 and A = 0.0845 ; (a) heaving
direction; (b) pitching direction.
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0.9F
0.8F
0.7F
0.6F
05F
04F
0.3F
0.2f
o.1f

09F
0.8F
0.7f
06F
0.sf
04F
03f
02f

L L 1 L L L L 1 L L L L 1 L L L L
0 0.25 0.5 0.75 1
Time, s
(a)
L 1 L L L L 1 L L L L 1 L L L L
0 0.25 0.5 0.75 1
Time, s
(b)

Figure 5.Dynamic response time histories of the flexible
airfoil for ;4 = 21 and A = 0.338 ; (a) heaving
direction; (b) pitching direction.

Heaving ratio

L6
L5
14F
13F
12F
LIE

09F
0.8F
0.7F
0.6 F
05F
0.4F
03F
02F
0.1F

L L 1 L L L
0.25

0.5

Time, s

L 1 L L L L
0.75 1

()

09F
0.8F
0.7F

0.6F

Pitching ratio

0.sF
04F
03f
02f

0.1F

0 L L L L L 1 L L L L 1 L L L L 1 L L L L
0 0.25 0.5 0.75 1

Time, s
(b)
Figure 6.Dynamic response time histories of the flexible

airfoil for (4 = 21 and A = 1.335 ; (a) heaving
direction; (b) pitching direction.

5 Conclusion

It was shown that modeling of the unsteady
aerodynamics by a two-state representation of
the Wagner function and simplifying the
integro-differential aeroelastic equations of a
two-dimensional airfoil (typical section) with
the use of some mathematical methods can
reduce these equations to a set of fourth order
ordinary differential equations. Good simplicity
of these equations makes them as a unique tool
to obtain dynamic responses to different inputs
in time domain solutions. These equations were
used to predict flutter speed in comparison with
the Theodorsen and Peters’ aerodynamics of an
airfoil and its dynamic responses due to sharp-
edged gust with the given specifications. The
results show that the present method is a
powerful simplified analytical method for
aeroelastic calculations with the least number of
states in comparison with other methods.
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