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Abstract  

The purpose of this work is to present a 
mathematical model for the determination of 
three dimensional wings characteristics and 
airloads by using potential aerodynamics and 
experimental data of airfoils. The difficulty of 
determining aerodynamic characteristics of a 
wing increases if the shape changes from the 
conventional rectangular. The main idea of this 
study is to develop a computational method to 
calculate the lift, drag and moment coefficients 
against angle of attack, and the airload of a 
generic geometry wing. The final wing data 
must take into account the nonlinear 
phenomena such as stall. 
The potential aerodynamics is based on the 
Prandtl lifting line theory, in which the wing is 
divided in several strips, and the lift comes from 
a line of vortices at ¼ of chord. Each strip uses 
the 2D airfoil characteristics. The use of a non-
stationary wake to permit its roll-up completes 
the method. 

1 Introduction 

Some airplane characteristics as maximum lift 
coefficient ( maxLC ) are left to the final stages 
of its design. A good prediction of these 
characteristics at the beginning, or parallel to 
other design tasks would influence the final 
configuration in a different way, and probably 
would result in a better airplane [1]. 
In this article it will be considered that a 
complete analysis of 3D (three-dimensional) 
properties of an airplane wing is to determine 
the distribution of the lift, drag and moment 
coefficients along semi-span (airloads, lC , dC  

and mC  versus 2b , respectively) and the total 
aerodynamic properties, as lift, drag and 
moment of the wing per angle of attack ( LC , 

DC  and MC  versus α ). In all notations read 
downercase sub-script as local (2D) value, and 
uppercase sub-script as total wing (3D) value. 
To three-dimensionalize the data from airfoil to 
the wing, the Prandtl’s lifting line theory was 
used. The classical theory uses an infinite 
Fourier series representation of the airload 
distribution [2, 13 and 14]. The infinite series is 
usually truncated with a convenient number of 
terms. van Dam et al [1] use about 100 to 1000 
terms, but uses planar wake. As the number of 
terms in the series must be equal to the number 
of horseshoe vortex used to represent the wing, 
a large number of elements increase excessively 
the computing time for solve wake position. So, 
the wing was divided into 10 to 50 elements and 
the load was simplified by a discrete 
presentation. The Fourier series was not used. 
The 2D airfoil data, used in each element of the 
wing is obtained by wind tunnel test or viscous 
computational simulations [1]. 
The non-stationary wake was used to permit its 
roll-up, increasing precision on induced drag 
calculation [11 and 12]. 

2 Numerical Three-Dimensional Model 

2.1 Lifting Line Method 

The discrete lifting line method consists in 
subdivide the wing in N  horseshoe vortex 
elements [2, 3, 4 and 5]. Each element has 
constant strength all along its extension, 
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including the wake, as in Figure 1. For 
simplicity, horseshoe vortex element will be 
called only element. 

 
Figure 1 - Lifting line method 

If a line segment represent a part of two or more 
elements (as in the case of two adjacent 
elements), the total circulation is the sum of the 
circulation of all elements in common. 
The aerodynamic force ( jL ) is a result of the 

flow crossing the line vortex at ¼ chord. The 
force on one element is given by equation (1) [2 
and 3]. 

( )jjjj bVL
vrr

×Γ= ρ        =j 1, 2 … N  (1) 

where ρ  = air density 
 jΓ  = element circulation 

 jV
r

 = total velocity on center point of the 

spanwise segment of the element 
 jb

r
 = element span (difference between 

final and initial points of the segment) 
 N  = total number of elements 
The component of jL  perpendicular to the free 

flow is the lift, and the component parallel to 
the free flow is the induced drag. 
 

 
Figure 2 – Biot-Savart law 

The induced velocity of one element on another 
is the sum of the velocity induced by each 
segment of the element. Biot-Savart’s law 
describes the velocity induced by a vortex 
segment on a point, if the flow is potential [4]. 
As in Figure 2, the velocity induced ( indV

r
) by 

AB  segment on P  is: 
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where ê  is the unitary vector perpendicular to 
h  and perpendicular to the segment. 
With some mathematical treatment equation (2) 
becomes: 
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2.2 Coupling of Two-Dimensional Data to 
Three-Dimensional Geometry 

To solve the load on wing, the data from airfoil 
must be known, and were connected do the 
three-dimendional model by the angle of attack 
in the element. 
Figure 3 shows the base of this method. 

 
Figure 3 - Interations between horseshoe vortex 
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where 
jeV

r
 = total velocity induced by all 

elements of the model. 
 ∞V
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 = free flow velocity (same as model 

speed). 
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 iV
r

 = velocity induced by element i , as 
in Figure 3. It is calculated by equation (5) 
 î  = unitary vector in airplane 
longitudinal direction, pointing to tail 
 ĵ  = unitary vector pointing to airplane 
right wing 

 k̂  = unitary vector in vertical direction, 
pointing up. 

∑=
M

indi VV
rr  

(5) 

where indV
r

 = is obtained from equation 3 
 M  = total of straight segments on 
element i  
The reference for calculating the element angle 
of attack is the element chord direction. This 
direction ( ĉ ) is determined by: 
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where n̂  = unitary vector normal to the 
element. 
Finally, the element angle of attack (

jeα ) is 

given by: 
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Considering the element lift coefficient as a 
function of angle of attack, the element strength 
may be calculated a: 

j
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where jS  = element area 

 
jlC  = element lift coefficient 

To connect the data from two-dimensional wing 
airfoil to the three-dimensional wing geometry, 
the function of the lift coefficient (equation (9)) 
is given by discrete data from other sources, as 
wind tunnel or a viscous simulation. 

)(
jj ell CC α=  

(9) 

To determine drag and moment coefficient, a 
similar relation is used: 

)(
jj edd CC α=  

(10) 

)(
jj emm CC α=  (11) 

Now the three-dimensional data from the whole 
wing can be found. 

2.3 Non-Stationary Wake 

 
Figure 4 – Wake modeling 

Each point of the wake is positioned behind 
other one by a t∆  difference on time, as in 
Figure 4. The total points ( j ) in ĵ  direction is 

1+N . 
As the strength of the horseshoe vortex is 
constant in all its extension (including the wake) 
the segments on Figure 4 in ĵ  direction have no 
circulation. 
The positions of all points are described as a 
function of the forward point and the velocity 
on it: 
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where P
r

 = vector indicating a wake point 
position. The subscript j  = 1, 2, 3, … 1+N  is 

the point ID along ĵ  direction 
 t  = represents one line of the wake 
parallel to the span direction 
 tt ∆+  = represents the line parallel to 
the span immediately afterward the t  line 
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jwV

r
 = is the total velocity on the point 

in t  line. It is calculated as follows: 
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where iV
r

 is the total velocity induced on point 
( t , j ), calculated by equation (5). 
The final position of the entire wake is obtained 
iteratively. 

2.3 Iterative Procedure 

2.3.1 Load Iterations 
If the initial load is given, and the wake position 
is known, each iteration step is determined by: 

])()[( 1 klkldamp jj
CCCstep −= +

 
(14) 

where 
jlC  = lift coefficient of element j  

 k  = indicates the iteration 
 dampC  = artificial damping coefficient 

An artificial damping was added to the equation 
because the method showed to be unstable. A 
value of 0.01 for dampC  was enough to 

guarantee the convergence. 
The next lift distribution (load) is given by: 

stepCC klkl jj
+=+ )()( 1

 
(15) 

Iterations stops when the error becomes smaller 
than an established value. The error is assumed 
as: 

∑
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2
1 }])(){[(  (16) 

2.3.2 Wake Iterations 
If the load is known, and the initial wake 
position is given, equation 12 is repeated for all 
wake points until the error on wake geometry 
met a determined value. 
The error on wake geometry is calculated 
similarly to equation (16), but it is used the 

difference between the same point position in 
two different iterations. 

2.3.3 Model Convergence 
As the wing load depends on the wake position, 
and the wake position depends on the wing load, 
the final solution of this system is obtained 
when both respect each other. 
To find this solution, the load and wake 
iterations were repeated until both iterations 
respect error parameters with only one step. 
This procedure can be seen on the following 
diagram: 

 
Figure 5 – Final solution procedure 

2.4 Initial load and wake 

To start the entire iterative program, an initial 
load and wake are necessary. 
A plane wake was used and shows to be a good 
starting point. It converged in all cases. 
As initial lift load, it was first adopted a lC  
distribution corresponding to the local angle of 

Initial 
load 

Initial 
wake 

Load 
iterations 

Wake 
iterations 

N1 or N2 
different 
from 1 

N1 and N2 
equal 1 

END 

N1 = number of 
iteration to obtain 
an error value 
smaller than the 
specified 

N2 = number of 
iteration to obtain 
an error value 
smaller than the 
specified 
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attack distribution considering only the free 
flow velocity on each element. This initial load 
converged only for some specific cases. The 
solution diverged because this initial load has 
much circulation concentrated on wing tip. To 
correct this problem, a smaller load needs to be 
used. A load with half of the lC  used before in 
each position was adopted and work. 

2.5 Solution Precision 

It is intuitive that as more elements used to 
describe a wing geometry, more precise will be 
the solution. 
To quantify the precision, the wing lift 
coefficient ( LC ) at stall angle was used, as in 
Figure 6 
Taking the wing on Figure 6 as example, the 
difference in LC  for change the number of 
elements of 50 to 42 is about 0.07%. For 
changing to 15 elements, LC  changes 0.88%. 
Considering acceptable an error smaller than 
1.00% in maximum LC , the recommended 
element aspect ratio is about 0.33, or smaller 

(i.e., the element span is smaller than one third 
of the chord of the wing on that position). 
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Figure 6 - Variation of CLmax with respect to number of 

elements of a rectangular wing with aspect ratio 10 
and airfoil Eppler E423 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7 - Diagram of the entire numerical model 

Wake 
iterations 

Error greater 
than acceptable 
Error less than 

acceptable 

Initial LC  
distribution 

Initial wake 
geometry 

Eq. 8 (initial 
distribution of Γ ) 

Eqs. 3, 5 and 4 
(Total velocity 

induced on 
elements) 

Eq. 6 
(Chord direction) 

Eq. 7 
(Elements angle 

of attack) 
Eqs. 9 and 8 

(Elements Γ ) 

Eqs. 14 and 15 
(Next LC  

distribution) 

Eq. 16 
(error) 

Eqs. 3, 5 and 13 
(Total velocity 

induced on wake 
points) 

Eq. 12 
(Next wake 
geometry) 

Load 
iterations 

Error greater 
than acceptable 
Error less than 

acceptable 

Wake or load iterated 
more than once 

Wake and load iterated 
only once END 

Similar to eq. 16 
(error) 
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2.6 Drag and Moment 

As the solution presents the distribution of two-
dimensional properties along semi-span, it is 
possible to determine drag and moment loads. 
After solve the flow over a model, the 
distribution of angle of attack is known. Using 
equations (10) and (11) for drag and moment 
coefficients ( dC  e mC ) of the airfoil, the total 
wing coefficients can be found ( DC  e MC ) 

3 Simulations and Results 

With the objective of verifying the results of 
this method, several simulations were done. 
These simulations intended to check 
aerodynamics properties against wing geometry. 

3.1 Aspect Ratio Influence on CL x α curve 

Several wings were simulated with Selig S1223 
airfoil, because this is a high lift airfoil with 
nonlinear lC  x α  curve at low angle of attack. 
So it is possible to verify three-dimensional 
behavior on stall and other non linearity. 
Figures 8 and 9 show the results of simulations. 
Note that with the decrease of aspect ratio, the 
stall angle increases and the maximum LC  
decreases. This behavior is already known and 
was proved experimentally [6 and 7]. 
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Figure 8 - CL x α curves for several aspect ratios. 

The two-dimensional data from Selig S1223 
airfoil at Reynolds 171400 was taken from 
University of Illinois at Urbana-Champaign web 
site [8]. 
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Figure 9 – Variation of maximum CL per aspect ratio 

for rectangular wing with Selig S1223 airfoil [8] 

3.2 Sweep Angle Influence on Load 
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Figure 10 - Cl distribution for several sweep angles of 
a wing with aspect ratio 10 airfoil Eppler E423 [9], at 

10º of angle of attack 

Five constant chord wings with same span were 
simulated. The sweep angle was modified as in 

LC
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Figure 10 (all elements were keep with aspect 
ratio 0.33), and shows the expected behavior 
[6]. 
It is possible to note the great lC  on wing tip 
for wings with positive sweep. It explains the 
problem of tip stall common in this type of 
wings. The tip stall increases the chances of 
spin, so it’s better to avoid it [7].  
The two-dimensional data from Eppler E423 
airfoil at Reynolds 199400 was taken from 
University of Illinois at Urbana-Champaign web 
site [9]. 

3.3 Plan Form Geometry Influence on Load 

Several simulations were done to study the taper 
ratio influence on load. The same parameters of 
sweep analysis were used (wing aspect ratio 10, 
elements aspect ratio 0.33, airfoil Eppler E423, 
and wing angle of attack 10 º). 
Results are shown in Figure 11. 
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Figure 11 - Cl distribution for several taper ratios of a 

wing with aspect ratio 10 airfoil Eppler E423 [9], at 
10º of angle of attack 

The results had shown that taper ratio smaller 
than one has same behavior of positive sweep 
angle [6 and 7]. 
The elliptic plan form was simulated and had 
shown a load of lC  distribution almost 
rectangular, as expected. This load respects the 

elliptic circulation distribution that elliptic wing 
must have [7]. 

3.4 Entire Aircraft Analysis 

An entire airplane was simulated to compare 
with the real model. 
The airplane chosen was a prototype of Team of 
School of Engineering of Sao Carlos for SAE 
Brasil AeroDesign Competition [10]. 
Information about the competition rules can be 
found on SAE Brasil internet web site [10]. The 
objective of this competition is designing a 
cargo airplane to take-off with the largest 
payload as possible. 
The method present in this article was used to 
preview airplane aerodynamic, loads and 
stability characteristics. 
The airplane is basically as in Figures 12 and 
13. 

 
Figure 12 – Three views from airplane chosen 

 
Figure 13 – Isometric render view from airplane 

The whole aircraft was modeled and the results 
were used during airplane design. 
The payload lifted by the aircraft was close to 
the preview. The error was due to mistakes in 
rolling friction determination experiment. 
The value of lift and drag was assumed to be 
correct, as the airplane behavior was the same as 
predicted. 

Wing: 
Span = 157.5 inches 
Chord = 14.8 inches 
Airfoil: Eppler E423 
Elevator: 
Span = 39.4 inches 
Chord = 7.9 inches 
Airfoil: Clark-Y 
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Figure 14 - CL x α for trimmed airplane 
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Figure 15 - CD x α for trimmed airplane 
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Figure 16 – CMα x α for trimmed airplane,  
CMα = Derivative of CM  with respect to α 
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Figure 17 – Trim cross plot (each line represents a 

deflection on elevator angle in degrees) 

 

 
Figure 18 - Airplane trimmed at take-off condition (14º of angle of attack) 
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All curves (except Figure 17) were obtained for 
trimmed conditions, i.e. concerning the 
horizontal stabilizer down force. 
All non-linearities of wing and elevator airfoils 
appeared in results. 
The trim cross plot (Figure 17) was used to 
compare the numerical model to the real 
prototype. The trim angle on elevator were 
measured on ground, after trimming flights, and 
it was noted an error about 1º. This error was 
considered acceptable, concerning the simplicity 
of the numerical equation, and the complexity 
of the real model. 

4 Conclusions 

The numerical method presented in this article 
is adequate for solving in pc computers without 
the need for computer clusters, as usually 
needed for viscous CFD (Computer Fluid 
Dynamics) solving. So, it is a light and fast 
solution for previewing the three-dimensional 
characteristics and airloads of an aerodynamic 
model, including non-linearities as stall. 
The stall characteristics are usually problematic 
when using lifting-line theory. This occurs due 
to lC  x α  curve be not invertible when 
considering stall (for a given lC  value there are 
two possibilities of α  values). This may cause 
not unique solution. Because of this, the 
equation 9 must be used entering α . For each 
α  there is only one value of lC  as result. Due 
to numerical fluctuations, the first element to 
stall on wing may vary. In other words, the load 
solution may not be unique. This variation of 
the first element to stall occurs always around 
the region with greatest lC  on the wing. So, this 
numerical problem had not much influence on 
total LC  of the wing, which solution can be 
considered unique. As example, take the 
solution for aspect ratio 50 shown on Figure 8. 
A wing with this aspect ratio has a load 
distribution almost rectangular. Due to these 
numerical fluctuations, is difficult to preview 
which is the first element to stall. However, this 
first element is always near the wing root. On 
the other hand, the aspect ratio is so large that 

the LC  x α  curve is almost the 2D curve (or 
infinite wing solution), concluding that the total 

LC  solution is probably correct. 
Unfortunately, experiments with measurement 
of static pressure over the wing to verify the 
precision on load calculation were not done for 
these wings simulated. Although it is expected 
that it is correct, due to results presented in 
Figures 10 and 11. 
The main goal of the method presented here was 
to determine aerodynamics non linear properties 
of a 3D model using potential methods. A lot of 
simulations were done to compare data and 
verify where the non-linearities appear. A 
complete aircraft was analyzed and the airfoil 
non linear properties appear on all result curves. 
This method shows to be simpler than the 
classical one with Fourier series, and accepts 
well non linear parameters. 
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