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Abstract

Response of °exible high aspect ratio wings
to wind turbulence is analyzed using the con-
tinuum cantilever beam model of Goland for
the structure and typical-section compressible
attached °ow aerodynamics. The wind turbu-
lence model is derived from the Kolmogorov
power-law spectrum random ¯eld, invoking
the Taylor hypothesis. The gust loading and
the wing bending/torsion spectral response
are studied in detail for the extreme cases
M=0 and M=1, as typical.

1 Introduction

In this paper we model the aeroelastic re-
sponse of a °exible wing structure of high
aspect ratio due to air turbulence. Unlike
classical treatments limited to \sinusoidal"
gust models (see [1] and [2]) we consider
the full space-time random turbulence ¯eld
as well as a continuum model of the °exible
wing. Speci¯cally, the cantilever beam model
of Goland [3] is used for the wing with two
degrees of freedom | bending and torsion.
The aerodynamic model is the linearized sub-
sonic/transonic (0 · M · 1) inviscid | at-
tached °ow with the Kutta-Joukowski bound-
ary conditions typical section theory valid for
assumed high aspect ratio [6]. The turbulence
model is the classical Kolmogorov isotropic
power-law spectrum model [4] combined with
the Taylor hypothesis.
We begin in Section 2 with the wind gust

model leading to the spectral density of the
vertical component of the velocity ¯eld. In
Section 3 we calculate the gust loads in invis-
cid compressible air °ow. The bending-torsion
structure response to the gust loading is cal-
culated in Section 4 using the continuum can-
tilever model of Goland [3]. In particular the
temporal spectral density of the plunge/pitch
gust response at any point on the wing is eval-
uated. Some numerical results are presented
in Section 5.

2 Turbulence Field

Let v(x; y; z) denote the 3£1 vector turbulence
wind ¯eld. Let ~k denote the unit vector normal
to the wing, assumed plane. By vertical wind
gust wg(¢) we mean the component:

wg(x; y; z) =
h
v(x; y; z); ~k

i
:

We assume that this is isotropic and is Gaus-
sian with the 3D Kolmogorov spectral density
(cf. [8]):

Q(º1 ; º2 ; º3) =
c2n

(k2 + º21 + º
2
2 + º

2
3)
11=6

;

¡1 < ºi <1 (1)

where c2n is a constant that we assume is
known. This constant characterizes the tur-
bulence strength and is considered arbitrary
for our purposes here.
With X-axis as the pitch axis and x denot-

ing the chord-wise coordinate:

¡b · x · b
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and s the spanwise coordinate:

0 · s · `:

(We consider only one side of the wing. The
other side is taken care of by making the func-
tions symmetric in s.) We are interested in
the 2D random ¯eld:

wg(x; s; z0); ¡1 < x; s <1
where z0 is the ¯xed altitude (level °ight). The
spectral density of

wg(x; s; z0); ¡1 < x <1; ¡1 < s <1
is given by (2D-Kolmogorov)

Q2(º1 ; º2) =
Z 1

¡1
Q(º1 ; º2 ; º3) dº3

=
constant

(k2 + 4¼2(º21 +º
2
2))

4=3
: (2)

The constants in (1), (2) are not the same.
In fact from now on we will ignore the multi-
plicative constant, since it is irrelevant for our
purposes.

2.1 Wind Gust Model: Temporal

For an aircraft in motion, the wind gust at
a ¯xed point on the wing becomes a function
of time. We invoke the Taylor \frozen ¯eld"
hypothesis to characterize the temporal gust
¯eld. Thus we assume that the aircraft veloc-
ity at the ¯xed altitude z0 , relative to the wind
(to be distinguished from turbulence) is along
the negative X-axis, the magnitude (speed)
being U (level °ight, constant speed), the tur-
bulence component assumed small enough in
comparison with U that it may be neglected.
Then at any point (x; s; z0) on the moving
wing the vertical wind turbulence is a func-
tion of time t given by:

wg(t; x; s) = wg(x¡ Ut; s; z0): (3)

For each x; s we have a stationary Gaussian
process. The covariance function:

E[wg(t; x; s) wg(t+ ¿; x; s) ] = Rg(U¿; 0; 0)
(4)

where Rg(x; y; z) denotes the covariance func-
tion of the 3D ¯eld. We may simplify it as

Rg(U¿; 0)

where
Rg(x; s)

is the covariance function of the 2D ¯eld with
spectral density given by (2), since z0 is ¯xed.
In either case we have for the temporal covari-
ance function:

R1(¿)

= E[wg(t; x; s) wg(t+ ¿; x; s) ]

= constant
Z 1

¡1
e2¼iºU¿

dº

(k2 + 4¼2º2)5=6
;

(5)

using the fact thatZ 1

¡1
dº2

(k2 + 4¼2(º21 + º
2
2))

4=3

=
1

(k2 + 4¼2º21)
5=6

:

From (5) we see that the spectral density of
the temporal process

wg(t; x; s)

at the point (x; s) on the aircraft is given by

Q1(º) =
constant ¢ U2=3
(k2U2 + 4¼2º2)5=6

; ¡1 < º <1
(6)

and of course the same at all points x; s.
We note that (5) is the spectral density of
any straight-line (1D) scan of of the 3D ¯eld
wg(x; y; z) at speed U .
We also need the covariance function of the

space-time ¯eld (again stationary)

wg(x¡ Ut; s; z0); ¡1 < t; s <1:

This covariance function is de¯ned by:

R2(¿; x; s)

= E[wg(x1 ¡ Ut1; s1; x0)wg(x2 ¡ Ut2; s2; x0)]
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where

x2 ¡ x1 = x; t2 ¡ t1 = ¿; s2 ¡ s1 = s

is given by (using (2)),Z 1

¡1

Z 1

¡1
e2¼iº1(x¡U¿)+2¼iº2s

¢ dº1 dº2
(k2 + 4¼2(º21 +º

2
2))

4=3
(7)

generalizing (6).

3 Aerodynamic Loads Due to Wind
Turbulence

To calculate the aerodynamic loads due to
wind turbulence, we begin by noting that the
vertical component of the turbulence veloc-
ity is the downwash function. In the small-
disturbance linearized theory the correspond-
ing force and moment (per unit span) can be
expressed:

F (t; s) =
Z t

0

Z b

¡b
HF (t¡¾; »)wa(¾; »; s) d» d¾;

0 < t; 0 < s < `

for the force, and

M(t; s) =
Z t

0

Z b

¡b
HM(t¡¾; »)wa(¾; »; s) d» d¾;

0 < t; 0 < s < `:

The kernels HF (¢; ¢) and HM(¢; ¢) can be
derived by solving the Possio Equation [4],
valid for the inviscid small-disturbance (lin-
earized) subsonic (0·M·1) °ow [5, 6]. Note
that the kernels do not involve the span vari-
able because of the assumed high aspect ratio.
Following [1] we may take

wa(¢) = ¡wg(¢)
and since for the random ¯eld the sign does
not matter, the gust induced lift Fg(t; s) can
be expressed conveniently as the chordwise in-
tegral

Fg(t; s) =
Z b

¡b
fg(t; »; s) d» (8)

where

fg(t; »; s)

=
Z t

0
HF (t¡¾; »)wg(» ¡ U¾; s) d¾: (9)

We are interested only in the steady state
(temporal) response. Hence (see [4]) we may
de¯ne

fg(t; »; s)

=
Z 1

0
HF (¾; »)wg(» ¡ U(t¡¾); s) d¾: (10)

Similarly the steady-state moment is given by:

Mg(t; s) =
Z b

¡b
mg(t; »; s) d» (11)

mg(t; »; s)

=
Z 1

0
HM(¾; »)wg(» ¡ U(t¡¾); s) d¾: (12)

The covariance function of the gust-
induced force can then be expressed as the
double integral:

E[Fg(t1 ; s1)Fg(t2 ; s2) ]

=
Z b

¡b

Z b

¡b
E[ fg(t1; »1; s1) fg(t2; »2; s2)] d»1 d»2

where we can calculate the integrand:

E[ fg(t1 ; »1 ; s1) fg(t2 ; »2 ; s2) ]

=
Z 1

0

Z 1

0
HF (¾1 ; »1)

¢ E[wg(»1 ¡ U(t1¡ ¾1); s1)
¢ wg(»2 ¡ U(t2¡ ¾2); s2) ]
¢ HF (¾2 ; »2) d¾1 d¾2;

=
Z 1

0

Z 1

0
HF (¾1 ; »1)

¢ R2(»2 ¡ »1 ¡ Ut+ U(¾2¡ ¾1); s)
¢ HF (¾2; »2) d¾1 d¾2 ;
t = t2 ¡ t1 ; s = s2 ¡ s1 (13)

=
Z 1

¡1

Z 1

¡1

µZ 1

0
HF (¾1; »1)e

¡2¼iº1U¾1 d¾1
¶

¢
µZ 1

0
HF (¾2 ; »2)e

2¼iº1U¾2 d¾2

¶
¢ e¡2¼iº1Ut e2¼iº1(»2¡»1) e2¼iº2s
¢ dº1 dº2

(k2 + 4¼2(º21 + º
2
2))

4=3
:
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Let ĤF (i!; ») denote the Fourier transformZ 1

0
e¡i!¾HF (¾; ») d¾:

Then (13)

=
Z 1

¡1

Z 1

¡1
e2¼iº1(»2¡»1)

¢ ĤF (iº; U; »1) ĤF (iº; U; »2)
¢ e2¼iº2s¡2¼iº1Ut dº1 dº2

(k2 + 4¼2(º21 + º
2
2))

4=3
:

Hence

E[Fg(t1 ; s1) Fg(t2 ; s2) ]

=
Z 1

¡1

Z 1

¡1
e¡2¼iº1Ut e+2¼iº2s

¢
¯̄̄̄
^̂
HF (iº1U; iº1)

¯̄̄̄2
(k2 + 4¼2(º21 + º

2
2))

4=3
dº1 dº2

where
^̂
HF (iº1U; iº1)

is the double Fourier transform

=
Z b

¡b

Z 1

0
e¡2¼iº1Ut+2¼iº1»HF (t; ») dt d» (14)

This shows that Fg(t; s) is steady-state sta-
tionary in both variables, with stationary co-
variance function RF (t; s),

RF (t; s) =
1

U

Z 1

¡1

Z 1

¡1
e¡2¼iº1t+2¼iº2s

¢
¯̄̄̄
^̂
HF (iº1; iº1)

¯̄̄̄2
³
k2 + 4¼2

³
º21
U2
+ º22

´´4=3 dº1 dº2
and spectral density PF (º1 ; º2)

PF (º1 ; º2) =
1

U

¯̄̄̄
^̂
HF (iº1 ; iº1)

¯̄̄̄2
³
k2 + 4¼2

³
º21
U2
+ º22

´´4=3 ;
1 < º1 ; º2 <1: (15)

Similarly, for the stationary covariance
function of the moment:

RM(t; s) = E[Mg(t1 ; s1)Mg(t2 ; s2) ];

t2 ¡ t1 = t; s2 ¡ s1 = s (16)

=
1

U

Z 1

¡1

Z 1

0

¯̄̄
ĤM(iº1 ; iº1)

¯̄̄2
¢ e2¼iº2s+2¼iº1t³
k2 + 4¼2

³
º21
U2
+ º22

´´4=3 dº1 dº2
(17)where

ĤM(iº1 ; iº1)

=
Z 1

0
e¡2¼iº1¾

Z b

¡b
e2¼iº1»HM(¾; ») d¾ d»:

(18)
Next the cross covariance:

E[Fg(t1 ; s1)Mg(t2 ; s2) ]

=
1

U

Z 1

¡1

Z 1

¡1
e¡2¼iº1t e¡2¼iº2s

¢ ĤF (iº1 ; iº1) ĤM(iº1 ; iº1)³
k2 + 4¼2

³
º21
U2
+ º22

´´4=3 dº1 dº2 ;

t2 ¡ t1 = t; s2 ¡ s1 = s; (19)

which we denote by

RFM(t; s)

and

E[Mg(t1 ; s1)Fg(t2 ; s2) ]

=
1

U

Z 1

¡1

Z 1

¡1
e¡2¼iº1t e¡2¼iº2s

¢ ĤM(iº1 ; iº1) ĤF (iº1 ; iº1)³
k2 + 4¼2

³
º21
U2
+ º22

´´4=3 dº1 dº2 ;

t2 ¡ t1 = t; s2 ¡ s1 = s; (20)

which we denote by

RMF (t; s):

For calculating the aeroelastic response we
need to consider the 2£1 process

Ng(t; s) =

¯̄̄̄
¯̄ Fg(t; s)
Mg(t; s)

¯̄̄̄
¯̄ (21)
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and the corresponding (stationary) covariance
matrix functions:

Rg(t; s)

=

¯̄̄̄
¯̄ RF (t; s) RFM(t; s)

RMF (t; s) RMM(t; s)

¯̄̄̄
¯̄ (22)

=
Z 1

¡1

Z 1

¡1
e2¼iº1t+2¼iº2s Pg(º1 ; º2) dº1 dº2

where

Pg(º1 ; º2)

=
1

U

1³
k2 + 4¼2

³
º21
U2
+ º22

´´4=3 P1(º1) (23)

where

P1(º1)

=

¯̄̄̄
¯̄ jĤF (iº1 ; iº1)j2 ĤF (iº1 ; iº1) ĤM (iº1 ; iº1)

ĤM (iº1 ; iº1) ĤF (iº1 ; iº1) jĤM (iº1 ; iº1)j2

¯̄̄̄
¯̄ :

(24)
We should note in particular that if we ¯x s,
say s = s0 , then the temporal process

Ng(t; s0)

is such that the statistical properties in the
steady state do not depend upon s0 , and we
have only to set s = 0 in (22) for the cor-
responding covariance function, and obtaining
for the spectral density (omitting multiplica-
tive constants)

Pg(º) =
1

U

1³
k2 + 4¼2 º

2

U2

´5=6 P1(º);
¡1 < º <1: (25)

4 Wing Structure Response

We can now formulate the structure response
to the aerodynamic gust loads. We use the
uniform cantilever beam model of Goland [3],
endowed with two degrees of freedom: bending
and torsion | or in aeroelastic terms, plung-
ing (displacement in Z-axis) and pitching, the

pitching axis as shown in Figure 1. Referring
to [5] for more details on this, let

x(t; s) =

¯̄̄̄
¯̄ h(t; s)
µ(t; s)

¯̄̄̄
¯̄ ; 0 < t; 0 < s < `

where h(¢; ¢) is the bending displacement
(plunge) and µ(¢; ¢) the pitch angle. Then the
structural dynamics equations are given by:

MSÄx(t; s) +DS ¢x(t; s)

+

¯̄̄̄
¯̄ EI @4

@s4
0

0 ¡GJ @2

@s2

¯̄̄̄
¯̄x(t; s)

=
Z t

0

Z b

¡b
H(t¡¾; x)wa(¾; x; s) d¾ + Ng(t; s)

(26)
where the structure normal velocity

wa(t; x; s)

= ¡ ¢h(t; s) ¡ (x¡a) ¢µ(t; s) ¡ U cos® µ(t; s)

H(t; x) =

¯̄̄̄
¯ HF (t; x)HM(t; x)

¯̄̄̄
¯

Ng(t; s) =

¯̄̄̄
¯ Fg(t; s)Mg(t; s)

¯̄̄̄
¯

where MS , DS are the structure mass/mo-
ment of inertial and damping (if known)
matrices. With the cantilever end conditions:

h(0; t) = h0(0; t) = 0 = µ(0; t)

µ0(`; t) = 0 = h00(`; t) = h000(`; t)

(see [7] for modi¯cation if self-straining con-
troller action is to be included). Since we are
only dealing with linear dynamics, we begin by
taking Laplace transforms treating Ng(t; s) as
a deterministic input. Our primary interest is
in developing the system \Transfer Function."
Then using the notation

x̂(¸; s) =
Z 1

0
e¡¸t x(t; s) dt; Re¸ > 0

N̂g(¸; s) =
Z 1

0
e¡¸tNg(t; s) dt

5
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and, taking transforms in (26), assuming zero
initial conditions, we obtain:

ĥ0000(¸; s) = w1(¸) ĥ(¸; s)
+ w2(¸) µ̂(¸; s) +

1
EI
F̂g(¸; s)

µ̂00(¸; s) = w3(¸) ĥ(¸; s)

+ w4(¸) µ̂(¸; s) ¡ 1
GJ
M̂g(¸; s)

9>>>>>=>>>>>;
(27)

where w1(¢), w2(¢), w3(¢), w4(¢) are given in [5].
We note that (26) with the boundary condi-
tions is a two-point boundary-value problem,
to solve which we de¯ne (keeping ¸ ¯xed)

Y (s) =

¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄̄
¯

ĥ(¸; s)

ĥ0(¸; s)

ĥ00(¸; s)

ĥ000(¸; s)

µ̂(¸; s)

µ̂0(¸; s)

¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄̄
¯

:

Then (27) becomes:

Y 0(s) = A(¸)Y (s) + B62Ng(s); 0 < s < `
(28)

where

A(¸) =

¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

w1 0 0 0 w2 0

0 0 0 0 0 1

w3 0 0 0 w4 0

¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄

B62 =

¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄

0 0

0 0

0 0

1
EI

0

0 0

0 ¡1
GJ

¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄̄

Ng(s) =

¯̄̄̄
¯̄ F̂g(¸; s)
M̂g(¸; s)

¯̄̄̄
¯̄ :

And (27) has the solution:¯̄̄̄
¯̄ ĥ(¸; s)
®̂(¸; s)

¯̄̄̄
¯̄ = C26Y (s)

C26 =

¯̄̄̄
¯̄ 1 0 0 0 0 0

0 0 0 0 1 0

¯̄̄̄
¯̄

Y (s) = eA(¸)s Y (0)

+
Z s

0
eA(¸)(s¡¾)B62Ng(¾) d¾:

(29)
The next step is to satisfy the boundary con-
ditions. Let

P36 =

¯̄̄̄
¯̄̄̄
¯
0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 0 1

¯̄̄̄
¯̄̄̄
¯ :

Then

Y (`) = eA(¸)` P ¤36

¯̄̄̄
¯̄̄̄
¯
ĥ00(¸; 0)

ĥ000(¸; 0)

®̂0(¸; 0)

¯̄̄̄
¯̄̄̄
¯

+
Z `

0
eA(¸)(`¡¾)B62Ng(¾) d¾

(30)
and we require that

P36Y (`) = 0

or

D3(¸)

¯̄̄̄
¯̄̄̄
¯
ĥ00(¸; 0)

ĥ000(¸; 0)

®̂0(¸; 0)

¯̄̄̄
¯̄̄̄
¯

+ P36

Z `

0
eA(¸)(`¡¾)B62Ng(¾) d¾ = 0

where
D3(¸) = P36 e

A(¸)` P ¤36 (31)

6
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which is an entire function with a count-
able number of zeros which are the aeroelas-
tic modes. Hence, omitting this sequence, we
have

Y (s) = eA(¸)s (¡1)P ¤36D3(¸)¡1

¢
Z `

0
P36 e

A(¸)(`¡¾)B62Ng(¾) d¾

+
Z s

0
eA(¸)(s¡¾)B62Ng(¾) d¾:

Hence the solution of (26) satisfying the end
conditions is given by (the inverse transforms
of):

x̂(¸; s) =
Z s

0
C26 e

A(¸)(s¡¾)B62Ng(¾) d¾

¡ C26 eA(®)s P ¤36D3(¸)¡1

¢
Z `

0
P36 e

A(¸)(`¡¾)B62Ng(¾) d¾

which can be expressed as:

=
Z `

0
G(¸; s; ¾)Ng(¾) d¾; 0 · s · ` (32)

where G(¸; ¢; ¢) is the Green's Function
G(¸; s; ¾) = C26 e

A(¸)(s¡¾)B62
¡ C26 eA(¸)s P ¤36D3(¸)¡1
¢ P36 eA(¸)(`¡¾)B62 ;

0 < ¾ < s

= ¡C26 eA(¸)s P ¤36D3(¸)¡1
¢ P36 eA(¸)(`¡¾)B62 ;

s < ¾ < `:

Note that

G(¸; 0; ¾) = 0; 0 < ¾ < `:

Denoting now the inverse Laplace transform
of G(¸; s; ¾) by

W (t; s; ¾)

we have that the steady-state time-domain
gust response satisfying (4.1) is given by:

x(t; s) =
Z `

0
d¾

Z 1

0
W (¿; s; ¾)

¢ Ng(t¡ ¿; ¾) d¿: (33)

Hence the temporal covariance

E[x(t1 ; s)x(t2 ; s)
¤ ]

=
Z `

0

Z `

0

Z 1

0

Z 1

0
W (¿1 ; s; ¾1)

¢ E[ Ng(t1 ¡ ¿1 ; ¾1) Ng(t2 ¡ ¿; ¾2)¤ ]
¢ W (¿2 ; s; ¾2)¤ d¿1 d¿1 d¾1 d¾2

which using

E[Ng(t1¡¿1 ; ¾1)Ng(t2¡¿; ¾2)¤ ]

=
Z 1

¡1

Z 1

¡1
e2¼iº1(t2¡t1)+2¼iº2(¾2¡¾1)

¢ P2(º1 ; º2) dº1 dº2
becomes

=
Z 1

¡1
e¡2¼iº1t dº1

¢
Z 1

¡1
Ĝ(2¼iº1 ; s; 2¼iº2)

¢ P2(º1 ; º2) Ĝ(2¼iº1 ; s; 2¼iº2)¤ dº2
where

Ĝ(2¼iº; s; 2¼iº2) =
Z `

0
e¡2¼iº2¾G(º; s; ¾) d¾:

Hence the temporal spectral density of the
process x(t; s) at s is given by

Ps(º) =
Z 1

¡1
Ĝ(2¼iº; s; 2¼iº2)

¢ P2(º; º2) Ĝ(2¼iº; s; 2¼iº2)¤ dº2 ;
¡1 < º <1:

We can take advantage of the fact that (cf.
(23)):

P2(º1 ; º2) =
1

U

P1(º1)³
k2 + 4¼2

³
º21
U2
+ º22

´´4=3 :
Hence we can express Ps(¢) as:
Ps(º) =

Z 1

¡1
g(2¼iº; s; 2¼iº2)

¢ P1(º) g(2¼iº; s; 2¼iº2)¤ dº2 (34)

7
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where

g(2¼iº; s; 2¼iº2) =
1

U

Ĝ(2¼iº; s; 2¼iº2)µ
k + 2¼i

q
º21
U2
+ º22

¶4=3 :
Also

^̂
G(2¼iº; s; 2¼iº2)

=
Z `

0
Ĝ(2¼iº; s; ¾) e¡2¼iº2¾ d¾

= C26

·
eA(2¼iº)s

³
I ¡ e¡(A(2¼iº)+2¼iº2)s

´
¢ (A(2¼iº) + 2¼iº2I )

¡1

¡ eA(2¼iº)s
³
P ¤36D3(2¼iº)

¡1P36
´

¢ eA(2¼iº)` ³I ¡ e¡(A(2¼iº)+2¼iº2)`
´

¢ (A(2¼iº) + 2¼iº2I )
¡1
¸
B62 :

4.1 Accelerometer Output

The displacement at (x; s), where x is the
chordwise coordinate and s the spanwise co-
ordinate is given by

z(t; x; s) = h(t; s) + x µ(t; s)

and the acceleration at (x; s) is therefore

Äz(t; x; s) = Äh(t; s) + x Äµ(t; s):

The corresponding spectral density is

º2[ 1 ; x ]Ps(º)

¯̄̄̄
¯ 1x

¯̄̄̄
¯ ; 1 < º <1

This is zero at s = 0, and we expect the inten-
sity to increase with s at x = 0.

5 Numerical Results

We begin with the spectra of the aerodynamic
loads since they do not require the structure
parameters. The aerodynamic Transfer Func-

tions
^̂
HF (iº; iº) and

^̂
HM(iº; iº) depend on M

and we select M = 0 and M = 1 as typical of
subsonic (small M) and transonic (large M).
Using the closed form solutions of the Pos-

sio Equation given in [4], we can calculate:

For M = 0

^̂
HF (iº; iº)

= ½U2¼b

"
C

Ã
2¼iºb

U

!
(J0(2¼bº) + iJ1(2¼bº))

+
i

U
J1(2¼bº)

#
(35)

(named as the KÄussner function in [1]) where
C(¢) is the Theodorsen function:

C(k) =
K1(k)

K0(k) +K1(k)

k =
2¼iºb

U

^̂
HM(iº; iº)

= ½Ub

"
(1¡ (1+2a)C

Ã
2¼iºb

U

!
¼(J0(2¼ºb)

+ iJ1(2¼ºb)) +
µ
4¼iaº

U
¡ 2

¶
J1(2¼ºb)

2º

¡ ¼

U
J2(2¼ºb)

#
: (36)

For M = 1

^̂
HF (iº; iº)

=
½U

¼b(1 + 2U)º2

264e¡2¼ibº(ib(1 + 2U)º)

¢ Erf
24s2¼ibº

U

35

¡ i e4¼ibº U(1 + U)
s
b2

U2
(1 + 2U)º2

¢ Erf
s
4¼ib¼º +

2¼ibº

U

375 : (37)

The moment loading transfer function

HM(iº; iº)

8
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turns out to be rather complex. We have for
a = 0:

HM(iº; iº)

= ½U

0BB@2b
2e¡2ib¼º

µ
¡ 2e¡k

k
p
¼
+ (1¡k)Erf [pk ]

2k3

¶
p
k

¡
µ
4b2e¡k¡2ib¼º

µ
¡2(k + 4ib¼º)

+ ek+4ib¼º
p
¼
p
k + 4ib¼º Erf [

p
k + 4ib¼º ]

¶¶,
³p
k3
p
¼ (k + 4ib¼º)2

´

¡
µ
e¡k¡2ib¼º

µ
ek(k + 4ib¼º)2 Erf [

p
k ]

+
p
k
µ
4b
p
¼ º(ik ¡ 4b¼º)

¡ ek+4ib¼º pk + 4ib¼º
¢ (k ¡ 4ibk¼º + 2b¼º(3i+8b¼º))
¢ Erf [pk + 4ib¼º ]

¶¶¶,
³
2k¼2º2(k + 4ib¼º)2

´1CCA :
(38)

And for a6= 0,
= (38) ¡ a(37)

Plots of the power density spectra for lift
and moment

10 log jHF (iº; iº)j2P (º)
10 log jHM(iº; iº)j2P (º)

where

P (º) =
1

U

1³
·2 + 4¼2º2

U2

´5=6
with

· =
U

1000

are given in Figures 2 and 3 for M = 0 and
M = 1 as well as various values of U with
b = 1.
Finally as may be expected the bend-

ing/torsion wing response spectra depend
heavily on the speci¯c parameters of the wing
and are not included here; a representative
case will be presented at the Conference.
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Fig. 1. Wing Structure Beam Model
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Fig. 2. Aerodynamic Loading: Lift Spectra
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Fig. 3. Aerodynamic Loading: Moment Spectra
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