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Abstract

An assessment of the natural frequency
response for thin, laminated plate arrays is
presented for various optimal buckling-strength
to weight ratio planform configurations.
Comparison is made between isotropic
(aluminium) and composite material, in which
the laminate stacking sequences have specially
orthotropic properties, allowing the use of
closed form solutions for the assessment of
standard rectangular planform cases. The study
also considers the effect on the natural
frequency of in-plane loading, below the initial
buckling load.

1 General Introduction

The natural frequency response of rectangular
plates has been very extensively studied for a
wide range of boundary conditions. Much of
the earliest work dealing with natural frequency
predictions in plate structures is described in the
monographs of Timoshenko [1], Meirovitch [2]
and Chen [ 3] with shorter reviews continuing
alongside the associated technical advancesin
thisarea. Over the last few decades the number
of studies dealing with skew plate structures [4]-
[7] has also seen alarge increase. By contrast,
fewer studies have considered the response of
plate structures with other planform
geometries. Exceptions [8] include an
experimental investigation [9] of the natura

frequency of aregular hexagonal plate,
including mode shape prediction using the finite
element method.

In most studies of natural frequency response,
the adopted boundary conditions have been
clamped, simply supported, free or
combinations of these. Although these
boundary conditions are useful in providing
upper- or lower-bound solutions to a more
general problem, they often lead to a loss of
economy and accuracy in design because they
do not permit the benefits of structural
continuity to be included appropriately in the
design process. In areal structure there is
usually some form of continuity between
adjacent panels and/or other structural elements,
which offers both bending and torsional
stiffness to the plate edges. However, few
results are available which demonstrate the
effects of plate continuity [10], [11].

A new stiffness matrix method formulation [12]
is used to obtain the natural frequency
predictions. This method is based on exact flat
plate theory and assumes that the plate is
continuous over supports, whereby the response
of one cell of the plate array influences the
response in adjacent cells. The approach is
similar to that for the equivalent buckling
problem [13], which has been applied to
rectangular [ 14] and skew plate [15] assemblies
and more recently to arrays of regular hexagonal
plates [16]. These more complex support



geometries have been shown to provide
significant buckling strength increases coupled
with areduction in the perimeter length of the
supporting stiffener (hence structural weight),
compared with traditional stiffener
arrangements forming rectangular or square
cells. Panels with these particular attributes are
of potentially great benefit in weight critica
structures. The keel panels of the projecting aft-
fuselage section, shown in Fig. 1, constitute
weight critical components that are subject to
significant in-plane loads due to the combined
action of the vertical and horizontal tails.
Structural componentsin this part of the aircraft
are also subject to abroad spectrum of
excitation frequencies.

Fig. 1 — Aft fuselage section, supporting the
vertical and horizontal tails on the JSF.

In this paper, therefore, the natural frequency
response of cellular supported plate arraysis
investigated, see Fig. 2, which complement
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previous buckling studies [16] on these types of
stiffened panel configuration.

Fig. 2— Comparison of square (traditional)
and hexagonal stiffener patterns forming
equal area cells.

The results are presented as design curves to
highlight parametric interaction and in tabular
format for benchmarking purposes, which
include the comparison of frequency responses
for isotropic (aluminium) and equal mass
composite plates with specially orthotropic
properties. A selection of the resultsis
validated against a finite element solution [17]
and against standard results in the literature for
isolated plates with simply supported and
clamped boundary conditions. Results are aso
presented for a selection of in-plane loaded
panels; below the initial buckling load.

Mathematical Approach

Although buckling and vibration problems are
generally treated separately from a physical
point of view, computationally they may be
regarded as the same. Lurie [18] and Wittrick
and Williams [19] showed that for plates with
the same in-plane elastic moduli and density,
the live load system of the buckling problem is
related to the natural frequency by the simple
formula:

(SL)m = 4r | 2t (1)

Where (s )m is the m" buckling stress and ny, is
the m" natural frequency.
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Thisformulais used as a check on all the square
panel results, including composite laminate
results, where (s )m is derived from the closed
form buckling solution.
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in which the Dy are plate flexural stiffnesses,
and m and n are integer half-waves over the
plate length a and b, respectively.

The remainder of this section gives a brief
summary of the theory used for calculating the
natural frequencies of undamped free vibrations
for an infinitely wide panel in which only one
repeating bay of the structure is considered [12].

Fig. 3(a) shows a component plate of width b,
with the basic longitudinaly invariant in-plane
forces to which it is subjected. In avibration
problem, these forces are regarded as defining
the datum state (dead load) of the structure

about which small vibrations occur. Inthe
buckling problem, these forces giverise to
instability. They consist of N, Nt and Nsper
unit length, corresponding to uniform
longitudinally and transverse compressive force
and a uniform shear flow, respectively.

The plate deflection is assumed to vary
sinusoidally in the longitudinal, X, direction
with half-wavelength, | , and with displacement
amplitudes u, v,and w relating to the axes x, v,
z, see Fig. 3(b). For isotropic or orthotropic
plates and Ns= 0, the nodal lines or lines of
zero displacement of the deflection pattern are
perpendicular to the longitudinal direction The
results are then consistent with transverse
simply supported end conditions of each plate of
the assembly and so exact results are obtained
for such end conditionsif | istakenasl ;= al/],
wherej=1,2,3,....

Displacements at nodes or junctions between
the longitudinal plates are given by the real part
of

D¢exp(ipx/l j).cos2pnt 3)

Fig. 3 - An infinitely long component plate: (a) of width b and illustrating the loading
system; (b) showing skewed nodal lines with half-wavelength ? caused by perturbation
force (denoted by p and m) and displacement amplitudes shown at the longitudinal

edges of the plate.



wherei = O-1, nand t are the frequency and
time (n is taken to be zero in a buckling
problem), x is the longitudina co-ordinate and
D¢ contains the four complex displacement
amplitudes for each of the N node which
correspond, in order, tothey , w, vand u. The
resulting 4N~ 4N stiffness matrix K;
corresponds to D;, where D; is the vector
obtained by multiplying all longitudinal
displacementsin D¢ by i, to account for u being
90° out of phasewithv,wandy .

K; is adynamic stiffness matrix which is
hermitian and becomes real and symmetric if no
plates are anisotropic [or subject to a static shear
load]. It was derived explicitly by solving the
appropriate differential equations and has
uncoupled anisotropic out-of-plane (i.e.
flexural) and orthotropic in-plane properties, i.e.
A16 = Aze = Bij =0.

The natural frequencies (or critical loads) are
the eigenvalues corresponding to K;D; = 0.
Because K is a transcendental function of |
and the frequency (or load factor), a genera
algorithm is employed, based essentially on an
extension to the Sturm sequence procedure for
the linear eigenvalue problem [20], to ensure
that no natura frequencies are missed for exact
(as opposed to, for example, finite element)
stiffness matrix analyses of undamped free
vibration of linear elastic structures.

The stiffness matrices, K, for appropriate values
of | are coupled by the method of Lagrangian
Multipliers. This permits the plate assembly to
be attached to any combination of arbitrary
located point supports, by producing constraints
in bay 1 of theinfinitely long structural system
which automatically repeats at bay long
intervals a.
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The mode of vibration is assumed to repeat over
M bays, i.e. over alength L = Ma. All required
modes could be obtained by simultaneously
satisfying these equations,
aKmDm +engh =0 4
SemDm =0

(m=n+gM;q=0,%1,£2, ...)

for, in turn, each of the integers n given by

-M®&E n£ M¢ )

where Md&and M¢are, respectively, the integer
parts of (M-1)/2 and M/2.

In Eqgns (4), the number of g values used
governs the accuracy obtained. g, and e, arethe
Lagrangian Multipliers vectors and constraint
matrices respectively while K, are the stiffness
matrices.

The constraint matrix,
en = e®exp(2ip mx/L) (6)

has as many rows as there are constraints in a
single bay and elements of etare either O or 1.

The solution contains all modeswith
wavelength L, L/2, L/3, etc. Hence, because | m

=L/2m and L = Ma, the values of m previousy
defined in Eqns (4) gives:
I m = af{(2n/M) + 20} (7)

g=0,%1,+2, ...
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From Egn. (7), the |l ,, are afunction of M/n and
not of M and n independently. Therefore,
considering only combinations of M and n
which share the same value of M/n leadsto
computational savings. It is therefore practical
to express the resulting relationships in terms of
the single parameter x = 2n/M, so that Eqgn. (7)
can be written as

a (8)

Higher accuracy is achieved in the analysis by
increasing both gmax, the maximum value of q

and the number of x termsintherange O£ x £
1

Repetitive analysis

Many plate assemblies exhibit repetitive cross
sections, which can be analysed by suitable
recurrence equations, based on an infinite width
assumption. For skew or hexagona plate
assemblies, constraints must be included in
these recurrence equations such that the
compatibility of the supportsis maintained in
adjacent bays. For the hexagonal planform
geometry, shown in Fig. 4, neither (a) the uni-
axial nor (b) bi-axial cases possess the necessary
geometric features of the hexagonal array.
However, the introduction of a constant
longitudinal shift (c) to support locations at the
start of each transversely adjacent portion
provides the desired effect, see Fig. 4(c).
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Fig. 4 - Support conditions for hexagonal plate with: (a) uni-axial continuity - boundary
conditions enforced by L agrangian multiplier method, i.e. discrete point constraints
repeat at bay length intervals, a; (b) bi-axial (transverse) continuity - enforced by
recurrence equation, i.e. mode repeats at bay width intervals, b and (c) Skew-transver se
continuity — as (b) with phase shift ¢ in the adjacent bay.



The fundamental equations for a repeating
portion or the hexagonal array become:

aKmoDmo + emngﬂ =0 (9)
Sa’nODmO =0

(m=n+gM;g=0,%1, %2, ...)

where

Kmo = Kmiz + Kma2"exp{-i(f - (10)
2pmc/Ma)} + Knoexp{i(f -
2pmc/Ma)}

Equations must be solved for the same vaues of
x asfor plate assemblies that are not
transversely repetitive. However, now suitable
valuesof f must be used for each combination.

When ¢ =0, Egns (9) and (10) reduce to the
previous formfor transversely repetitive panels
of rectangular plan-form [21].

Kmo = Kmi1 + Km2Mexp(-if ) + (11)
K mazexp(if )

and the values of f describes the mode which
repeat across twice the width of the assembly,
so that, if Pisthe number of repeating portions
of width b within the assembly,

f =pgP (12)

g=-(P-1),.,-101,...,P.

and the transverse half-wavelength | 1 is

| 1 =Pblg= pblf (13)
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Becausea ' 0° isnow the general case, c * Oin
Fig. 4(c) and so the mode repesats over twice the
width Pb of the assembly except that it is now
moved along the assembly by 2c, such that it is
skewed by the angle a, where ¢ = b.tana. Hence
| 1 isthe component, perpendicular to the
longitudinal axis, of a half-wavelength that is
skewed by the angle, a.

Geometric details and Computer modelling

Fig. 5 defines the plan-form geometry for seven
array configurations considered. The figureis
divided into four columns containing the skew
arraysa = 0°, £15°, £30° and £45° forming a
template onto which the equivalent hexagonal
array is mapped. Mapping involves the
superposition of the geometric centre points of
each cell of the hexagonal plate array with those
of the skew array template. All geometries are
defined by asingle aspect ratioa=b=1.0
applied to the skew array, measured along the x-
and y-axes respectively, hence al arrays have
equal planform area.

Thumbnail sketches of each hexagonal plate in
Fig. 5 areillustrated along with their skew plate
counterpart. The percentage changein
perimeter length of the supporting structure with
respect to the square plate datum is given
adjacent to each thumbnail sketch, hence the
+30° skew plate equivalent has a 7.7% increase
in perimeter length whilst the hexagonal
equivalents have either a 6.5% reduction or
13.2% increase, which correspond to +30° and -
30° respectively. The optimum configuration,
which is not shown, corresponds to a hexagond
array with equal side lengths, whose geometric
centres are arranged along a skew anglea =
26.565°, resulting in a 6.6% reduction in
perimeter length, compared with the square
plate datum.
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Bold lines indicate those parts of the supporting
perimeter that are modelled for the ‘ Skew
Transverse Repetition’ analysis detailed in the
previous section. These lines define the actual
support geometry modelled for anaysis,
however the forty individua point constraints
used to enforce these supports, giving
predictions within 2% of the converged result
may also be arranged asillustrated in Fig. 4.

Bold broken linesin Fig. 5 are representative of
those parts of the supporting perimeter that can
be modelled by a conventional ‘ Transverse
Repetition” analysis procedure. The array
geometries defined by skew angles 0° and +45°
can therefore be analysed withou the need for a
sophisticated analysis approach because of the
particular combination of aspect ration (a/b) and

O -55%

[] Perimeter Length Datum

Q +1.8%

= — — = Transverse Continuity

skew angle, leading to ¢ = 0in Fig. 4(c).

For the computer model, x =0, 0.1, ..., 0.9, 1in
Eqgn. (8), max. =20and P=0, 0.1, ...,1.0 in
Eqgn. (12).

For the composite material: E; = 131.0 kKN/mm?
(19" 10° psi), & = 13.0 GPa(1.89 "~ 10° psi),
Gi2 = 6.41 GPa(0.93" 10° psi) and n1, = 0.38.
Three specialy orthotropic angle ply laminates
were adopted in the study. Each laminate had
20 plies with the stacking sequencesdefined in
Table 1, which are henceforth referred to by the
ESDU [25] designations S27, S32 and $41.:

-1.9%

g+20.7%

Skew-Transverse Continuity

Fig. 5- The seven hexagonal planform configurations used in the study: derived through
super position, onto equal-ar ea skew planform configurationswith a =0°, +15°, £30° and
+45°. Thumbnail sketchesindicate therelative changein perimeter length with respect to

thea =C° datum.



Table 1 - Laminate stacking sequence
definitions.

Ref. Stacking seg.

S27  [+g/0/-g2/0s/+q2/-q]s

S32  [+q/0/-g2/0/+g/0/+q]s

AL [+q/0/+q/-02/0/+Q2]s
g isdefined in Table 6.

For isotropic material, E = 72.4 GPa (10.5 " 10°
psi) and n12 = 0.32.

Pate thickness was adjusted in the isotropic
case to maintain constant panel mass, based on
densities of 2.8 g/cn? (0.1 Ib/in’) and 1.6 g/cn?
(0.0571 1b/in’) for aluminium and composite
laminate materials respectively. This allows
direct comparison of natural frequency and
buckling strength for the two materials.

Results and Discussion.

Validation of the new theoretical procedure for
continuous skew plates was performed by
comparison with isotropic results in the
literature [11]. These comparisons are given for
simply supported, (bi-axial) continuous and
clamped plates in Table 2 - Table 4,
respectively, using the dimensionless frequency
factor:

W= wa’(r /D) (14)
wherew, a, r, h and D are the circular natural

frequency, length, density, thickness and
flexural rigidity of the plate, respectively.
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Table 2 — Simply support frequency factor, W

Skew Angle,a  0° 30° 45°

Ref. [12] 19.74 27.90" 43.17"

Ref. [11] 19.74 2492 35.04
uni-axial continuity results

+

Table 3 - Continuous frequency factor, W

Skew Angle,a 0° 30° 45°
Ref. [12] 19.74 29.19 47.22
Ref. [11] 19.74 29.19 47.22

Table 4 — Clamped frequency factor, W

Skew Angle,a 0° 30° 45°
Ref. [12] 35.99 46.42 66.46
Ref. [11] 35.99 46.09 65.64

Good correlation is achieved for all cases except
the skewed (a = 30° and 45°) resultsof Table 2.
This is because the current analysis assumes that
panels repeat in the longitudinal direction (uni-
axial continuity), hence convergence is only
expected in the rectangular case, for which
modes are equal or opposite in adjacent bays.

Table 5 illustrates further comparisons with
results in the literature, together with ABAQUS
[17] FEM results [35],for simply supported
skew plates with various side length (a/b) ratios.
Note that the planform area of these plates
reduces with increasing skew angle, a. The
bottom row (italicized) corresponds to the new
uni-axial continuity results and is therefore an
upper-bound on the other, simply supported,
resultsin Table 5.

With the exception of the in-plane load results
of Table 7, al other resultsin this paper have
equal planform area together with a modified
frequency factor, W, have been chosen to allow
direct comparison of hexagonal, skew and
sguare plate arrays for the composite and
isotropic materials:
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Table5— Comparison of frequency factor (W) resultsfor smply support skew plates (a =
15°, 30° and 45°) with side aspect ratio a/b = 0.5, 1.0, 1.5 and 2.0.

a 15° 30° 45°
|(@b) | 05 ] 10 [150] 20 [ 05 | 10 | 15 [ 20 | 05 | 1.0 | 15 | 20 |
Ref:

[7] 20.87 24.91 34.79

[30] 1598 2521 41.22 63.98

[31] 20.82 25.07 34.94

[32] 1311 20.87 5242 15.89 24.92 6354 2291 35.04 91.65
[33] 24,96 35.33

[34] 20.92 24,97 34.64

[35]" 12.80 2047 3352 51.92 1538 24.24 40.04 62.68 2157 33.29 5598 89.39
[12]F 1344 2154 3470 53.08 17.41 27.90 43.77 66.01 27.37 43.17 64.69 96.42
TABAQUS FEM [17]; * Uni-axial continuity

4 15 2 16
W w?a’rh (15) Ko=— s b%h (16)
p*(D,, +2(D,, +2D¢)+ D)

(D, +2(D,, +2Dg)+ D)

where the D;; are the flexural stiffness terms as by which the results of Egn. (1) are non

in Egn. (1). dimensionalised, is also presented together with
the buckling stress, s, natural frequency, n, and
the wavelength, | , of the coincident modes of

Table 6 gives closed form solution results for the buckling and vibrationproblem. The three
the square and infinitely long plate using Eqns composite angle-ply materials, S27, S32 and
(2) and (15). A modified buckling factor: $41 are compared to the equivalent isotropic

sguare plate of equal mass. They each have

Table 6 — Closed form buckling solutions and corresponding vibration resultsfor (a) square
plates (a/b = 1) and (b) infinitely long panels (a/b = ¥).

@

S27 S32 HAl Iso.
q 30 45 60 30 45 60 30 45 60
SL,aba 3785  408.6 3785 3895 4231 3895 4116 45277 4116 1681
n 1.36 141 136 1.38 144 138 142 149 142 0.68
| =30, k'=1.00, W =9.87
(b)

SLap=x 3083 3864 3771 3253 4078 3895 3590 4475 4054 168.1

I 4939 3883 3183 4834 3722 3002 4630 34.08 2630 30.00
k' 0.81 095 100 0.84 096 100 087 099 099 100
n 0.74 106 128 0.78 114 138 08 130 142 068
w 541 741  9.28 5.60 781 98 597 864 1117 987




three variants corresponding to the angle ply, q,
direction givenin Table 1, i.e. g = 30°, 45° and
60°. For the square plate case of Table 6(a), the
buckling stress, s, and natural frequency, n,
vary significantly between the three composite
materials, coupled with changes in angle ply
direction g, by up to 19.6% and 9.4%
respectively. Notethat | =30, k'=1.00, W =
9.87 isshared by all of these results.

Comparing egqual mass isotropic and composite
materials reveals that the composite materia has
increases of up to a169.3% and 117.4% in s
and n above the isotropic material, respectively.
For the infinitely long plate of Table 6(b), these
results change to 45.1% and 90.2% for the
composite casesand 166.2% and 107.3% when
comparing the isotropic and composite material
respectively. Theratio of the maximum
buckling stresses, s, in the composite and
isotropic materialsis 2.69 and 2.66 and for
natural frequency, n, 2.17 and 2.07 respectively.
The dimensionless parameters, however, fail to
demonstrate these relative differences.

The design curves of Fig. 6 demonstrate the
relationship between the modified frequency
factor W of Egn. (15) and skew angle, a. The
three laminates S27(q), S32(q) and $41(q) of
Table 1 areshown for the angle ply directions q
= 30, 45 and 60°.

For the positive skew angleson Fig. 6, the 30°
angle ply configuration, S32(30), is seen to
produce higher frequency factor results, which
is probably due to the fact that the 30° direction
tends to be aligned withthe longest span
direction of the cells, thus increasing the
flexural stiffness. The quasi-isotropic laminates
have this effect for configurations in which the
spans directions within each cell are
approximately equal.
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Fig. 6 — Frequency factor curvesfor
composite hexagonal arrays of Table1l. The
skew angle,a (=0, £15, +30 and +45), defines
the hexagonal planform shape, illustrated
below thefigure, cf. Fig. 5.

The final set of results presented in this paper
relate to the effect of in-plane compressive
stress on continuous skew plate arrays. The
results are presented in Table 7 for the same set

10
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of skew angles and aspect ratios asin Table 5.
The results complement those of Table 5 by
allowing comparisons to be made between
isolated, uni-axial and bi-axial continuity. Note
that changes in skew angle result in achange in
planform area for these three sets of results.
Theratio of applied stress to the buckling stress,
SL/S L aitica, givenin Table 7 varies with plate
aspect ratio and has therefore been calculated
against published results [15]. Freguency
factor, W (see Eqgn (14)), results are given for
the unloaded case, S|/S | aitica = 0, followed by
the percentage reduction in W with increasing
in-plane compressive stress s /S gitical = 0.5,
0.8 and 0.95.

Table 7 —Skew plate array frequency factors,
W, for a = (a) 15°, (b) 30° and (c) 45°, with
per centage reduction due to in-plane

compressivestress.
(@a =15
alb SL/S | gritical.
0o | o5 | 08 | 095
0.5 13.49 -29%  -55% -78%
1 21.82 -29%  -55% -78%
15 35.30 -26% -49% -64%
2 53.96 -18%  -31%  -38%
25 77.84 -13% -23%  -52%
(b)a = 30°
alb SLIS| citical.
o | o5 | 08 | 095
0.5 17.64 -29%  -55% -78%
1 29.19 -29%  -55% -78%
15 46.81 -23%  -40% -51%
2 70.55 -15%  -26% -32%
2.5 100.60 -11% -18% -22%
(ca =45
alb SL/SL critical.
o | o5 | 08 | 095
0.5 28.07 -29% -54% -75%
1 47.23 -21% -39%  -56%
1.5 7541  -13%  -21%  -26%
2 112.29 -8% -14%  -17%
2.5 158.14 -6% -10% -12%

Concluding remarks

A new theoretical approach to the assessment of
natural frequency response of rigid, cellular
supported plate arrays has been presented.
Excellent agreement has been demonstrated
with the limited results available in the literature
for skew plate arrays. The study has aso
demonstrated the implications of composite
tailoring on the frequency response of plate
arrays when coupled with complex geometrical
arrangements of rigid supports. Finally, a
guantitative assessment of the effects of in-
plane (static) compressive stress has been
shown for arange of skew plate array
configurations.
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