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Abstract

This paper is concerned with the control al-
location strategies with the two-time scale dy-
namic inversion which generate nominal control
input trajectories. In addition, an robust flight
control design method is proposed by using a
time-varying control technique which is a time-
varying version of the pole placement of the lin-
ear time-invariant system for an agile missile
with aerodynamic fin, thrust vectoring control,
and side-jet thruster. The control allocation algo-
rithms proposed in this paper are capable of ex-
tracting the maximum performance by combin-
ing each control effector. The time-varying con-
trol technique for the autopilot design enhances
the robustness of the tracking performance for the
wide angle of attack range. The main results are
validated through the nonlinear simulations with
aerodynamic data.

1 Introduction

The modern control system of an agile missile
has the many challenges due to the stringent re-
quired performance such as fast time response,
high angle of attack, and high maneuverability.
Usually, to achieve the required performance, the
agile missiles combine the new control effectors
(thrust vectoring, side thrusters) with the conven-
tional control surface(aerodynamic fin) because
thrust vectoring control and side-jet thrusters can
provide additional moments and forces to achieve
the reference command [1],[2]. However, man-

aging each of a group of control devices with the
independent control logic sometimes can result in
reduced missile controllability and efficiency [3].
For example, at the launch phase of the missile,
the aerodynamic surface has low control author-
ity due to low speed. Thus the missile must be
controlled by simultaneously using the aerody-
namic fin and the additional control effectors. For
another case, the pitching moment due to aero-
dynamic forces on a conventional aerodynamic
fin and the pitching moment due to engine thrust
vectoring control are completely independent. If
applied in unison, the moments sum. If applied
out of phase, the moments may cancel [4]. There-
fore, for the super-maneuverability of the agile
missile, control allocation algorithm for control
effector family is needed.

On the other hand, an agile missile has non-
linear, time-varying and highly coupled dynam-
ics. Furthermore, this has many uncertainties
due to the difficulty to obtain exact aerodynamic
data for vehicles operating under such condi-
tions and may in fact be poorly approximated
to the actual dynamics. These and other con-
cerns have prompted researchers to look beyond
the classical methods. Most control techniques
are based on linearizing the equations of mo-
tion at each equilibrium point by the Jocobian
linearization or cancelling the nonlinear terms
by the nonlinear feedback as known variously
as gain scheduling or dynamic inversion (feed-
back linearization). However, these techniques
rely heavily on the knowledge of the plant dy-
namics. That is, if the mathematical model has
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uncertainties, the linearization and the cancella-
tion of the nonlinear dynamics will not be exactly
performed. This may have serious consequences
of system performance. A trial for the weak ro-
bustness in these control techniques is to apply
the robust linear time-invariant system theory to
each linear time-invariant controller, hoping that
the extended stability margin at each design point
would improve the overall performance and sta-
bility margin. However, the improvement of the
overall performance does not seem to be pro-
portional to the local improvement, and overall
stability still hinges on the intrinsic limitation
of slow time-variance [5]. Therefore, stability
and performance robustness within these control
frameworks must be addressed by robust control
technique based on stability criterion for linear
time-varying systems.

This paper is concerned with the control al-
location algorithms with the two-time scale dy-
namic inversion and robust flight control design
using a time-varying control technique for an ag-
ile missile with the aerodynamic fin, thrust vec-
toring control, and side-jet thrusters. The control
allocation algorithms generate the nominal con-
trol inputs of each control effector to achieved
the required moment which can be obtained from
two-time scale dynamic inversion. They are ca-
pable of extracting the maximum performance
from each control effector by combining the ac-
tion of them. Time-varying control technique
for flight control design enhances the robustness
of tracking performance for a reference com-
mand. The main results will be validated through
the nonlinear simulations with aerodynamic data.
The schematic diagram of this paper is shown in
the Figure 1.

2 Agile Missile Dynamics

The considered agile missile model with addi-
tional control effectors is a nonlinear pitch dy-
namics model. The equation of motion is given
by

α̇ =
1
2ρV2S

mV
[CZ0(α,M)+CZδ(α,M,δ f in)]+ q

Fig. 1 Angle of attack tracking control system
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whereα, q, V, δ f in, δtvc, Ts jt, M are angle of at-
tack, pitch rate, missile velocity, aerodynamic fin
deflection angle, thrust vectoring control deflec-
tion angle, side-jet thrust and Mach number, and
m, ρ, S, C, T, ltvc, ls jt are mass, air density, refer-
ence area, reference length, thrust, moment arm
of thrust vectoring control, and moment arm of
side-jet thrust, respectively.CX0, CZ0, Cm0 are
aerodynamic coefficients atδ f in = 0, and CXδ ,
CZδ , Cmδ are variations of aerodynamic coeffi-
cients due toδ f in deflection. Aerodynamic fin
and TVC actuators have the limits within±30◦
and±5.5◦, and second-order dynamics withζ =
0.7, ωn = 150 and ζ = 0.7, ωn = 50, respec-
tively. A side-jet thruster has constant thrust dur-
ing 30ms burning time like a pulse signal and
maximum 10 side-jet thrusters can be simultane-
ously ignited at once.

Aerodynamic coefficients in Eqs. (1)-(2) are
represented as the function of angle of attack at
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fixed Mach number:

C̃Z0(α) = a1α4 +b1α3 +c1α2 +d1α
C̃Zδ(α) = (a2α3 +b2α2 +c2α +d2)δ f in(4)

C̃m0(α) = a3α4 +b3α3 +c3α2 +d3α
C̃mδ(α) = (a4α3 +b4α2 +c4α +d4)δ f in(5)

where the coefficientsai , bi , ci , di in Eqs.(4)-(5)
are constants obtained from curve-fitting of aero-
dynamic data.

3 Control Allocation Algorithms

Control allocation algorithm is to determine the
amounts of deflection of the aerodynamic fin and
thrust vectoring control, and the number of the
ignited side-jet thruster to achieve a applied an-
gle of attack command. In this paper, the two-
time scale dynamic inversion is used to obtain
the required moment for command tracking. Fast
dynamic inversion,q inversion, calculates the re-
quired moment needed for the the actual pitch
rate,q, to follow the commanded pitch rateqcmd

given by slow dynamic inversion,α inversion
[6],[7].

First, the slow dynamic inversion which
transforms the angle of attack command into the
derived pitch rate command has the following
form:

qcmd = α̇d−
1
2ρV2S

mV
[C̃Z0(α)+C̃Zδ(α)δ̄ f in]

− T
mV

δ̄tvc− 1
mV

T̄s jt (6)

whereδ̄ f in, δ̄tvc, andT̄s jt are the nominal fin de-
flection, thrust vectoring control deflection, and
side-jet thrust, respectively.̇αd is the desired an-
gle of attack dynamics and defined by

α̇d = ωα(αcmd−αmeas) (7)

where αcmd is angle of attack command and
αmeasis measured(or estimated) angle of attack.
ωα is a design parameter.

Second, the fast dynamic inversion is applied
to the dynamics of pitch rateq and calculates the

required moment to achieve the reference com-
mand. With Eq. (2), the fast dynamic inversion
has the following form:

q̇d−
1
2ρV2SC

Iyy
[C̃m0(α)+

C
2V

C̃mq] =

1
2ρV2SC

Iyy
C̃mδ(α)δ̄ f in +

T ltvc

Iyy
δ̄tvc− ls jt

Iyy
T̄s jt (8)

Let this equation be briefly represented as fol-
lows:

Md = M f δ̄ f in +Mt δ̄tvc+MsT̄s jt (9)

whereM f , Mt andMs mean the control distribu-
tion functions of aerodynamic fin, thrust vector-
ing control, and side-jet thrust, respectively. In
Eq. (9), the left-hand term means the required
moment which makes pitch rate have the desired
dynamics and can be given by

Md = q̇d−
1
2ρV2SC

Iyy
[C̃m0(α)+

C
2V

C̃mq] (10)

whereq̇d is the desired pitch rate dynamics and
defined by

q̇d = ωq(qcmd−qmeas) (11)

whereqcmd is pitch rate command obtained from
the slow dynamic inversion andqmeasis measured
pitch rate. ωq is a design parameter. The right-
hand term is the achievable moment which can
be generated by using the aerodynamic fin, thrust
vectoring control and side-jet thrust.

The considered agile missile has the conven-
tional control surface, aerodynamic fin, and the
additional control effectors, thrust vectoring con-
trol and side-jet thrust. The family of the control
effectors can be divided into two groups. One
(Group A) is a group of the aerodynamic fin and
the thrust vectoring control, and the other (Group
B) is a group of the aerodynamic fin and the
side-jet thrust. The former is used during thrust
propulsion, while the latter is used after burning
out. Therefore, two control allocation techniques
- a pseudo inverse method for a group of aero-
dynamic fin and thrust vectoring control, and a
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daisy-chain method for a group of aerodynamic
fin and side-jet thruster - are used for allocating
the pitch control moment obtained from two-time
scale dynamic inversion with the conventional
surface and the additional effectors.

3.1 Pseudo Control Method

Pseudo control allocation technique for aerody-
namic fin and thrust-vectoring control is repre-
sentative of the ganged configurations [8]. This
is parallel or ganged arrangement. The ganged
effectors always cooperate, that is, their control
effort is coordinated and control effectiveness of
each control effector is adjusted by the time-
varying weighting functionswi .

Fig. 2 Pseudo control method

For the case of Group A, to accomplish the
desired command, the following equality must be
satisfied with

Md = M f δ̄ f in +Mt δ̄tvc

=
[

M f Mt
][ δ̄ f in

δ̄tvc

]
(12)

From Eq. (12), the amount of the deflection
of each control effector can be determined by ma-
trix inversion as follows:

[
δ̄ f in

δ̄tvc

]
=
[

M f Mt
]−1

Md (13)

where the inverse of control distribution func-
tion matrix is not unique because of rank redun-
dancy. Hence the control allocation function of
each control effector can be obtained from using
the pseudo-inverse property minimizing the fol-
lowing object function:

min J =
[

δ̄ f in δ̄tvc
][ w1 0

0 w2

][
δ̄ f in

δ̄tvc

]

subject to
[

M f Mt
][ δ̄ f in

δ̄tvc

]
= v (14)

wherev is pseudo control. The pseudo controlv
is distributed in such a way that the weighted en-
ergy of the actual control input is minimized. The
above optimization problem has an explicit solu-
tion which can be using several technique. But,
by using the Lagrange multipliers, the optimal in-
puts are given by

[
δ̄ f in

δ̄tvc

]
=

[[
w1 0
0 w2

]−1[
M f

Mt

]
×

{
[

M f Mt
][ w1 0

0 w2

]−1[
M f

Mt

]}−1

v.(15)

In Eq. (15), the effective control allocation algo-
rithm can be designed by adjusting the weighting
functionsw1, w2 according to the flight condi-
tions. Applying Eq. (15) to the given fast dy-
namic inversion Eq. (8) results in the following
nominal control trajectories:

[
δ̄ f in

δ̄tvc

]
=




M f

(M f )2+( w1
w2

)(Mt)2

( w1
w2

)Mt

(M f )2+( w1
w2

)(Mt)2


Md (16)

wherew1, w2 are the weighting values of each
control effector, respectively.

3.2 Daisy-Chain Method

Daisy-chain allocation technique for aerody-
namic fin and side-jet thrust allocates control ef-
fectors in prioritized manner [4]. That is, aero-
dynamic fin is not used until at least one side-jet
thruster is ignited except for a case that the re-
quired moment is less than a side-jet thruster can
generate.

Fig. 3 Daisy-chain method
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Daisy-chain control allocation for Group B is
given by the following equation:

[
T̄s jt

δ̄ f in

]
=
[

F−1
s Md

F−1
f {Md−FsT̄s jt}

]
(17)

The side-jet thrust which has constant thrust
during burning time is a pulse-like signal.

4 Time-Varying Control Technique

In this section, time-varying eigenvalue (SD-
eigenvalue) is introduced into Extended-Mean
Assignment(EMA) which is a time-varying ver-
sion of pole placement for LTI systems. EMA
is applied to stabilize a tracking error dynamics
which is derived by linearizing a nonlinear dy-
namics through the nominal trajectories.

4.1 Extended-Mean Assignment

The EMA synthesis control technique is exempli-
fied here with a generic second-order LTV sys-
tem

ÿ+ p2(t)ẏ+ p1(t)y = u (18)

This LTV system can be written in an operator
form Dp{y}= u, where

Dp = D2 + p2(t)D + p1(t)
= (D−λ2(t))(D−λ1(t))
= D2− [λ1(t)+ λ2(t)]D

+λ1(t)λ2(t)− λ̇1(t) (19)

is known as a polynomial differential operator
and the factorization is known as Cauchy-Floquet
factorization. The scalar functionsλ1(t) and
λ2(t) are called SD-eigenvalues for the LTV sys-
tem (18) [9],[10].

Now define the Extended-Mean(EM) value
of an integrable functionσ(t) by

EM{σ(t)}= lim sup
T→∞, t0≥0

1
T

∫ t0+T

t0
σ(τ)dτ. (20)

Then the LTV sytem (18) with the bounded
piecewise smooth coefficientspi(t) is exponen-
tially stable for allt0≥ 0 if Dp has a bounded SD-
eigenvalues{λ1(t),λ2(t)} with EM values in the

left half plane(LHP) [11]; i.e., for someM > 0,

|λi(t)|<M, EM{Re[λi(t)]}< 0, i = 1,2 (21)

If the LTV system (18) is unstable, a feedback
control law

u = k1(t)y+k2(t)ẏ (22)

can be synthesized so that SD-eigenvaluesγ1(t)
andγ2(t) of the closed-loop systemDh{y} = 0,
where

Dh = D2 +h2(t)D +h1(t)
= (D− γ2(t))(D− γ1(t)) (23)

has the desired EM values in the LHP.
Now implementing the control law (22) on

the LTV plant (18) and comparing coefficients
with the desired closed-loop system (23) yield

hi(t) = pi(t)−ki(t). (24)

Becausehi(t) are related toγi(t) by

h1(t) = γ1(t)γ2(t)− γ̇1(t)
h2(t) = −[γ1(t)+ γ2(t)], (25)

the feedback control gainski(t) can then be syn-
thesized as

k1(t) = p1(t)+ γ̇1(t)− γ1(t)γ2(t)
k2(t) = p2(t)+ γ1(t)+ γ2(t). (26)

4.2 Autopilot Design

For EMA autopilot design, let

ξ =
[

ξ1

ξ2

]
=
[

α
q

]
(27)

be the state vector of the missile. Then, from Eqs.
(1)-(2), the state equation is given by

ξ̇ = f (ξ,δ f in) =
[

f1(ξ1,ξ2,δ f in)
f2(ξ1,ξ2,δ f in)

]
. (28)

Now, for a given angle of attack command
αcmd, let δ̄ f in be the nominal fin deflection and̄ξ
be the nominal state trajectory such that

˙̄ξ = f [ξ̄, δ̄ f in]. (29)
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Define the tracking errors by

x = ξ− ξ̄, (30)

and the tracking error control by

v = δ− δ̄ f in. (31)

Then the linearized tracking error dynamics is
given by

ẋ = A(t)x+B(t)v (32)

where

A(t) =
∂ f
∂ξ

∣∣∣∣
ξ̄,δ̄ f in

=
[

a11(t) 1
a21(t) a22(t)

]
,

B(t) =
∂ f
∂δ

∣∣∣∣
ξ̄,δ̄ f in

=
[

b1(t)
b2(t)

]
. (33)

The autopilot design task amounting to find-
ing a control law such that the tracking error be-
comes zero exponentially for any admissible an-
gle of attack command. This can be achieved
using an EMA controller. However, to use pro-
totype EMA controller, it is necessary to trans-
form the linearized tracking error dynamics into
the phase-variable canonical form. This can be
done via Silverman’s coordinate transformation,
provided that[A(t),B(t)] is uniformly completely
controllable [12]. Whereas this approach will re-
sult in a minimal realization, the resulting system
coefficients are very complicated. To simplify
the matter, a nonminimal realization is adopted,
which yields a phase-variable canonical form
with very simple coefficients. To that end, apply
the state coordinate transformation

x = L(t)z (34)

whereL(t) is a time-varying coordinate transfor-
mation matrix given by

L(t) =
[

1 0
−a11(t) 1

]
. (35)

Then the linearized system (32) in thez coordi-
nates becomes

ż= Ac(t)z+Bc(t)v (36)

whereAc(t) = L−1(t)[A(t)L(t)− L̇(t)] is of the
companion form

Ac(t) =
[

0 1
−p1(t) −p2(t)

]
(37)

with−p1(t) = ȧ11(t)+a21(t)−a11(t)a22(t), and
−p2(t) = a11(t)+ a22(t), and

Bc(t) =
[

b1(t)
a11(t)b1(t)+b2(t)

]
. (38)

Note thatz1 = x1 = α−αcmd. By eliminating
z2 from Eq. (36), it is seen that this state equation
is equivalent to a scalar equation

z̈1 + p2(t)ż1 + p1(t)z1 =
b1(t)v̇+(ḃ1(t)+ b2(t)−a22(t)b1(t))v (39)

To render this equation into the phase-variable
form, the angle of attack zero dynamics is intro-
duced as follows:

v̇+
ḃ1(t)+ b2(t)−a22(t)b1(t)

b1(t)
v =

1
b1(t)

u (40)

Combining Eqs. (39) and (40) yields the desired
form

z̈1 + p2(t)ż1 + p1(t)z1 = u (41)

Now an EMA control lawu can be designed for
the angle of attack tracking error dynamics (41)
using the outlined in previous statements [9].

5 Simulation Results

Simulations with aerodynamic data are per-
formed to validate the proposed schemes. In this
study, there are two scenarios. One is subsonic
flight condition(M = 0.6) for Group A, and the
other is hypersonic(M = 6.0) for Group B.

Results for Scenario 1 and Scenario 2 are pre-
sented in Figures 4 - 5, and Figures 6 - 7, respec-
tively. Figure 4 shows that an angle of attack
command for Scenario 1 is well tracked within
5% steady-state error under various uncertainties
such as poorly approximated aerodynamic data
in curve-fitting, missile velocity variation, etc.
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The distributed control efforts to follow the com-
mand are depicted in Figure 5. As approaching
the steady state, the deflection of thrust vector-
ing control is growing down less and less while
the deflection of aerodynamic fin is growing up
more and more. It is because the authorities of
control effectors are dependent on flight condi-
tion. Therefore, this fact reveals that pseudo con-
trol method for Group A is the efficient control
allocation algorithm reflected on flight condition.
Under similar circumstances, the angle of attack
tracking performance for Scenario 2 is depicted
in Figure 6. This shows that after burning out,
the angle of attack command can be achieved by
using side-jet thrust. The allocated control ef-
forts by daisy-chain method for Group B are de-
picted in Figure 7. It can be inferred from this
that side-jet thrust usage prior to aerodynamic fin
increases the maneuverability of the missile in
homing phase.

6 Conclusions

Autopilot for the agile missile with conventional
control surface - aerodynamic fin - and additional
thrust - thrust vectoring control, side-jet thruster
- was designed. Moment required to achieve the
angle of attack command was obtained by the
two-time scale dynamic inversion. A family of
control effecors were divided into two groups ac-
cording to the coverage of each effector in flight
envelop, and two control allocation algorithms
were used to effectively distribute the control
effrots for each group to achieve the required
moment. Linear time-varying control technique
which is the time-varying version of pole place-
ment for LTI systems was applied to the con-
trol of aerodynamic fin to enhance the robustness
of two-time scale dynamic inversion. The fea-
tures of the proposed schemes include (1) effec-
tive control allocation for each control effector
(aerodynamic fin, thrust vectoring control, side-
jet thruster) to achieve the angle of attack com-
mand, (2) good tracking performance for angle of
attack command without scheduling of any con-
stant design parameters throughout a wide range
of angle of attack, and (3) time-varying control
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Fig. 4 Angle of attack output for Scenario 1
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Fig. 5 Distributed aerodynamic fin vs. thrust
vectoring control for Scenario 1

gains to improve the robustness for the unstruc-
tured uncertainties. The proposed schemes will
be validated by nonlinear simulations with aero-
dynamic data.
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