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Abstract

In the present paper analytical and numerical re-
sults obtained for the problem of acoustic radia-
tion from a vibrating wall segment inside an infi-
nite rectangular duct with uniform mean flow are
presented and compared. The numerical results
are obtained employing a recently developed Dis-
continuous Galerkin finite element method im-
plemented on a tetrahedral grid.

The presented leading term in the analytical
solution, which represents a propagating plane
wave, is shown to capture most of the character-
istics of the solution. For the plane wave a closed
form solution is presented for two specific wall
vibration velocities. The remainder of the ana-
lytical solution is given by an infinite number of
’diffracted waves’ (waves affected by reflection,
scattering, diffraction, etc.). For the diffracted
waves, which are decaying modes, only an ap-
proximate solution has been obtained employ-
ing the method of stationary phase. Only near
the vibrating wall segment the influence of the
diffracted waves is shown to be significant.

The presented numerical and analytical re-
sults are shown to be in very good agreement.

1 Introduction

Computational Aeroacoustics (CAA) is a rapidly
growing branch in fluid mechanics. One of the
driving forces behind the rapid growth may be the
governmental policies on the reduction of sound
emissions. This relates especially to the noise
produced by aircraft, but also trucks, cars (high-

ways), trains etc. Much of the advance has also
been driven by the availability of more power-
ful computational resources and the availability
of aeroacoustic test facilities.

Numerical methods introduce artificial dissi-
pation and dispersion. Numerical dissipation un-
physically dampens the vibration amplitude of
the sound waves and numerical dispersion al-
ters the propagation speed in an unphysical man-
ner. The longer the propagation distances and
the higher the frequencies involved the more
apparent these unphysical influences become.
Higher-order methods, higher than the usually
first or second-order Computational Fluid Dy-
namics (CFD) methods, can be used to remedy
these problems.

A Discontinuous Galerkin (DG) method has
been developed for the accurate simulation of the
propagation of acoustic information through flu-
ids moving with non-uniform velocity in three-
dimensional complex domains. The DG method
is an extremely compact finite element method
which is applicable to both structured and un-
structured meshes and which can be extended to
higher-order accuracy relatively easily.

In the present paper numerical results ob-
tained for the acoustic radiation from a vibrating
wall segment inside an infinite rectangular duct
are presented. The objective is to compare nu-
merical and analytical results in order to identify
the relevant phenomena and to verify the numer-
ical algorithm employed. The analytical solution
for this problem has been presented in Blom [2]
and will only be summarized here.
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2 Discontinuous Galerkin Method for the
Linearized Euler Equations

2.1 Linearized Euler Equations

Assuming that there is no significant feedback
(or back-reaction) of the sound field to the mean
flow, it is widely recognized that the propa-
gation of sound can be described by the lin-
earized Euler equations (LEE). Assuming that
the background flow satisfies the homogeneous
Euler equations in three spatial dimensions and
that we are dealing with a calorically perfect gas,
the LEE for the primitive perturbation variables
u = (ρ,u,v,w, p)T , whereρ denotes the density
perturbation,u, v, and w denote the three per-
turbation velocity components andp denotes the
pressure perturbation, can be written as:

∂u
∂t

+
∂f j

∂x j
+D0u = s, f j ≡ A j0u, (1)

where j = 1,2,3, and where

A j0 =




u j0 δ1 jρ0 δ2 jρ0 δ3 jρ0 0

0 u j0 0 0
δ1 j
ρ0

0 0 u j0 0
δ2 j
ρ0

0 0 0 u j0
δ3 j
ρ0

0 γδ1 j p0 γδ2 j p0 γδ3 j p0 u j0




,

(2)
where γ is the ratio of specific heats. The re-
spective entries of the matrixA j0 depend only
on one of the components (and not on products)
of the background or mean flow vectoru0 =
(ρ0,u0,v0,w0, p0)T . Furthermore:

D0≡C0− ∂A j0

∂x j
, (3)

where

C0 =




∂u j0
∂x j

∂ρ0
∂x

∂ρ0
∂y

∂ρ0
∂z 0

−1
ρ2

0

∂p0
∂x

∂u0
∂x

∂u0
∂y

∂u0
∂z 0

−1
ρ2

0

∂p0
∂y

∂v0
∂x

∂v0
∂y

∂v0
∂z 0

−1
ρ2

0

∂p0
∂z

∂w0
∂x

∂w0
∂y

∂w0
∂z 0

0 ∂p0
∂x

∂p0
∂y

∂p0
∂z γ∂u j0

∂x j




. (4)

The entries of the matrixD0 are linear in the com-
ponents of the gradients∂u0

∂x j
. The acoustic source

vectors in Eq.(1) can be used to describe com-
plex processes which result in perturbations of
the primitive perturbation variables.

In the subsequent sections it is assumed, for
simplicity, that the background flow is uniform,
which results inD0 = 0. In addition the LEE
are used in dimensionless form. To obtain di-
mensionless quantities densities are scaled with
ρre f , lengths withL, time with L/cre f and pres-
sure withρre fc2

re f , whereρre f , cre f andL are an
appropriate reference density, velocity and length
scale, respectively.

2.2 Discontinuous Galerkin Method

The Discontinuous Galerkin (DG) method is an
extremely compact finite element method which
is applicable to both structured and unstructured
meshes. The solution is approximated by a lo-
cal polynomial expansion in each element of the
computational mesh and the solution is not re-
quired to be continuous over element interfaces.
The size of the computational stencil is indepen-
dent of the desired order of the method. DG
methods of arbitrarily high formal accuracy can
be obtained by suitably choosing the degree of
the approximating polynomials. Because of the
compactness of the scheme, it is highly paral-
lelizable, it is very well suited for handling com-
plex geometries and allows for a relatively simple
treatment of the boundary conditions. Therefore
the DG method is very well suited for application
to the simulation of the propagation of acoustic
information in fluids moving at non-uniform ve-
locity in three-dimensional complex domains.

A detailed description of the DG method is
given in Blom [2] and can also be found in a.o.
Atkins & Shu [1]. In the present work we will
only present the final result. To this end, let us
consider the Linearized Euler equations (LEE) on
the domainΩ which we partition intoNe non-
overlapping elementsΩ j , j = 1,2, . . . ,Ne. The
DG spatial discretization of the LEE in each ele-
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mentΩ j can then be written as:

∫

Ω j

∂uh

∂t
b jmdΩ−

∫

Ω j

f i(uh)
∂b jm

∂xi
dΩ (5)

+ ∑
l∈I j

∫

∂Ω jl

h(u j ,ul ,n j)b jmdΓ =
∫

Ω j

sb jmdΩ

whereuh is the approximation of the solutionu
given by:

uh(x, t) =
Ne

∑
j=1

M

∑
k=0

v jk(t)b jk(x), (6)

k and m (Eq.(5)) are indices over the ba-
sis functions andI j = {k1,k2,k3,k4} is the
set of global indices, describing the direct-
neighborhood-elementsΩkl of elementΩ j , j /∈ I j

and l ∈ I j when ∂Ω j ∩ ∂Ωl 6= 0 (l 6= j). In the
present work the local Lax-Friedrichs flux:

h(u j ,ul ,n j) =
1
2

(
fn(u j)+ fn(ul )

)− 1
2

α
(
ul −u j

)

fn(u j) = (n jA j)u j , (7)

provides the crucial coupling and handles the dis-
continuity at element interfaces.

In Eq.(6), and therefore also in Eq.(5),v jk(t)
are the unknowns (vectors containing five ele-
ments). The unknowns are marched in time em-
ploying a four-stage low-storage Runge-Kutta al-
gorithm.

3 Acoustic Radiation from Vibrating Wall
Segment Inside Infinite Rectangular Duct

3.1 Problem Description

Consider an infinite rectangular duct of height
h= 1 and widthb, see Fig.(1). In the bottom wall
of the duct a finite part, of length2l and widthb,
is allowed to vibrate. The origin of the Carte-
sian coordinate system is in the mid-section of
the vibrating segment of the duct at one of the
lower corners. In the origin we define the orthog-
onal unit coordinate vectorsex,ey andez. In the
present paper we consider the perturbation field
generated by the vibrating wall segment inside

the infinite duct. It is assumed that the problem
can be described by the linearized Euler equa-
tions (LEE; see also section 2.1), which are non-
dimensionalized employing the speed of sound
in the undisturbed flowc0, the heighth of the
duct and the density of the undisturbed flowρ0.
For the mean flow velocities, expressed in terms
of Mach numbers, we assumeu0 = (M,0,0)T .
In addition, we assume that the amplitude of
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Fig. 1 Infinite rectangular duct with vi-
brating wall segment.
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Fig. 2 Side view of vibrating wall seg-
ment.

the wall displacement is small compared to the
acoustic wave length,̃λ, the surface dimensions,
2l andb, and the height of the ducth = 1. Based
on these assumptions it is consistent to linearize
the boundary condition associated with the mov-
ing surfacezs with respect to the stationary ref-
erence surfacez = 0 (Pierce [9]). The motion
of the surfacez= zs(x,y, t), with zs¿ b, zs¿ l ,
zs¿ h= 1 andzs¿ λ̃, leads to a normal velocity
boundary condition for the LEE forz= 0:

un(x,y, t) = ψ(x,y, t)H(l −|x|), (8)

where

ψ(x,y, t) =−
(∂zs

∂t
+M

∂zs

∂x

)
, (9)

andH is the Heaviside function.
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From the LEE the convected wave equation
can be derived for the pressure:

D2p
Dt2 −

∂2p
∂x j∂x j

= 0,
D
Dt
≡ ∂

∂t
+M

∂
∂x

. (10)

Taking the inner product of the momentum equa-
tion with the unit normaln0 = −ez and lineariz-
ing with respect toz = 0 and small∂zs

∂x , ∂zs
∂y , re-

sults in the following linearized boundary condi-
tion for the pressure atz= 0:

∂p
∂z

∣∣
z=0 =

∂un

∂t
+M

∂un

∂x
. (11)

On the other walls, which are rigid, we apply
hard-wall boundary conditions.

3.2 Analytical Solution

The mathematical procedure used to obtain the
analytical solution is based on the procedure pre-
sented by Kuijpers, Rienstra, Verbeek & Verheij
[6], who developed a mathematical model for the
acoustic radiation in baffled cylindrical ducts of
finite length. The mathematical procedure com-
bines the techniques of separation of variables,
Fourier transformation, Fourier series expansion
and complex integration and is used here to solve
the problem introduced in the previous (sub-)
section. In Kuijpers et al. [6] the solution is pro-
vided for the wall vibration inside a cylindrical
duct of finite length, the mean flow is absent and
the solution is presented in the frequency domain.
In contrast, we derived an analytical solution in
the time domain, for an infinitely long rectangu-
lar duct, while we consider cases with and with-
out uniform mean flow. Although in numerous
textbooks, such as Crighton [4], Morse & Ingard
[8] and Pierce [9], but also Jones [5] and Morse
& Feshbach [7], the subject of propagation and
diffraction of sound waves in ducts is covered,
the vibration of a finite part of the wall that ra-
diates sound into the rectangular duct has, to the
author’s knowledge, not been considered as such.

In the present paper we consider two specific
wall vibration velocity functions, one describing
a plunging wall segment and the other describ-
ing spatial vibration modes in axial direction. For

these specific choices the analytic solution for the
pressure perturbation in the time domain can be
derived explicitly for the leading term of the so-
lution. A brief description of the solution pro-
cedure has been presented in a recent paper by
Blom et al. [3]. A detailed description can be
found in Blom [2].

3.3 Case A: Plunging wall segment

Let us assume forψ in Eq.(8) the following func-
tion:

ψ(x,y, t) = ψA(t) = sin(ω0t)e−atH(t), (12)

wherea≥ 0 and whereH is the Heaviside func-
tion. In this case the entire plate (−l ≤ x ≤ l )
moves up and down as a rigid body. Fora > 0
the amplitude of the introduced vibration of the
wall is exponentially damped because of the ex-
ponential term in Eq.(12).

The pressure in the time domain, which be-
comes independent of they-coordinate for the
present problem, can be written as:

pA(x,z, t) = pA
0(x, t)+

∞

∑
k=1

cos(βkz)pA
k (x, t), (13)

whereβk = kπ and (see Blom [2] for a detailed
derivation):

pA
0(x, t) =

1
2

ω0

ω2
0 +a2

{
gA(τ1)H(τ1)

−gA(τ2)H(τ2)
}

, (14)

where

gA(τ) =
[
cos(ω0τ)+

a
ω0

sin(ω0τ)
]

e−aτ−1,(15)

τ1,2 = t− x∓ l
1+M

, (16)

τ is the so-called retarded or emission time, the
time at which the signal, which has been emitted
at t = 0, is observed at locationx and timet. For
pA

k ,

pA
k (x, t) =

−ω0

2πi

∞∫

−∞

[e−i(x−l)Λ0k−e−i(x+l)Λ0k]eiωtdω
ω[i(ω−ω0)+a][i(ω+ω0)+a]

,

(17)
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Λ0k ≡

√
ω2− (1−M2)β2

k

1−M2 , (18)

no closed form solution has been found.
It is observed from Eq.(17) and Eq.(18) that

for k such that(1−M2)β2
k > ω2 the integrand

decreases at an increasing rate whenx > l be-
comes larger. Apparently a large (infinite) num-
ber of modes is exponentially decaying or so-
called cut-off. These specific waves or modes
are also known as evanescent waves or decaying
modes. Considering the integrand in Eq.(17) we
observe that forω =±βk we have branch points,
which greatly complicate the evaluation ofpA

k .
Integrals of the form of Eq.(17) are called diffrac-
tion integrals by Crighton et al. [4], because they
often appear in diffraction problems. The pres-
sure perturbationspA

k represent waves affected by
reflection, scattering, diffraction, etc. However,
upon employing the method of stationary phase
(e.g. Crighton et al. [4]) an approximate solution
can be found assuming bothx± l andt large, with
t > x± l , see also Blom [2].

3.4 Case B: Spatial vibration modes

Let us now consider forψ in Eq.(8) the function:

ψB(x, t) = cos(χnx)sin(ω0t)H(t), (19)

where
χn =

nπ
2l

, n∈ N, n odd. (20)

As in the previous section, section 3.3, the solu-
tion is independent ofy and can be written in the
form of Eq.(13):

pB(x,z, t) = pB
0(x, t)+

∞

∑
k=1

cos(kπz)pB
k (x, t).

(21)
For pB

k , as for pA
k , no closed form solution has

been found. However, as for Case A an approx-
imate solution can be obtained employing the
method of stationary phase. We will here only
present the final result forpB

0.

pB
0(x, t) =

−sin(χnl)
2(χ2

n−ω2
0)

{
gB(τ1)H(τ1) (22)

+gB(τ2)H(τ2)
}
, (23)

wheresin(χnl) = (−1)
n−1

2 and

gB(τ) = ω0sin(χnτ)−χnsin(ω0τ). (24)

The retarded timesτ1,2 are given by Eq.(16).

4 Results

In the numerical simulations a finite duct is con-
sidered. At the end planes of the duct, which
are located sufficiently far away from the vibrat-
ing wall segment, we apply so-called character-
istic non-reflecting boundary conditions. On the
other walls, except for the vibrating part, we ap-
ply hard-wall boundary conditions. At the vibrat-
ing wall the mean flow velocity normal to the
wall is zero, the normal velocity for the pertur-
bation field is prescribed and given byψ.

When the mean flow is absent, the problem
is symmetric with respect to the planex = 0,
which has also been verified numerically. For
M = 0 the dimensionless linearized Euler equa-
tions are solved in a rectangular domain, given
by x ∈ [0,xmax], y ∈ [0,1] and z∈ [0,1], where
all lengths are non-dimensional. ForM 6= 0 the
problem is no longer symmetric with respect to
the x = 0-plane and the linearized Euler equa-
tions are solved in the domainx∈ [−xmax,xmax],
y = [0,1] andz= [0,1]. In most casesxmax= 40.

In order to obtain the tetrahedral computa-
tional grid, the physical domain is first parti-
tioned into equally sized cubes, each of which is
subsequently divided into twelve identical tetra-
hedrons. In this way a regular type of tetrahedral
mesh is obtained. For the problems considered,
a grid-convergence study has been conducted. In
most cases forM = 0 a mesh containing60000
elements was found sufficient. ForM 6= 0 a mesh
containing120000elements was found adequate.
During the computations the results are evalu-
ated in all nodes of the tetrahedral grid. In addi-
tion, a time history of the perturbation variables is
recorded at certain specific locations in the rect-
angular duct. We will refer to these locations as
’microphone’ (mic) locations.
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4.1 Case A,M = 0

For the plunging wall segment without mean flow
we present results for three different combina-
tions of the parametersω0, l anda.

0 10 20 30 40

-0.75

-0.5

-0.25

0

0.25

0.5 analytical: p0

numerical: z=0.075
numerical: z=0.475

t

p

1

l=5

mic

.

. x

z

Fig. 3 Results atx= 5.025, for M = 0, ω0 = 4
3, l = 5

anda = 0.05.

0 10 20 30 40

-0.75

-0.5

-0.25

0

0.25

0.5 analytical: p0

numerical: z=0.425
numerical: z=0.825

t

p

1

l=5

.

.
mic

x

z

Fig. 4 Resultsx = 20.075, for M = 0, ω0 = 4
3, l = 5

anda = 0.05.

Result forω0 = 3
4, l = 5, a= 0.05: In Figs.(3)

and (4) numerical results and thepA
0-part of the

analytical solution are shown forω0 = 4
3, l = 5

anda = 0.05. Fig.(3) shows time histories of the
pressure perturbations obtained very close to the
vibrating wall. In the figure, two numerical re-
sults are presented, obtained at twoz-locations,
viz. z = 0.075 andz = 0.475, respectively. At
z = 0.475 the difference between thepA

0-part of
the analytical solution and the numerical result
for p is observed to be relatively small. Atz =
0.075the difference is observed to be significant.
This can be explained by the fact that forz = 1

2

the termcos(βkz) in Eq.(13) becomes zero when
k is uneven. At the end of section 3.3 it was ar-
gued (M = 0) that fork such thatβk > ω we are
dealing with decaying modes. It is furthermore
expected that|pA

1 | > |pA
2| > .. . > |pA

∞| and that
for k→ ∞ we have|pA

k | → 0. From the results
shown in Fig.(3) it appears that the contribution
of pA

0(x, t) andcos(πz)pA
1(x, t) to the solution are

most dominant. When the microphone is located
near the vibrating wall and not nearz= 1

2 the con-
tribution of pA

k (x,z, t) to the solution cannot be
neglected.

In Fig.(4) results are shown in the planex =
20.075. The difference between the numerical re-
sult atz= 0.425andpA

0 is now no longer distin-
guishable. Even atz= 0.825the numerical result
is observed to deviate very little frompA

0. From
these results, as well as other results shown in
Blom [2], it is concluded that with increasing dis-
tance from the vibrating wall segment, the result
for the pressurepA gets increasingly better ap-
proximated by the analytical solutionpA

0 .

0 10 20 30 40
-3

-2

-1

0

1

2

3 analytical: p0

numerical: z=0.2375

p

t

1 .
mic

l=1

x

z

Fig. 5 Results atx = 6.2625, for M = 0, ω0 = π,
l = 1 anda = 0.

Result forω0 = π, l = 1, a= 0: When the an-
gular wall vibration frequencyω0 is chosen equal
to nπ, n ∈ N+, the perturbation created by the
plunging wall travelling fromz= 0 to z= 1, will
have a wave length̃λ of 2n-times the duct height,
i.e. λ̃ = 2n. It is well known from literature that
in such cases the pressure will increase without
limit (in reality at least as long as linear theory is
valid), in other words we are dealing with reso-
nance.
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In Fig.(5) the numerical result andpA
0-part of

the analytical solution are presented at the mi-
crophone locationx = 6.2625, y = 0.5125 and
z= 0.2375for ω0 = π, l = 1 anda = 0. Clearly
the numerical solution is observed to have an am-
plitude that grows linearly in time, as expected.

0 10 20 30 40

-1

-0.75

-0.5

-0.25

0

0.25 numerical
analytical approximation

t

p

1

z

mic

πl=

. x

Fig. 6 Results at locationx = 20.101, y = 0.525
and z = 0.025 for M = 0, ω0 = 1, l = π and a =
0. Analytic approximation forpA

k is obtained from
applying the method of stationary phase.

Result forω0 = 1, l = π, a = 0: The fre-
quency of the functiongA, which is present in the
expression forpA

0 and given by Eq.(15), clearly
depends on the vibration frequencyω0, as we
have seen above. The frequency of the solution
pA

0, however, also depends on the (dimension-
less) length2l of the vibrating wall. At a certain
microphone locationx, the signal from the left
end of the vibrating wall follows the signal from
the right end of the vibrating wall2l dimension-
less time-units later. Therefore, depending on the
length2l , the two signals can amplify each other
maximally, cancel each other or anything in be-
tween.

An extreme example of the influence of the
length of the vibrating wall on the pressure per-
turbation is presented in Fig.(6), which shows the
result forω0 = 1, l = π anda = 0. For this spe-
cific choice of the parameters the analytic solu-
tion for pA

0 only shows one major ’pulse’ of width
2π. Fora= 0 andl = π the contribution from the
right and the left end of the vibrating wall can-
cel each other fort ≥ x+ l (independent ofω0).
In the figure the pulse is given by the contribu-

tion from the right end of the vibrating wall, as
soon as the contribution from the left end of the
vibrating wall reaches the microphone position
(t = x+ l ) the two signals cancel each other. From
this time on only the contribution to the solution
from thepA

k -terms is visible. This specific choice
of parameters provides a perfect opportunity to
compare the numerical solution with the analyti-
cal approximation forpA

k given by the method of
stationary phase.

From Fig.(6) it is observed that the analytical
approximation topA shows very good agreement
with the numerical result. A magnification of the
results fort > x+ l , when pA

0 is zero, revealed
that the analytical approximation slightly under-
predicts the amplitude, but the frequency is well
resolved.

In Fig.(7) contour plots in the planey = 0.5
for the pressure perturbation at dimensionless
times t = 5, 10, 15, 20, 25, andt = 30 are pre-
sented. Only pressure perturbation levels be-
tween−0.01 and 0.01 are shown, i.e. every
value abovep= 0.01 is white, every value below
p =−0.01 is black. Next to each contour plot of
Fig.(7) there is a figure showing the pressure per-
turbationp(x,0.5,0.25, ti) obtained for the same
dimensionless time,ti , and forx ∈ [0,40]. The
plotting levels in these figures have been adjusted
to capture the minimum and maximum pressure
perturbation in the duct.

In Fig.(7) the pressure perturbation given by
p0 is presented by the black band of width2π
which moves to the right with increasing time. At
these pressure levels it is clearly observed that the
pressure fluctuations given bypA

k form an anti-
symmetric pattern with respect toz = 1

2 in the
duct. It is furthermore observed that at greater
distances from the vibrating wall the amplitude of
the pressure perturbations given bypA

k decreases.

4.2 Case A,M 6= 0

Fig.(8) shows numerical and analytical results for
four different Mach-numbers, i.e.M = 0.05, 0.1
0.2 and0.4, at locationx= 20.025, y= 0.525and
z= 0.475. The numerical result is within plotting
accuracy identical to the analytical result.
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Fig. 7 Case A:l = π, ω0 = 1 anda = 0. Left: Con-
tour plots for the pressure perturbation in the plane
y= 0.5. Right: Pressure perturbation fory= 0.5 and
z= 0.25. Note the large difference in plotting scales
for the pressure.

From Fig.(8) it is clear that with increasing
mean flow velocityM, the signal from the vi-
brating wall reaches the microphone earlier, as
expected and also predicted by the analytic solu-
tion pA

0, Eq.(14). In addition it is observed that
with increasingM also the amplitude decreases.
The observed frequency of the signal, however,
is not changed. Although not many parameters
have been varied for the plunging wall case with
mean flow, it has been shown convincingly that

0 5 10 15 20
-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

t

p

M=0.4

M=0.2 M=0.1

M=0.05 � � �

M mic .

2l=2

1

z

x
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Fig. 8 Numerical and analytical results for Case A
for four different Mach-numbers, showing influence
of Mach-number on the retarded time at locationx=
20.025, y = 0.525andz= 0.475. Parameters:ω0 =
1, l = 1 anda = 0.

also for the case including mean flow the numer-
ical results and the analytical prediction ofpA

0 are
in very good agreement.

4.3 Case B,M = 0

In the problem of Case B (see also section 3.4),
there are three parameters which may be varied,
i.e. the length of the vibrating part of the wall2l ,
the angular frequency of the vibrationω0 and the
frequency of the wall motionχn = nπ

2l (n odd), see
also Eq.(19).
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0.05
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0.15

0.2 numerical
analytical: p0
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1

z

l=1
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. x

Fig. 9 Results for Case B at locationx = 20.075,
y = 0.525andz= 0.025 for l = 1 and,ω0 = 1 and
χ3 = 3π

2 .

The solution for Case B has been observed to
depend on the parametersω0 and l in a similar

8



DISCONTINUOUS GALERKIN METHOD FOR DUCT ACOUSTICS

fashion as the solution of Case A, described in
the previous section.
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Fig. 10 Results for Case B at locationx = 20.0522,
y= 0.475andz= 0.725for l = 3

2π, ω0 = 1 andχ1 =
1
3. Analytical approximation forpB

k is obtained from
applying the method of stationary phase. Bottom:
Magnification fort ∈ [25,60].

Result forω0 = 1, l = 1 and χ3 = 3π
2 : In

Fig.(9) results for Case B forω0 = 1, l = 1 and
χn = 3π

2 , so n = 1, at microphone locationx =
20.075, y = 0.525andz= 0.025are presented.

For χn = π
2 (not shown) the numerical result

was observed to be in very good agreement with
the analytical solution forpB

0 , given by Eq.(22).
In Fig.(9) a slight difference between the numeri-
cal result andpB

0 can be observed. This is thought
to be caused by the contribution ofpB

k , which has
not been included in the presented analytical so-
lution. Forχn = 5π

2 (also not shown) the observed
difference between the numerical result andpB

0
increased a little. Especially in the first dimen-
sionless time units after the signal has reached the
microphone, rapid oscillations aroundpB

0 are ob-
served. Forχn = 5π

2 these oscillations are more
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numerical: x=-20.025
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� � �
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Fig. 11 Numerical result and analytical solutionp0
for Case B at locationsx = ±20.025, both aty =
0.525 and z = 0.475. Parameters:ω0 = 1, l = 1,
χ1 = 1

2 andM = 0.1.

rapid than forχn = 3π
2 . With increasingχn it is

furthermore observed that the amplitude of the
pressure perturbation decreases.

Result forω0 = 1, l = 3
2π and χ1 = 1

3: As
for Case A, there is a special length of the vi-
brating wall for which the solutionpB

0 cancels
for t ≥ x+ l . For Case B this length is given by
l = 3

2π. Again this special situation can be used
to compare the numerical result with the analyt-
ical approximation obtained from employing the
method of stationary phase.

Fig.(10) shows the numerical result for Case
B at locationx = 20.0522, y = 0.475 and z =
0.725for l = 3

2π, ω0 = 1 andχn = 1
3. Addition-

ally in the figure the analytic approximation has
been presented. From the top figure of Fig.(10)
the difference between the analytic and numer-
ical results is hardly visible. From the bottom
figure of Fig.(10), which shows a magnification
of the results fort ∈ [25,60], the difference can
be observed. Like observed for Case A, the ap-
proximation, obtained from applying the method
of stationary phase, slightly underpredicts the
amplitude, but the frequency shows very good
agreement.

4.4 Case B,M 6= 0

In Fig.(11) the numerical results forM = 0.1 at
microphone locationsx = 20.025, y = 0.525, z=
0.475andx =−20.025, y= 0.475, z= 0.525are
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presented. In addition, the analytical solutionp0

for M = 0.1 andM = 0, obtained forx = 20.025,
are presented in Fig.(11). The two microphone
locations are almost exactly symmetric with re-
spect to the planex = 0. From Fig.(11) it is ob-
served that the analytical solutionpB

0, given by
Eq.(22), shows perfect agreement with the nu-
merical result at the same microphone location.
Secondly it is observed that, with the result for
M = 0 as reference, the amplitude of the pres-
sure is larger downstream and smaller upstream
of x = 0. The same behavior was observed for
Case A with mean flow, presented in the preced-
ing section.

Also for Case B with mean flow, the numer-
ical results and analytical solution have been ob-
served to show very good agreement.

5 Conclusion

The numerical and analytical results, which have
been presented for two specific wall vibration
velocity functions and for various combinations
of parameters such as the angular vibration fre-
quency, the length of the vibrating wall and the
mean flow Mach-number, have been shown to be
in very good agreement.

The presented analytical solution encom-
passes a plane wave solution, of which the ana-
lytical solution can be obtained in closed form,
and an infinite number of ’diffracted waves’
(waves affected by reflection, scattering, diffrac-
tion, etc.). For the diffracted waves only an ap-
proximate solution has been obtained employing
the method of stationary phase.

Except for the plunging wall case in which
resonance occurs, it appears that the plane wave
solution, which is the leading term in the solu-
tion, captures most of the characteristics of the
solution. Only near the vibrating wall segment
the influence of the diffracted waves is signifi-
cant.
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