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Abstract  

An aerodynamic design system using an 
advanced inverse problem is proposed. The 
inverse problem can handle multi components 
of wing-like-shape that mutually interact with 
each other. The system determines each 
component’s shape simultaneously which will 
realize desired pressure distribution. In the 
design system, the inverse problem is coupled 
with Navier-Stokes flow analysis code. Thus the 
design result is valid for Navier-Stokes flows, 
while the inverse problem uses potential flow 
approximation. The typical multi component 
example of a high-lift device has been designed 
as demonstration. The result has indicated that 
the present method works well, and can 
precisely control geometry with constraints. It 
has been also shown that the method is flexible 
as well as cost and time efficient. 

Nomenclature 

x, y, z    Cartesian coordinate system of a 
flowfield with wings.  x; stream-wise, 
y; span-wise, z; thickness-wise or 
altitude direction. 

ξ, η, ζ    coordinate system for Green’s 
integration corresponding to x, y and z, 
respectively. 

kmax     number of components or wings in a 
flowfield to be designed. 

γ      ratio of specific heats  (=1.4) 
M∞  free stream Mach number 
K     transonic similarity parameter 
              =( γ+1) M∞

2 
β      the Prandtle-Grauert constant; 
              for incompressible flow   =1.0 

              for compressible flow  =(1.0－M∞
2)1/2 

φ(x,y,z)    small perturbation velocity potential 
∆φ(x,y,z)  variation of φ(x,y,z) due to shape 

modification. 
fk(x,y)        geometry of kth component (wing);  

its surface coordinate is (x, y, fk (x,y)). 
fk+(x,y)       upper surface geometry of kth 

component. 
fk-(x,y)        lower surface geometry of kth 

component. 
∆fk± (x,y)  modification value of  fk±(x,y) 
Cp(x,y)      surface pressure coefficient, Cp,  

distribution. 
∆Cp(x,y)    difference between target Cp and 

current Cp 
ck                z location of the mean plane of kth 

component 
ck+0           z location of the upper surface of kth 

component. 
ck－0          z location of the lower surface of kth 

component 
 
(Subscript) 
      k          quantity concerning kth component. 
     +          quantity on an upper surface. 
    －          quantity on a lower surface.. 

1  Introduction  
Multi-wing systems are important to enhance 
aerodynamic performance of aircraft. Multi-
element airfoils/wings, a slat, a main part and 
several flaps, take a crucial role for generating 
high-lift(1). Tandem wings are interesting for 
developing special-purpose aircraft. The tri-
surface system of a canard, a main wing and a 
tail wing is under research to improve 
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performance and controllability for the 
maneuver of aircraft(2,3). The bi-plane theory 
originated from Plandtl long time ago is still 
attracting(4), but has not been applied to 
conventional aircraft development.  
         In these days, stimulating by the progress 
of computational fluid dynamics (CFD), the 
design and development strategy of new aircraft 
has been gradually changed. The knowledge 
obtained from CFD solutions can cut down 
windtunnel workload as well as preliminary 
design costs. Among CFD techniques, a design 
method using an inverse problem solver is very 
practical for the design of airfoils and wings 
because it is efficient and precisely controllable. 
In this article, a design system using an 
advanced inverse problem is proposed. The 
inverse problem can handle multi components 
of wing-like-shape that mutually interact with 
each other. So, the system determines each 
component’s shape simultaneously which will 
realize desired pressure distributions. The 
typical multi component example is high-lift 
devices. Design of high-lift devices is one of 
most significant  subjects for aircraft 
development in terms of the aerodynamic 
performance improvement (1). However, usual 
optimizations need a lot of times to calculate 
flows around those geometrically complicated 
subjects.  That is too long for realistic design 
purpose. An economical, efficient and effective 
design system is desired.  

2  Aerodynamic Design Method 

2.1 Design Object - Multi component System 

The function of the present design method is to 
determine the section shapes at any span-station 
of plural wings/components which interact with 
each other (Fig. 1). At each span-station, the 
airfoil contour and twisting angle are properly 
changed to satisfy the specified aerodynamic 
performance which is expressed via a pressure 
distribution along the chord-wise, x direction. 

 
 
 
Fig. 1 Sections of multi component system. 

2.2 Residual-Correction Concept  

The method attains to the goal asymptotically 
by iterating a "residual-correction" loop.  The 
residual is defined as the difference between the 
target and current pressure distributions. The 
correction is made on the wing geometry to 
make up for the residual. Figure 2 illustrates 
the design flow. Design starts with an initial 
geometry and a target pressure distribution 
which should lead to the desired aerodynamic 
performance. The successive iteration of 
Navier-Stokes flow analysis and inverse design 
to determine the geometry correction provides 
the design result of each component. The 
system can deal with design constraints such as 
component’s thickness and Gaps between any 
two components. It can handle two and three 
dimensional design problems.  
          This procedure has two primary parts; one 
is flow analysis, where grid generation and flow 
simulation are conducted. For the analysis part, 
any kind of simulation code can be employed or 
even a windtunnel test can replace the 
computational analysis, as long as it provides a 
reasonably accurate pressure distribution on the 
wing surface. The other primary part is an 
inverse design part where the mathematical 
inverse problem, i.e. the integral equation 
system, is solved to update the wing geometry.  
The design part provides the correction value 
for asymptotic approach to a solution.  The 
present research addresses the design part. To 
formulate the inverse problem for the design 
part in the residual-correction loop, we consider 

k=1 k=2 

k=3 

・ ･ 
・ ・ 

k=kmax
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two  flowfields; a current  and the target. 

 
A current wing geometry is fk(x,y) and The 

pressure distribution corresponding to the 
current wing geometry is Cp(x,y). In the target 
flowfield, wing geometry is modified such as, 
new fk(x,y)= fk(x,y)+∆fk(x,y), so that new fk(x,y) 
can realize the specified target pressure 
distribution. The inverse problem solve the 
equation to determine geometric correction 
∆fk(x,y) which can compensate the pressure 
difference, ∆Cp(x,y).  

3 Inverse Problem Solver 

3.1 Perturbation  (∆-form) 

In the present research with the residual-
correction concept, the small disturbance 
equation is assumed to be the approximation of 
the perturbation of the Navier-Stokes equations.  
If the variation of the viscous effect and the 
rotation of the flowfield caused by the ∆fk (x,y)  
is small enough, that approximation is quite 
appropriate.  The final form of the perturbation 
equation is integral equations. The original work 
to combine the residual-correction concept and 
the integral equation of perturbation was in 
Ref.(5) and its application to the Navier-Stokes 
flow was in Ref.(6). Those works were for a 
single component. Here, the newly formulated 
integral equation of perturbation(7) is used. It has 
the advantage of taking mutual interaction effect 
on multi component flowfield. 

3.2 Formulation 

The objective of the formulation is to build a 
mathematical model which relates a geometrical 
correction, ∆f(x,y), to the pressure difference, 
∆Cp(x,y). The formulation starts with the 
transonic small disturbance equation and finally, 
an integral equation system is to be derived. The 
final equations are valid for both of 
incompressible and compressible flows as long 
as M∞ is less than 1.0. One can distinguish the 
compressibility using β value. 

In the case that plural wings (kmax wings) 
exists in a flowfield, we have a flow equation 
for the perturbation velocity potential, 
augmented by kmax boundary geometry 
equations and kmax boundary surface pressure 
equations. First, the coordinate system is 
transformed according to the Plandtl-Glauert 
transformation. Then, the flowfield is described 
by the small disturbance equation; 

The pressure coefficients on each wing surfaces 
are  expressed as 

)0,,(2),(
2

±∆−=∆ ± kxk cyx
K

yxCp φβ

β
  (2)

max),,2,1( kk ⋅⋅⋅=  
The flow tangency condition on each wing can 
be written  as 

( ) ( )),()0,,( yxf
x

cyx kzk ±∆
∂
∂

=±∆φ         (3) 

max),,2,1( kk ⋅⋅⋅=  
The coordinate system for the formulation is 
that the x-axis is streamwise, the y-axis  
spanwise and the z-axis is in the thickness 
direction of the wings. The free stream velocity 
vector is normalized to be (1, 0, 0). The 
formulation is performed by applying Green’s 
theorem and calculus. Then, we obtain the 
theory expressed in a integral equation form 
shown in the next subsection. 

3.3 Final Integral Equations 
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Initial Airfoil Target 
Cp 
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ΔCp <ε 
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yes no 

Fig. 2   Design system outline. 
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The theory for the inverse design for multi 
components in subsonic flows is described as 
the following integral equation (8). For transonic 
flows, equations have an extra term which is the 
volume integral of the transonic nonlinear term 
(this corresponds to the right hand side of Eq. 
(1)). Here, because the free stream speed is less 
than Mach 0.3 for the high-lift devices, the 
nonlinear term can be neglected. The theory 
relates the geometry waws ∆∆  and  to the 
function of pressure, . and uaus ∆∆  A similar 
system for a supersonic single wing has been 
developed and applied to practical design(9) by 
one of the authors. The physical meanings of 

waws ∆∆  and are x derivative of thickness 
change and that of camber curve change, 
respectively. Then, The correction of each 
surface geometry is expressed as 

 )(2/1),( wswayxf
x

∆±∆=∆
∂
∂

± .  

The z coordinate of the leading edge of the 
component k is .kC   
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The second term of Eq.(4), the second, third and 
forth terms of Eq.(5) express the mutual 
interaction between the component k and the 
others. In these terms, ∑ means to take the sum 
of all p except p equal to k. The area of 
integration is on the component k surface.  

3.4 Discretization for Numerical Computation  
To simplify the integral operation over the 
surface Skw and Spw in Eqs.(4) and (5), those are 
reduced to the integrals on the mean plane of 
each wing/component. Then, the mean planes 
are discretized into panels of small interval of x 
and y (Fig. 3). The integral equations yield to 
linear algebraic ones that are numerically solved. 
It is easy to impose geometric constraints on the 
linear equations.  

4 Present Design System  
To design multi element high lift devices, the 
analysis part of the design system should handle 
complex geometry. In this research, the CFD 
simulation process using unstructured mesh(10) 
has been incorporated into the system as shown 
in Fig. 4 so that the design can be conducted 
efficiently.  Another characteristic of the system 
is that the gap can be controlled by empirical 
knowledge. 
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Fig.3 Discretization of wing surface.  
 

 

 

4.1 Unstructured Mesh Generation 
In this research, mesh generation is done using 
geometry-adaptive refinement strategy(11). At 
first, a computational domain is divided into 
rather coarse Cartesian meshes. Then, 
quadrilateral cells that include the airfoil surface 
boundary are divided into four quadrilateral 
cells. This refinement procedure is repeated 
until the minimum cell size becomes less than a 

specified threshold value. For the viscous region, 
high aspect ratio (very thin) cells, those which 
are commonly used with structured mesh 
generation, are located. Therefore, one can have 
refined mesh in the normal direction to the 
surface. For computations, each quadrilateral 
cell is regarded as two triangular cells.  Figure 5 
shows the generated mesh around a three 
element airfoil. For the present design, the 
minimum spacing is 3×10-5. The total number 
of triangular elements is 83,730 and that of 
mesh points is 42,534. For this mesh generation, 
it takes about five minutes with 3.0GHz 
Pentium4 processor PC. 
 
 

 
 

 
 

Fig. 5 Unstructured mesh for  
                   Navier-Stokes computaion. 

 

4.2 Flow Solver Algorithm 
The Navier-Stokes equations are solved by a 
finite volume cell-vertex scheme for arbitrary 
shaped cells(12). The control volume is of dual 
cells with no overlap constructed around each 

Design Process

Unstructured Mesh 
Flow Simulation 

Unstructured Mesh 
Generation 

START : Initial Geometry 

CpCurrent 

ΔCp=CpTarget-CpCurrent 

ΔCp<ε? 

STOP 

YES 

NO Multiple Airfoil 
Inverse Design 

        Δf 

Design Constraint 
Modification         
new f = f +Δf 
 
 

Analysis Process

Fig. 4 Design system with unstructured CFD. 

Gap Control 
On or Off? 

CpTarget 
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node. The Euler equations for compressible 
flows are written in an integral form as follows, 
 

∫∫ ∂

∞ =⋅⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+

∂
∂

ΩΩ
0)(

Re
)( dS 

M
dV

t
nQGQFQ

γ
(1)

 
where Tewvu ],,,,[ ρρρρ=Q is the vector of 
conservative flow variables, ρ the density, u, v, 
w the velocity components in the x, y, z 
directions and e the total energy. The vector 

)(QF represents the inviscid flux vector and n  
is the outward normal of Ω ∂  which is the 
boundary of the control volume Ω . For flow 
simulation, the equations are solved by a finite- 
volume cell-vertex scheme, and Eq. (1) can be 
written in an algebraic form as follows, 

where ijS∆  is the segment area of the control 
volume boundary associated with the edge 
connecting points i  and j . The term h  is an 
inviscid numerical flux vector normal to the 
control volume boundary, and +

ijQ , −
ijQ  are 

values on both sides of the control volume 
boundary. The subscript of summation, )(ij  
means all node points connected to node i . The 
numerical flux h  is computed using an 
approximate Riemann solver of Harten-Lax- 
van Leer-Einfeldt-Wada (HLLEW). The second 
order spatial accuracy is realized by a linear 
reconstruction of the primitive gas dynamic 
variables with Venkatakrishnan’s limiter. The 
lower/upper symmetric Gauss-Seidel implicit 
method for the unstructured grid is used for the 
time integration .  
       The calculations in the analysis part are of 
all turbulent. As a turbulence model, The 
Goldberg Ramakrishnan model(13) is used 
because it does not need to measure a distance 
from wall.   

5 Design Example 

5.1 Multi-element Airfoil for High-lift 
The method will be applied to the design of 
airfoils consisting of three components shown in 
Fig. 5. In this article, two of three components 
were designed to realize high lift. As a 
demonstration, we simplified the problem. We 
considered two airfoils interacting with each 
other. The flow condition was that the free 
stream Mach number is 0.2 and the Reynolds 
number is 6 million. Initially, two airfoils were 
of the NACA0012 shape with 0 degree of the 
angle of attack and had surface pressure 
distribution indicated by blue solid lines as seen 
in the upper left graph in Fig. 6, where the given 
target pressure is plotted with red circles. The 
chord length of the first airfoil was 1.0 while 
that of the second one was 0.35. The overlap 
width and Gap were 0.1 and 0.05, respectively.   

5.2 Design Process  

Figure 6 presents the design process history.   
The specified target pressures drawn with red 
circles were prescribed according to the 
suggestion of Ref.(14).  In Fig. 6, the first graph 
titled by ‘iteration 00’ shows the initial pressure 
distribution and geometry contour of each 
airfoil.  From left to right and upper to lower are 
presented current pressure distributions of blue 
lines and geometry contours at each iteration 
step of the design loop. At the initial stage, the 
lift of the main part is slightly positive, and that 
of the flap is definitely negative. This fact 
implies that there is aero-dynamic interaction 
between the two airfoils.  

By performing only five iterations of the 
design loop, the design was completed. In the 
lower right graph of Fig.6, the designed 
geometry and its pressure distribution of blue 
lines, which excellently agree with the target of 
red circles, are plotted. For the present design, 
totally, 200 control points are used to precisely 
present the two airfoils shape.  This means at 
each iteration step of the design loop, 200 
integral equations were solved in the design part 
(Inverse problem solver) considering 200×200  

( )

( )],                       

,,[1

)(

)(

∑

∑

∆

−∆−=
∂

∂ −+

ij
ijijij
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Fig. 6  Design history from initial state to 5th iteration step. 
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Fig. 7 Vorticity distribution and velocity vectors 

near trailing edge without gap consideration. 

 
Fig. 8 Vorticity distribution and velocity vectors 

near trailing edge with gap consideration. 
 
 
interactions. Observing the history of pressure 
distribution, the convergence process of the 
main part is rather unstable compared with the 
design experience of single airfoil examples. 
Interestingly, the flap geometry has reached the 
converged state much earlier than the main part. 
Finally, the first airfoil has come to take   4.6 
degree angle of attack, and the flap has come to 
take 9.8 degree angle of attack. Both shapes 
have greatly changed from the initial ones. The 
designed shapes look good candidate for a 
conventional high-lift device. It has been shown 
that the method works well on the design of 
two-element high-lift devices. 

The design system can also control the gap 
width between components. In the present 

system, we found its appropriate value between 
the tailing edge of the first airfoil and the 
leading edge of the second one after the first 
iteration of the design loop. The appropriate 
value was obtained by parametric studies with 
the currently realized configuration. After 
second iteration, we fixed the gap width at the 
value.  The value maximized total lift. The gap 
width also resulted in low momentum loss of 
the flow around airfoils, which yielded to low 
drag. It is confirmed in Figs.7 and 8. Fig. 7 
shows the design result without controlling the 
gap.  The second airfoil is in the wake of the   
first one. It causes separation in the vicinity of 
the trailing edge of the first airfoil and high 
pressure region near the Leading edge of the 
second one.  Figure 8 is the design result with 
adjusting the gap. The vortical wake is avoiding 
the second airfoil, so the fresh flow can go 
though the gap between two airfoils. This leads 
to high lift and low drag. 
      One iteration in the design loop took about 6 
hours. Therefore, this design was completed 
within two days on 3.0GHz Pentium4 single 
processor PC.  Required memory is less than 
512 Mbites. 

6 Conclusions 
An inverse design method for multi-component 
aerodynamic devices was systemized on an 
ordinary PC. The PC inverse design system was 
applied to preliminary design problems to show 
the feasibility and efficiency. It has been 
confirmed that the method works well for the 
design of airfoil shapes of multiple wing 
systems. Through the article, the following facts 
have been seen:  
1) The present formulation can account for the 
effect of the thickness, the camber, the angle of 
attack and the altitude location of each wing. 
2) The inverse design method is able to evaluate 
interacting effects among wings accurately and 
provide design results relevant to the effect. 
3) The method is so efficient in computational 
time and memory that it is promising for design 
problems even the design would be more 
complicated. 
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 4) The method is effective for a wide range of 
flowfields such as transonic, subsonic and low-
subsonic. 
5) The method can design largely deformed 
shapes from the baseline. 
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