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2  The solution hypothesis and procedure  

The constitutive relations for Z-monoclinic 
material are given by the linear Hook's low 
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Such typical materials may be obtained by 
rotating orthotropic material about the beam (z) 
axis. The reduced elastic constants are defined 
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j . We assume the most general 

surface loading form (per unit area), Fs={Xs, Ys, 
Zs}, and distributed body forces (per unit 
volume), Fb={Xb, Yb, Zb}, see Figure 1, which 
are expressed as vector polynomials of degree 
K ≥ 0 , 
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a) General View     b) A Cross-Section 

Fig. 1. Beam. 
 

Hence, the case of K=0 stands for uniform 
distributed loads in the z-direction, K=1 stands 
for linear distribution, etc. In general, we let 
each of the two stress components τ τxz yz, to 
be polynomials of degree K+1 in z, while 
σ σ τx y x, , y  and σ z  are polynomials of degree 
K+2 in z as 
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where are functions of x, y. In 
homogeneous case, we let each of the three 
stress components 

σ τi
k

ij
k( ) ( ),

σ σ τx y x, , y  to be expressed as 
polynomials of degree K in z. A scheme of the 
level-based solution methodology is presented 
in Table 1.   The process is initiated for k=K and 
continues for lower levels down to k=0. For 
each K k≥ ≥ 0  level, a set of the biharmonic 
and the Neumann problems in non-
homogeneous domain  should be solved. 

Each solution level is driven by its level loading 
and the quantities obtained in previous (higher) 
levels. 

Ω

 

 
 

Table 1. Solution Procedure for Axially Non-Uniform 
Loading of a Z-Monoclinic Beam. 

 
As shown by Table 2, the solution ingredients 
are gradually introduced according to their level 
of appearance.  
 

Component Level
σ σ τ τx y xy xy↔ ↔,   K+2 

τ τ γ γxz yz xz yz↔ ↔,   K+1 

σ σ ε ε
ε ε γ γ

z z z z

x y xy xy

↔ ↔
↔ ↔

, ,
,

  
 

 
K+2 

u v↔  K+4 
 w w↔  K+3 

ω ωx y↔ −  K+3 

ω ωz z↔ −  K+2 
H S Sx y,  ↔  K+1 

p q d d↔ ↔ − ↔, ,    τ τ  K 
Φ,  ω , L M↔  K 

X Y Z X Y Zb b b s s s, , , , ,   ,  U U1 ↔ 2  K 

   Q P Q P Qω ω↔ ↔ ↔, ,2 1 1 P2  K 
 
Table 2. Maximal Level of Appearance and Symmetry of 

Various Solution Components. 
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'symmetric' under the following parameter 
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σ σ τ τy y xz yzSym Sym= =( ), ( )  .             (5) 

The body force potentials U  (k=0,…,K), that 
appear in the above terms are 

j
k( )

   This solution does not ensure that the three 
forces and three moments at the beam tip 
vanish, see stress integral  
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The expressions for  (k=0,…,K+1) are S Sx
k

y
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    (7) Hence, one needs to superimpose a series of 

solutions for tip loads (see [10]) in order to 
cancel out these resultants. 
 

2.1 Stress components 

The detailed stress expressions are  
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where ~ /δ k k0 1=
P Q,

H kk( )  (

 for k  and , the 
polynomials  are defined in 
[10]. In (5) and in all expressions below, we 
replace  by the RHS of 

≠ 0
P Qϕ ,

)

~δ 00 0=
k kχ χ ,

K≤ +1

ϕ

H p qk k
k k k k

( ) ( ) ~ ( )= + + −− − −ω δ χ χ τ ϕ0 1 1 1 2 1     (8) 

where  is an additional series of 
longitudinal stress functions as required by the 
single-value conditions for the present problem, 
see item (e) in Section 2. 
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Remark 1. The problem without single-valued 
requirements for the biharmonic stress function 
may be considered. In this case one may assume 
p qk k k= = =τ 0  and use the harmonic stress 

functions H(k) only, i.e., without definition (8). 
 

2.2  Displacements 

The strain components are derived from (5), 
using Hook’s low, see (1). Displacements are 
determined via integration of strains. The rigid 
body displacements are not included in these 
expressions and are introduced by the tip loads 
correction, see Section 1: 
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 The biharmonic operator of (10a) is defined as To enable further handling of the boundary 
conditions, we shall also use the following 
general identities for C2-differentiable 
functions: 
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The single-valued conditions for biharmonic 
function  on a simply connected 
(homogeneous) domain are, see [11], 
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a
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1 2

24 6

0
45 22 33 13 12 36 44 23 45 26 23 55

36 45

4

0
12 44 22 55 26 45

3

− − + − −

− + − +

[ ( ) ( ) (

)] } ( )τ

  

 Q Sym P
kω ( ) ( )

(=
kω ),                      (17) 
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q Sym pk k= ( ),  
+ +

+
−

+
+

+
+

−

− +
+

−
+

−

+

z

( ) {[ ( ) ]

( ) [ ( ) ]

[ ( ) ( ) ] } ( )( )

k d
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a a a
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a x

a a a
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x y a a a
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23
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13 45 36
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23 45 36
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,
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−
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,
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y
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,
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0
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y

y
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y
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b
a
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z
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τ

ω

ω

k k k s
k

s
k

b
k

b
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y
k

k
x
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q D
D D
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a
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k M a x a y k L

d a u a v y a u a v x

= + + −

+ − +
+

+

+ + − + + +

+ − + −

∂Ω

+

+ +

+

+

z
zz

1 2

0
55 45

1

2
45 44

1 2

1 44
3

45
3

45
3

55
3

1

1 1

2 2

( )

{ [( )(

( ) ) ( )( ( )

(( ) ( ) )]},

( ) ( )

( ) ( )
,
( )

( )
,
( ) ( )
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+

+
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( )
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( ) ( )(

( )
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Φ
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where Iij  are defined in [10] by 

I
a

I I y
a

x y

I I x
a

x y

z

z

z

33
33

3

12 22
33

2

11 21
33

1

1
= +

= − − −

= − − −

zz
zz
zz

( ),

{ , } ( ){ , }

{ , } ( ){ , },

( )

( )

( )

σ

σ

σ

Ω

Ω

Ω

,

2

  (20) 

and  m S  M Sym Lk k( ) ( )( )= , ym lk k( ) ( )( )= . and  are  D D D, ,1

D
a

Q x P yy x= − + + −zz 1
0

[ ( ) ( )], ,
ϕ ϕϕ ϕ

Ω

,     (21) 
In the above, for efficient writing, we have 
introduced the notation 

D
a

yP xQ P Qi i
i i= − + +z x i yz 1

0

( ), ,
χ χ ϕ ϕχ χ

Ω

.  
u p u q u k d u
v p v q v k d v

k k k k

k k k k

= + − +

= + − +

( ) ( ) ( )

( ) ( ) ( )

( )
( )

1 2

1 2

1
1

,
.

3

3
 

As shown in [10], the existence conditions for 
χ χ1, 2 require a selection of the coordinate 
system origin so that 

2.6 Loading constants 

The loading constants p q dk k k k, , ,τ are defined 
for k=0,…,K by { , } {( ) ( )x

a
y

az z
33

1

33

2 0 0− − =zz σ σ 
Ω

, }.  

p I
I

q
I

X
I

X

k
a

a a k a L

a M d a
a

x a u a v

k k s
k

b
k

x
k

y
k k

k
k

= + +

+
+

− − +

− + − +

∂Ω

+ +

+
+

+

z zz12

11 11 11

0
44

1
45

1
44

2

45
2

1
0

33
44

3
45

3

1 1

1 2

2

( ) ( )

,
( )

,
( ) ( )

( ) ( ) ( )

{

[ ( )(

) ( )]

Ω

ω ω

},

  (19) 

 
 
3 Verification of solution hypothesis 
 
Equations (5) provide an exact solution that 
satisfies all requirements of the theory of 
elasticity. To carry out the above task, we 
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employ the equilibrium equations, the 
compatibility equations and the outer surface 
boundary conditions. The process is broken into 
subsequent steps, where in general, at each one, 
we use all relevant relations that were found in 
previous steps. 

   The out-of-plane displacement component: 
Continuity of w may be verified by examining 
(9c). This equation shows that the coefficients 
of zk+1, zk+2 and zk+3 do not contribute any 
discontinuity due to the fact that the loading 
constants are not domain dependent. For lower 
levels this continuity condition is imposed as 
part (16d) of the Neumann problem for . ω ( )k

 
(a) Equilibrium equations. Considering the 
stress terms of (5), and using the fact that the 
solutions of the auxiliary problems satisfy the 
equilibrium equations, one may verify that the 
equilibrium equations with Xb and Yb are 
satisfied identically. From the third equilibrium 
equation (with Zb) the terms of in (17), are 
extracted as the coefficients of the 'free term' 
z

F
k

0
ω ( )

k+1. 

  
(e) Singled-value conditions. The single-
valued-type conditions (14) for  and its first 
derivatives yield the expressions (19a-c) for the 
constants q

Φ( )k

k, pk, τ k , respectively. 
 
(f) Existence of the longitudinal stress 
function. The existence condition (18) of a 
longitudinal stress function  yields the 
definition (19d) of the constants d

ω ( )k

k. 
 
(b) Boundary conditions. From the outer 
contour condition of Xs, Ys one may deduce the 
terms for the derivatives d

ds y
kΦ ,

( ) , d
ds x

kΦ ,
( )  over the 

contour , see (11). From the third boundary 
condition of Z

∂Ω
s the additional terms for the 

normal derivatives  presented in (17) are 
obtained as the coefficients of z

Dn k
1ω

( )

k+1. 

 

4  Applications  

4.1  Homogeneous beam under constant 
distributed body force 

 The loading constants of homogeneous beam 

are
p a

I
X a

I
X k

a
a

a k a L a M

k
y

s
k

y
b

k
x
k

y
k k k

= + +
+

− − + −

∂Ω

+

+ + +

z zz33 33

0
44

1

45
1

44
2

45
2

1

2

( ) ( )
,
( )

,
( ) ( ) ( )

{ [

( )( )]},

ω

ω

Ω

 

(c) Compatibility equations. The terms of the 
strain components satisfy the compatibility 
equations due to the fact that the solutions of the 
auxiliary problems are consistent and inherently 
satisfy the compatibility equations. q Sym pk k= ( ),

 

d a
S

Z a
S

Z k
a

a

a U a U

k a a a a a a
a

H

p y q x xy a
a

S a
a

S

k s
k

b
k

xy
k

yy
k k

xx
k k

k

k k x
k

y
k

= + +
+

− + − +

+ +
+ −

+

+ + + +

∂Ω

+

+ + + +

+

+ +
+ +

z zz33 33

33
36

1

13
1

1
1

23
1

2
1

13 44 23 55 36 45

0

2

1 1
13

0

2 23

0

2

1

2 1

Ω Ω
Ω

Φ

Φ Φ

( ) ( )
,
( )

,
( ) ( )

,
( ) ( )

( )

( ) ( )

{ [

( ) ( )

( )( )

( ) )]}.

   (22) 

 
(d) Displacement interface continuity. 
   The in-plane displacement components: 
Continuity for levels k>K+2, see (9:a,b), follows 
from the fact that loading constants of Section 
1.6 are not domain dependent (i.e., constants 
over the entire non-homogeneous domain, Ω ). 
Displacement continuity for levels k=K+2, K+1 
is achieved by the  terms of  (9:a,b), 
which cancel out the discontinuity of u, v. For 
levels 

z zK K+1,  +1

k K≤ displacement continuity is part of 
the biharmonic problem, since by explicit use of 
(9:a,b), the interface conditions of (10b) may 
also be written as  

   We derive here the longitudinal and 
biharmonic stress functions Φ,  ω  for a 
homogeneous Z-monoclinic beam that 
undergoes constant body loads, i.e., K=0. 
Hence, we set Xb=X0, Yb=Y0, Zb=Z0, where X0, 
Y0, Z0 are constants, while no other surface or 

{ , } { , }( ) ( )
[ ]
[ ]u v onk k
i
j

ij= ∂0 0      .Ω  
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tip loads are applied. The loading constants 
p q0 0, , 0τ  and  in (22) are d0

p S
I0 q0   

Fω = − 0    

ω

ω Z0

4
(

F S

F Y

F S

0

1 0

2

=

X
I
a
a

F

0

55

0

2 1

[ (

[ (

( ).

U U1 2, .

X xb x
( ) Yb

( )0 0= =

a X S
I

a Y d a Z
y x

33 0 33 0 0 0 330= = = =Ω Ω, , ,    τ
  
   

0.

We employ (17) to find 
a Z P a Z x Q a Z y0 0 3 0 0 3 0

1
2

1
2

= − = −, ,     
0 .

The solution  is independent of the domain 
shape 

= − + +a x a xy a y55
2

45 44
22 ).      (23) 

For the biharmonic stress function  (11) show 
the following expansions: 

Φ

a y a x Y
I

a x a y

y p q n y

ym

y x
36 13

0
36 23

0 1 0 2

= − + −

= − +

Ω ) ( )]

)]cos( , ),χ χ r

,

 

Here we used expression (8) for H(1), and (6) for 
  

 

4.2 Homogeneous beam under linear body 
force distribution 

We consider here a Z-monoclinic beam of 
generic cross section when the body force 
distribution is given by 

 while all other 
surface and tip loads vanish. A physical 
example for such a loading is the rotating beam 
shown in Figure 2. 

Zb
( ), , 00 =γ   zz ,γ

 
 

Fig. 2. Notation for Rotating Beam. 
 

In such a case , whereγ γ ρx z= = 0
2/Ω0 ρ0  is 

the specific weight (density) of the material, and 

Ω0  is the angular velocity. We shall now 
discuss the two levels of this problem solution 
one by one. 

Level  k=1: Equations (19) show that 

p q d a
S

Z a
b

z
1 1 1 1

33 1 330= = = = =zzτ
γ

, .( )    
Ω Ω

 

For the harmonic function we find  ω ( )1

F a

P a x Q a

z

z z

0 0

3
1

0 3
1

0

1

1
2

1
2

ω γ

γ γ

( )

,

, .( ) ( )

= −

= − = −    y
 

Analogously to the solution presented in (23), 
 is independent of the domain shape ω ( )1

ω γ( ) ( )1
55

2
45 44

2

4
2= − + +z a x a xy a y .        (24) 

Level  k=0: Equations (19) and Green Theorem 
show that 

p
a
I

X
a

a a

q Sym p
y

b x y0
33 0

0
44

1
45

1

0 0

1 0

0

= + −

= =

=z [ ( )]

( )

( )
,
( )

,
( )ω ω

Ω

,

0

 

and that d0 00= ≠,  .τ  Equations (17) show 
that . At this stage one should solve the 
biharmonic problem (10) for k=0. 

ω ( )0 0=

 

4.3 Non-homogeneous beam under constant 
axial body force 

Consider a non-homogeneous Z-monoclinic 
beam that undergoes a constant body force in 
the z-direction, namely Zb=Z0=const., Xb=Yb=0, 
while no other surface or tip loads are applied. 
The loading constants of (19) are p0=q0=0, 
d Z S I0 0 33= Ω / ,   and  

τ 0
0

33 0
44

3
45

3

55
3

45
3

1
= −

− −

zzZ S
DI a

a u a v y

a v a u x

Ω

Ω

[( )

( ) ]

( ) ( )

( ) ( )   
 

where D I,  33  are given by (20:a), (21:a). Since 
K=0, only the stress functions Φ,ω and the 
auxiliary functions L, M of level k=0 should be 
considered, and hence, for the sake of 
convenience, in what follows we shall omit the 
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index superscript. The Neumann problem (16) 
for ω ( , )x y  should be written with 

P dω

F d a0 0

F dij, = − 0

36

B

{ ,( )
,
( )Φ Φk
x
k

x y

xy

= −

= −

Φ

Φ
,

,

a33
36

τ

yz

xz

a
z
a
Sym=

1

0

0

0

    -

Φ

a
a

x a u a v= − + −0
0

33
44

3
45

3

2
( )( ) ( ) ,

,

 

Q Sym Pω ω= ( )  
a a a a Zx y y z44

3
55

3
45

3
0

3
0 0

ω

ε ε γ σ= + − + −( )( ) ( ) ( ) ( ) ,

a
a a x

a a xy a a y i
j

ω

[ ]
[ ]

{ [( )

( ) ( ) ]} ,       

+

+ + + +
33

13 55
2

45 23 44
2

1
4

2

2 2
 

   Let a beam cross-section is geometrically 
symmetric about the x-axis with anti-symmetric 
lamination, based on orthotropic material turned 
about angles ±θ z , for example, a non-
homogeneous rectangle, see Figure 3. In this 
case the elastic moduli are identical in two 
domains Ω Ω[ ] ,1 [ ]2 except for a16, a26, a36 and a45 
that are of identical magnitude but opposite 
signs. The same is true for reduced elastic 
constants bij. By (initially) placing the 
coordinate system at the cross-section midpoint 
show that the solution for the third auxiliary 
problem, see [10], is zero Φ ( )3 0= , and 
ε εx y

( )3 3 σ( ) ( )= = z
3 0= . Hence I S a33 33= Ω /  and 

the displacements are rigid,  

while for convenience we assume ω( , )0 0 0= . 
The biharmonic problem for  should 
have the type of (10) with F

Φ( , )x y
0=F1=F2=0 and 

L A B= + τ 0 ,    M Sym L= ( )  
u a

a
y( ) ,3 36

332
=   v a

a
x( ) .3 36

332
= −  where  depends on ϕ  and  is a linear 

differential operator of . We assume 
  

A
Φ

, }0, }( , ) ,,
( )Φ y
k 0 0 = {0 0 The loading constants are p0=q0=0, d Z a0 0 33= ,  

τ 0
0

0
36 44

2
55

2

2
= +zzZ

Da
a a y a x

Ω

0=( ) .  
.

   The stresses become 
σ σ σ

τ τ
y x y x

xy xy

zd Sym

zd

=

−

( )

( )

, (

,
0

3

0
3

    
 

σ ),
Since in this case the biharmonic problem (10) 
is homogeneous,Φ = 0 . We obtain 

σ σz xy yy xx za a a
a

zd= − − − +
1 1

13 23
33

3
0( ) (, , ,

( )Φ Φ Φ   ) , ω ϕ= − + + +
Z a x a xy a y Z a0

55
2

45 44
2 0

36
1

4
2

2
( ) [ ]  

τ ω ω

ϕ ϕ

τ τ

ϕ

y x

y x
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a a d
a

a v a u

a a Q d y
a

= − − −

− − +
2

55 45
0

0
55

3
45

3

55 45
0

33

( ) (

( ) ,

( ).

, ,
( ) ( )

, ,  

) where ϕ  is known harmonic function with the 
symmetry ϕ ϕ( , ) ( , )x y x y− = , see Figure 4. 

 
 
 
 

   Once ,  ω  are determined, one needs 
superimpose suitable St. Venant’s solutions of 
[10] in order to cancel out the tip resultants 
which are induced by the above stresses. 

 
 
 
 
  

 
 
 

 
 
 
 
 

Fig. 3. A y-Laminated Rectangle, N=2. 
 

 
Fig. 4. The Function ϕ . 

   The stress solution that does not produce any 
tip loads become 
σ σ τ σ

τ ϕ ϕ

τ τ

x y xy z

yz y x

xz yz

Z z l

Z a
a

a a a
a

a x a y

Sym

= = = = −

= − + +

=

0

2

0

0 36
1

0
55 45

36

36
1 55 45

, ( ),

[ (

( ).

[ ]

, , [ ]

  

  )],  
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Referring to (9) the axis extension becomes 
u z v z w z Z a z l z( , , ) ( , , ) , ( , , ) ( / ).0 0 0 0 0 0 0 20 33= = = −  
The shear stresses τ yz  and τ xz  for Z0=1 are 
presented in Figures 5.  
 
 
 
 
 
 
 

 
 
 

(a) τ yz x y( , ) .                   (b) τ xz x y( , ) . 

Fig. 5. The Shear Stresses. 
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