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Abstract

Thispaperpresentsamethodologyfor cascading
uncertaintiesin input parametersthrougha CFD
model to obtainuncertaintyestimatesof output
flow variablesor outputfunctionalssuchaslift,
drag and momentcoefficients for airfoils. The
sensitivity equationmethodis usedto deriveflow
sensitivity equationswhicharethensolvedby an
adaptivefinite elementmethod.Sensitivity infor-
mationis thenusedto performuncertaintyanal-
ysis for turbulent flows over a backward facing
stepandoveraNACA 0012airfoil.

1 Intr oduction

In all practical CFD applications,parameters
governingthe flow areknown only to a certain
level of accuracy or uncertainty. Suchparam-
etersmay appearin boundaryconditions,fluid
properties,closurecoefficients,geometry, etc. In
many situationsthe effects of suchdatauncer-
tainties on the flow responseis negligible. In
othercasesit is not. From a designstandpoint,
assessingthe responseof the flow to theseun-
certaintiesis of primeimportance.We usesensi-
tivity informationto propagateuncertaintyin the
input datainto uncertaintyin the flow solution.
Initial work by Blackwell et al. [2] was limited
to theheatequationwith constantphysicalprop-
erties. Putko et al. [8] usedautomaticdifferen-

tiation to performuncertaintyanalysisof quasi-
one-dimensionalEuler equations. Recentwork
by the authorsdiscussessensitivity for laminar
flowswith variablepropertiesandfor k � ε mod-
elingof turbulentflows [10, 11,12, 13].

Thepaperis organizedasfollows. Theflow
equationsandboundaryconditionsarepresented
first. Next, thesensitivities andtheir usefor un-
certaintyanalysisaredescribed.The methodol-
ogy is thenappliedto flow over a backwardfac-
ing stepandaroundaNACA 0012airfoil. Uncer-
tainty estimatesareobtainedfor flow variables,
skin friction, andaerodynamiccoefficients. As
a by-product,the airfoil stability derivativesare
obtainedat little additionalcost.

Flow Equations

The flow regime of interestis modeledby the
time-averagedmomentumand continuity equa-
tions,

ρu � ∇u � � ∇p� ∇ ����� µ � µt �
	 ∇u
� ∇uT �� (1)

∇ � u � 0 � (2)

whereρ is thedensity, u is thevelocity, p is the
pressure,and µ is the viscosity. The eddy vis-
cosityµt is computedusingthek � ε turbulence
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model[7]:

µt
� ρCµ

k2

ε �
Thelogarithmicform of theturbulenceequations
is usedto preserve positivity [5]. This is equiva-
lent to thefollowing changeof variables:� � ln � k � and � � ln � ε � �
Thetransportequationsfor

�
and � are:

ρu � ∇ � � ∇ ����� µ
� µt

σk � ∇
���

(3)� � µ
� µt

σk � ∇ � � ∇ � �
µte��� P � ρ2Cµ

e�
µt

ρu � ∇ � � ∇ ����� µ
� µt

σε � ∇ � � (4)� � µ
� µt

σε � ∇ � � ∇ � � ρC1Cµe����� P� C2ρe�����
The constantsC1, C2, Cµ, σk, andσε areset to
thevaluesrecommendedby LaunderandSpald-
ing [7] andgivenin Table1.

Cµ C1 C2 σk σε
0.09 1.44 1.92 1.0 1.3

Table1 Constantsfor thek � ε model

A two-velocity scaleswall functionprovides
boundaryconditionsnearsolidwalls [11]:

u� �  y� for y�"! y�c
1
κ

ln � Ey� � for y�"# y�c � (5)

whereκ is the KármánconstantandE a rough-
nessparameter. The dimensionlessdistanceto
thewall y� andthedimensionlesstangentialve-
locity u� aregivenby:

y� � ρyuk

µ
u� � ut

u$%$ (6)

Thesewall functionsinvolvetwo velocityscales:
u$%$ , thefriction velocity, anduk, a velocity scale
basedon theturbulentkineticenergy definedas

uk
� C1& 4

µ k1& 2 � (7)

wherek is takenat theboundaryof thecomputa-
tional domain.Theboundaryconditionsfor k, ε,
andthemomentumequationsat a distancey � d
to thewall are:

∂k
∂n

� 0 ε � u3
k

κd
u � n̂ � 0 τw

� ρu$%$ uk �
Sensitivity Equations

The continuoussensitivity equations(CSE) are
derived by implicit differentiationof the flow
equations(1) and (2) with respectto parame-
ter a. Thus, not only do we treat the variable
u asa function of space,but alsoasa function
of the parametera. This dependenceis denoted
as u � x;a� . We define the flow sensitivities as
thepartialderivativessu

� ∂u
∂a andsp

� ∂p
∂a. The

derivativesof thefluid propertiesandotherflow
parametersaredenotedusinga ( ' ). The general
approachusedto derive the CSEis describedin
detailby Turgeonet al. [12]. For example,if the
parameterof interestis theclosurecoefficientC2,
thenthesensitivity equationsare:

ρsu
� ∇u

� ρu � ∇su
� � ∇sp� ∇ �)( µ't * ∇u

� � ∇u � T +� � µ � µt � * ∇su
� � ∇su � T +-,

∇ � su
� 0 �

A similarapproachis appliedto obtainthesensi-
tivity equationsof the turbulencevariables.Im-
plicit differentiationof the flow boundarycon-
ditions (Dirichlet, Neumannandwall functions)
yields the requiredboundaryconditionsfor the
sensitivities [12].

Finite ElementSolver

Theflow andsensitivity equationsaresolvedby
the sameadaptive finite elementmethod. Ele-
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ment matricesare constructedusing a numeri-
cal Jacobiantechnique.Whenneeded,stabiliza-
tion termsareaddedto thestandardGalerkinfor-
mulation. The accuracy of the solution is con-
trolled by anadaptive remeshingstrategy. In our
approacherrorsin all variables(includingsensi-
tivities) areanalyzedandcontribute to themesh
adaptationprocess.Error estimatesareobtained
by a local least-squaresreconstructionof theso-
lution derivatives[14]. The adaptive methodol-
ogy is usedto generategrid convergedsolutions.

Uncertainty Analysis

We considerherethat the flow solutiondepends
on someparametersa � � a1 � a2 � �.�/� � an � describ-
ing geometry, boundaryconditions,fluid proper-
ties,or flow model. If a hasa smalluncertainty
∆a, afirst orderTaylorseriesyieldsthefollowing
approximationof thevelocityuncertainty∆u:0

∆u
021 n

∑
i 3 1 4444

∂u
∂ai

� x � y;a� 4444
0
∆ai

0 � (8)

The uncertainty∆u on the flow responsecanbe
viewedasa worstcasescenarioin which theun-
certaintycontribution due to input uncertainties
∆ai all addup in absolutevalue. Otherformulas
for the uncertaintyyield moreoptimistic uncer-
taintyestimates[8].

Numerical Results

Backward FacingStep

Wefirst demonstrateour approachto uncertainty
analysisby applying it to turbulent flow over a
backward facing stepas studiedexperimentally
by Kim [6]. The Reynolds number is Re �
47� 625. The completestatementof the compu-
tationalmodelis foundelsewhere[11].

The uncertaintybound(8) is usedto propa-
gatethe uncertaintiesin the parametersCµ, C1,
C2, σk, and σε into the CFD solution. As a
first approximation,we considerthat theseco-
efficientsareaccurateto within onehalf unit of
the rightmostdigit. Table2 summarizesthe un-
certaintiesin thecoefficientsusedin the present

study. Notethatthe“accuracy” of thecoefficients
is probablylower thanthis.

∆Cµ ∆C1 ∆C2 ∆σk ∆σε
0.005 0.005 0.005 0.05 0.05

Table2 Uncertaintiesof theclosurecoefficients

Figure 1 presentsthe predictionof the hor-
izontal componentof velocity at x5 L � 8. The
selecteduncertaintiesin thecoefficientvaluesdo
notexplain thedifferencesobservedbetweennu-
mericalresultsandexperimentalmeasurements.
In fact,thepredicteduncertaintieson u arequite
small.
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Figure2 comparesthenumericalpredictions

of k, theturbulentkinetic energy (TKE), with its
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uncertaintybands,to the experimentalmeasure-
mentsof Kim [6]. Clearly, the predictionsare
poor, evenif weconsidertheuncertainties.

We now turn our attentionto the assessment
of uncertaintyin thepredictionsof theskin fric-
tion coefficient,a derivedquantity, definedas:

Cf
� τw

1
2ρ0U2

0

whereU0 is areferencevelocity. Theskinfriction
sensitivity is givenby:

C'f � τ 'w
1
2ρ0U2

0

Recall that Cf dependson the five closureco-
efficients. Which of theseparametersexertsthe
strongestinfluenceonCf is difficult to determine
by directcomparisonsof thesensitivities. A so-
lution to this problemis to scalethe sensitivity
valuesby the nominal (reference)valuesof the
parameter[2]. The resultingscaledsensitivities
have theform

∂u
∂a

a0 � ∂p
∂a

a0 etc.�
wherea0 is thenominalvalueof parametera. In

this way, comparing
∂Cf
∂a a0 with

∂Cf
∂b b0 is more

meaningfulsincethey both have the sameunits
evenif a andb donot.

The scaledsensitivities of Cf alongthe bot-
tom wall areplotted in Figure3. It shows that
Cf is mostsensitive to C1 andC2. Thesensitiv-
ities aremaximumfor x5 L around6 or 7, which
correspondsto the reattachmentpoint. On the
other hand, sensitivities are very small around
x5 L � 4 whereCf exhibits a minimum(seeFig-
ure 4). The prediction of Cf and its uncer-
tainty bandareplotted in Figure4. The uncer-
taintiesarelargerwherethescaledsensitivitiesof
Cf arelarger. Figure5 comparesthecontribution
of eachparameterto thetotal uncertaintyonCf .
As canbe seen,the largestcontribution is from
Cµ (becauseof its largeuncertainty)whereasthe
smallestis from σε. All parameterscontribute
significantly to the uncertaintyon Cf . The dis-
cussionwould not be completewithout a grid
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convergencestudy. Figures6 and7 presentthe
grid convergenceof Cf anda typical scaledsen-

sitivity, C1
∂Cf
∂C1

. Thesequantitiesarealmostgrid
converged,with only small differencesbetween
the two finestmeshes.Whenperforminguncer-
taintyanalysiswith verysmalldatauncertainties,
it is necessaryand important to reducenumer-
ical errors to negligible levels to ensurea rig-
orousuncertaintyassessment.This is not com-
pletelyachievedhereevenwith ourmeshadapta-
tion strategy. However, the numericalerrorsare
smallerthanthepredicteduncertainties.Weend
the discussionof this exampleby looking at the
uncertaintyonthelocationxr of thereattachment
pointwhichisdefinedasthepointwhereu � 0 on
thelowercomputationalboundarymodeledwith
a wall function. Thematerialderivativeof u fol-
lowing the re-attachmentpoint whena changes
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signmustbezero:

Du
Da

� 0

which implies

∂u
∂a

� ∂u
∂x

∂xr

∂a
� 0

yielding the following expressionfor the sensi-
tivity x'r :

x'r � � su
∂u
∂x
�

The predictionof xr is about6 � 3L (L being the
stepheight),with anumericalerrorof about0 � 1L,
whereastheexperimentalvalueis xr 5 L � 7 9 0 � 5[6]. Numerical results at x � 6 � 3L are sum-
marizedin Table 3. Scaledsensitivities su and
x'r indicatethat parametersC1 andC2 exert the
strongestinfluenceon xr . A 1% changein these
parametersresultin a 0 � 2L changein xr . Notice,
that all parametersexcept σε contribute signifi-
cantlyto theuncertainty∆xr . Contributionsof Cµ

and σk are due to their larger uncertainty. The
total uncertaintyon xr 5 L is 0.37, which means
that the predicteduncertaintybandoverlapsthe
uncertaintyband of the experimentalmeasure-
ments.

NACA 0012airf oil

TheCSEis now usedto produceuncertaintyes-
timatesof lift, dragandmomentcoefficientsof a
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Fig. 6 Backward facingstep: grid convergence
of Cf

Cµ C1 C2 σk σε
su 2.74 -1.25 0.97 0.144 -0.015
scaledsu 0.245 -1.80 1.86 0.144 -0.020
x'r -31.1 14.2 -11.0 -1.64 -0.173
scaledx'r -2.80 20.4 -21.1 -1.64 -0.225
∆xr 0.156 0.071 0.055 0.082 0.009

Table3 Backwardfacingstep:uncertaintyonxr

NACA 0012airfoil dueto uncertaintiesin its an-
gle of attack. An earlierstudyof sensitivities of
airfoils wasmadeby Godfrey et al. [3] for lami-
narflow. It is well known thatthestandardk � ε
modelwith wall functionssuffersfrom deficien-
ciesfor predictingsuchturbulent flows. Hence,
thepresentresultsshouldbeviewedasademon-
strationof the CSEandits applicationto uncer-
tainty analysis.Sensitivity equationscanbe de-
rivedfor otherturbulencemodelsbettersuitedto
airfoil aerodynamics[4].

Computer memory considerations have
forced us to use a computationaldomain of
smaller size that is customaryin airfoil aero-
dynamics. The computationaldomain is a
rectangularbox extending 10 chordsupstream
and 3 chords downstreamof the airfoil; and
8 chords above and below the airfoil. This
choicewill inducean error in the airfoil force
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of C1
∂Cf
∂C1

coefficients, especiallyon drag. It is a well
documentedfact that the location of the outer
boundaryof thedomaininducesanerror in drag
that is orderedin 1

Lb
, whereLb is the distance

from the airfoil to the outer boundary. See
Roache[9] andZingg[15] for furtherdiscussion.

We reiteratethat in light of the above obser-
vations,resultspresentedin this sectionshould
be viewed asan illustrationof the proposedap-
proachto uncertaintyanalysis.They do not con-
stitutequantitativepredictions.

The angleof attackis studiedasa valuepa-
rameterin the inflow boundaryconditionsgiven
by:

u � U0cos� α � (9)

v � U0sin� α � � (10)

Wall functionsprovide boundaryconditionson
the airfoil boundaryandareusedto extract sur-

faceforcesusingthefollowing relationships:

uk
� C

1
4
µ ; k

y� � ukd
ν

u� � 1
κ

logEy�<
u$=$ � 1

u�?> Utx

Vty @<
τw

� ρuk
<
u$%$

> τwx

τwy @ � ρκC
1
4
µ

; k

log EC
1
4
µ d
ν ; k

> Utx

Vty @
<
F � A

C

� <τw
�

p
<
n� dl

> Fx

Fy @ � A
C > τwtx

�
pnx

τwty
�

pny @ dl

L � Fycos� α � � Fxsin� α �
D � Fxcos� α � � Fysin� α �<
M � A

C

<
OM B � <τw

�
p
<
n� dl

M � A
C

� x � 1
4 � � τwty

�
pnx � dl� y � τwtx

�
pny � dl �

In theseexpressions,τw is the wall shearstress,
that is the tangentialforce actingalongthe sur-
facefor the airfoil; tx andty arethe components
of the unit vector tangentto the airfoil; nx and
ny arethe componentsof the unit vectornormal
to the airfoil ;

<
F is the total force vectoracting

on theairfoil, D is thedrag,L the lift andM the
momentwith respectto the quarterchordpoint.
The lift, dragand pitching momentcoefficients
areobtainedasfollows:

CL
� L

1
2ρ0U2

0A
(11)

CD
� D

1
2ρ0U2

0A
(12)

CM
� M

1
2ρ0U2

0Ac
(13)

194.6



Sensitivity andUncertaintyAnalysisof AerodynamicFlows

whereρ0 andU0 arethe freestreamdensityand
velocityrespectively; A is thewing areaandc the
chordof theairfoil.

Sensitivity equationsarewritten for comput-
ing sensitivitiesof theflow with respectto thean-
gle of attack.Inflow boundaryconditionsfor the
sensitivitiesareobtainedby differentiatingequa-
tions(9) and(10)with respectto α:

Su
� � U0sin� α � (14)

Sv
� U0cos� α � � (15)

Sensitivities of surface forces are obtainedby
differentiatingthe wall function relationsgiven
above with respectto the angleof attack. This
yields:<

Sp
� Sp

<
n<

Sτw
� ρ

uk

u�?> � 1 � 1
κu� � Sk

2 > Utx

Vty @� > SUtx

SVty @�@<
SCF � A

C

� <Sτw

� <
Sp � dl

SL
� dL

dα
� SFy cos� α � � SFx sin� α � (16)� Fysin� α � � Fxcos� α �

SD
� dD

dα
� SFx cos� α � � SFy sin� α �� Fxsin� α � � Fycos� α � (17)

S CM � d
<

M
dα

� A
C

� <
OM B � <Sτw

� <
Sp �D� <kdl

SM
� dM

dα
� A

C

� x � 1
4 � � Sτwty

�
Spnx � dl� y � Sτwtx

�
Spny � dl � (18)

The stability derivativesare the sensitivities
of the aerodynamiccoefficients. They are ob-
tainedby differentiatingequations(11) to (13)
with respectto α andby notingthat thedenomi-
natorsareindependentof α

dCL

dα
� SL

1
2ρ0U2

0A
(19)

dCD

dα
� SD

1
2ρ0U2

0A
(20)

dCM

dα
� SM

1
2ρ0U2

0Ac
(21)

whereSL, SD and SM areevaluatedfrom equa-
tions(16)-(18)

In the resultspresentedbelow, adaptationis
drivenby error estimateson the velocity, turbu-
lencevariablesandeddyviscosity. Thepressure
is not includedin the meshadaptationprocess.
This approachleadsto more clusteringof grid
pointsnearthe airfoil thanwhenpressureis in-
cluded. Auxiliary computationsincludingadap-
tation with respectto pressurerevealedthat ne-
glectingpressurein theadaptationprocesshasno
measurablenegativeimpactonthesolutionaccu-
racy. Figure8 shows the meshafter 5 cyclesof
adaptation.Figure9 shows the trajectoryof the
global errorsfor all solutionfields. It confirms
that our meshadaptationstrategy leadsto solu-
tion improvementsfor all dependentvariables.

VU
Y

XZ

Fig. 8 Finalmesh,adaptationwithoutpressure

Typicalgrid convergenceof thesurfacepres-
suredistribution is shown in Figures10 and11.
As canbe seenthe surfacepressureis grid con-
verged.

Similar resultsfor the lift, dragandmoment
coefficientsandtheirsensitivities,wereobserved
at all anglesof attack.Figures12 and13 present
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grid convergenceof theaerodynamiccoefficients
andtheirsensitivities.Notethatgridconvergence
is differentfor eachsensitivity [9].

Predictionof CL, CD andCM are shown in
Figures14, 15 and16 alongwith their sensitiv-
ities dCL

dα , dCD
dα , dCM

dα . The predictionsfor lift and
momentcoefficients are in agreementwith the
datafoundin Abbottetal. [1]. Thelevelsof pre-
dicteddragdo not agreewith thosereportedby
Abbott et al.. This might be dueto the reduced
extent of our computationaldomain. However,
trendsof CD agreewith thoseof the measure-
ments[1]. The predictedsensitivity derivatives
dCL
dα , dCD

dα , dCM
dα arein goodagreementwith theob-

servedslopesof thelift, drag,andmomentcoef-
ficientsof Figures14,15and16.

Finally, theuncertaintyin theangleof attack
is propagatedthroughthe CFD into uncertainty
bandsfor lift, dragandmomentcoefficients.For
illustration purposesand for simplicity we use
∆α0

� 1 degreeat all anglesof attacks.SeeFig-
ures 14 to 16. Variationsin the width of the
uncertaintybandsare causedby changesin the
magnitudeof the sensitivities. In particular, the
dragcoefficient hasa zerosensitivity at zerode-
grees.Hence,theuncertaintyalsovanishesatthis
angle.

Conclusions

TheCSEis usedto performuncertaintyanalysis
on the standardk � ε modelof turbulence. The
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Fig. 10 NACA0012: Grid convergenceof sur-
facepressureat α � 4 degrees

methodcanpredictuncertaintyestimatesof flow
variables(velocity, pressure,turbulentkineticen-
ergy), of derived quantities(skin friction) or of
integral quantities(lift, dragandmomentcoeffi-
cient).Themethodologywasappliedto turbulent
flow overabackwardfacingstepto assesstheef-
fectof uncertaintiesof theclosurecoefficientson
flow predictions:velocity, TKE andskin friction.
Themethodologywasalsoappliedto predictun-
certaintybandson the lift, dragandmomentco-
efficientsof NACA 0012airfoils for anglesof at-
tackrangingfrom 0 to 10degrees.
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