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Abstract

An analytical solution has been devel-
oped to investigate the buckling and
postbuckling behaviour of anisotropic
plates under biaxial compression and shear
loads.The nonlinear differential equations
are expressed in terms of the out-of-plane
displacement and the Airy stress function
and solved, in conjunction with the
Galerkin method, in the case of symmetric
laminates under various boundary condi-
tions. The results obtained show  how
boundary conditions and shear load direc-
tion affect postbuckling behaviour. A new
and original test facility was built in
order to apply simultaneously both biaxial
compression and shear load. A good corre-
lation between theoretical analysis and
experimental results has been obtained.

I. Introduction

Several analytical and experimental
works are available regarding buckling of
compo?igg) panels under combined
loads ; theoretical analysis can pre-

dict the buckling load when combined loads
are applied. However, in most of cases the
experimental results reported are relative
to wuniaxial compression or shear 1load
only; very few papers report results in
which a combination of the(§y8)loads was

applied. In previous works the au-
thors determined the buckling 1loads of
laminated cylindrical shells by solving

the Donnel-type linear equations in con-
junction with the Galerkin method; both
the simply supported and fully clamped
boundary conditions were taken into con-
sideration. The ALPATAR computer program
was developed for any unsymmetric and un-
balanced laminates working out the set of
linear algebric equations in the form of
an eigenvalue problem.

The experimental results reported in
literature show a noticeable postbuckling

behaviour of the composite panels before
failure. The 3n36yii al results reported
Fallt (F730YTEY

in literature generally concern
anisotropic panels with various boundary
conditions subjected to uniaxial or
biaxial 1loading or simply supported
anisotropic panels under biaxial compres-

sion and shear loading; experimental
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results on the buckling and postbuckling
behaviour of anisotropic panels under com-
bined load have not been found. On the
basis of these considerations, a new test
facility was built at the Technical Uni-
versity of Turin in order to apply simul-
taneously both biaxial compression and
shear load.

Furthermore, this paper presents an ana-
lytical solution developed to investigate
the buckling and postbuckling behaviour of
simply supported and/or fully clamped
anisotropic plates under biaxial compres-
sion and shear loads. The out-of-plane
equilibrium and compatibility nonlinear
differential equations of an anisotropic
plate are expressed in terms of the trans-
verse displacement and the Airy stress
function, equations which reduce to the
well known ones originally developed by
Von Karman in the case of isotropic plate.
In the case of an anisotropic and symmet-
ric laminate, the two equations have been
solved in conjunction with the Galerkin
method. The nonlinear set of equations is
converted into a linear sequence by using
the modified Powell hybrid method. The
POBUCK computer program has been developed
to determine the buckling load and the
out-of-plane displacement in the
postbuckling phase. The results obtained
are in a very good agreement with the few
analytical results available in literature
and in good agreement with the experimen-
tal results obtained in our laboratory.

II. Theoretical Analysis

An analytical solution has been devel-
oped for the buckling and postbuckling
behaviour of anisotropic plates under

biaxial compression and shear loads. For
many engineering applications the ratio of
inplane dimensions to thickness is often
agreater than 30; in such cases transverse
shear deformations are not significant for
practical - laminates; thus, in a first
stage, the shear deformation is not in-
cluded in the buckling analysis. The plate
thickness is denoted by h and the in plane
dimensions by a and b; the laminate is
symmetric and composed of an arbitrary
number of layers with arbitrary fibre ori-
entation in each layer; the midplane
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displacements in the x, y and z directions
are denoted by u, v and w, respectively.
The Von Karman kinematic relations are
assumed for the strain~ displacement rela-
tions; the Airy stress function is intro-
duced to describe the in-plane loads per
unit width:
Ny = Vi Nyy = =¥y (1)
The following, and othe¥i3?ondimensional
parameters are introduced :

E=x/a; n=y/b; A=a/b; U=u/h; V=v/h; W=w/h;

F=V/(B,,h%); [A~]=[A]/A,); [D"]=[D]/ (Ay,h”)
_ 2,2 PN 2,3
(V= (N} (b°/h2, )i )= {M} (b7/07A, )

where A and D are the extensional and
bending stiffnesses of the laminate and N
and M the force and moment resultant.

By using the principle of the stationary
value of the total potential energy, the
out-of-plane equilibrium equation associ-
ated with the plate compatibility equation
give the following set of differential
equations, in nondimensional form:
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where [A* ] = [A"] Both the simply sup-
ported (BC-1) and fully out-of~-plane
clamped (BC-3) boundary conditions are
taken into consideration; the following
conditions should be satisfied:
BC-1)
at £= 0,1: W=M_=0; F, = B ;s F,.. = =-»n_._.
_ e nn_ 2¢ ' En_ T &n
at n= 0,1: W—Mn—o, F’EE"'Xnn’ F'En— xngn.
(3)

BC-3)
at = 0,1: W=W, =0 F,,n=g¢ ; Fopy= —ang,
at n =0,1: W=W, =0; F,.,=Xn ; F, = -n;/_

The solutions to the governing equations
(2) have been assumed to take the follow-
ing form:

2
F=ngn /2+nn(xg)2/2—xn€ngn+22anxm(g)yn(n)

W= Ixc 6 (&n). (4)

where ny , n and n are the nondimen-
sional applied external loads and:

Xm(g)=coshsmg —cosemE -um(51nh5m£ —51n5m£)
Yn(n)=cosh€nn -cose M —an(51nhenn -51nenn)

are the characteristic beam functions cor-=
responding to a beam clamped at each end;
the values of the constants ¢_ and o_ have
been determined with a precision up To 16
digits.

While the Airy stress function vremains
the same for both the boundary conditions,
the following functions were used for the
out-of-plane W:

BC-1) 6 =sinmrgsinnmn;
BC-3) 6, =X (£)Y  (n) (5)

Likewise, solutions for two other bound-
ary conditions were obtained by consid-
ering the opposite ends to be clamped and
the sides simply supported (BC-2) and then
viceversa (BC-4).

The constitutive equations,
associated boundary conditions, were
solved using the Galerkin method. Second
and third- order integrals of the type

with the

1
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2 2
XX pXdEi X X X dE;

m pTi
(and many others) appear in the Galerkin
coefficients; the apex i denotes a deriva-
tive of order i with respect to the ¢-co-
ordinate. These integrals also hold for
functions Yi with n replacing £. While the
second?9§der integrals were analytically
solved , the third- order integrals have
been numerically determined using the ABA-

CI "Scientific Desk" Software.

The POBUCK computer program has been
developed for working out the set of non-
linear equations in by an iterative

scheme. First the system is made linear by
eliminating the nonlinear terms; then the
buckling 1load and the corrisponding
eigenvector are determined in the form of
an eigenvalue problem. This eigenvector is
used in the nonlinear system as the start-
ing point of the iteration for determining
the postbuckling out-of~plane dispacement
at certain loads. The ABACI "Scientific
Desk" Software has been used to solve the
nonlinear equation based on the modified
Powell hybrid method. The software POBUCK
operates on IBM PS2, or higher, requiring,
with 36 terms, about 5 minutes of CPU by

using an NDP Fortran.
The buckling theory developed in the
present paper is based, at the moment, on

the bifurcation c¢riteria- i.e. that no
transverse displacement occurs with in-
creased load until a critical 1load is

reached; however, when an initial imper-
fection exists, the deflection of the pan-
el increases with the load and converges
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with the postbuckling path determined by
the bifurcation criteria at values of the
load higher than that of buckling. A new
theoretical analysis 1is 1in progress to

include the effects of initial imperfec-
tions.
Numerical Results

First a comparison on the postbuckling
behaviour of anisotropic panels has been
made between the analytical results ob-

tained with the POBUCK computer program
and the results found in literature.
Results for sguare boron/epoxy plates
under combined.unilgyd biaxial cgmpre;sion
and shear loading are ghown in Fig.1;
the panel, with (+45/-45") lay-up, is
assumed to be simply—suppor%ed along all
edges. The material properties used for

the computations are: E,/E_=10; v__=0.3;
G..,/E,=0.25. The results correlate very
well with those originally obtained by
Zhang and Matthews (also for panels with

different fiber angles and aspect ratios).
In particular, the transverse load and the
positive or negative direction of the
shear load affect to a great degree the
behaviour of anisotropic laminates.

Negative shear

— — — Positive shear

B Present Theory

t | 1 1 1 1
1 W/h 2 3

FIGURE 1. Nondimensional central deflection
versus nondimensional shear load for square
plates with (£45°)4 lay-up under combined
shear and compressive loading (Ref.13).

Results for square graphi%fé?poxy plates
under uniaxial compression are shown
in Fig.2; the material properties used for
the computations are: E /E2=40; v__=0.25;
G /E2=0.5. The panel, %av1ng variocis fi-
bre orientation, is symmetric and unbal-
anced and considered to be simply=-sup-
ported or. clamped along all edges. The
simply-supported boundary conditions used
in the present analysis are different from
those used 1in the reference and then a

comparison is not possible. The results
correlate very well with those originally
obtained by Chia for clamped plates (also
under biaxial compression).
3
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FIGURE 2. Nondimensional central deflection

versus nondimensional compression load for
square plate with (6°) lay-up under uniax-
ial compression (Ref.10}).

square graphite/epoxy
orth?EE?pic plate under uniaxial compres-
sion are shown in Fig.3; the panel,
with (0/90) lay-up is considered to be
simply supported along all edges. The re-
sults correlate very well with those orig-
inally obtained in the reference using a
finite element analysis as well as with
the experimental results there reported.

Finally, results for square boron/epoxy
plates under combined uni and biaxial com-
pression and. shear loading are shown in
Fig.4; the panel, with (+45/-45")_ lay-up,
is assumed to be clamped along al edges.
The Material properties used for the com-
putations are the same of Fig.1. The re-
sults of Fig.1 are reported for simply
supported plates; however, a comparison is
no possible for clamped plates since simi-
lar results have not been found in litera-
ture. In particular, the results obtained
show how boundary conditions, besides
transverse load and the positive or nega-
tive direction of the shear load, affect
to a great degree the behaviour of
anisotropic laminates.

Results for a
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FIGURE 3. Central deflection versus com-

pression load for square plate with (0/90)g
lay~-up under uniaxial compression load
(Ref.14).
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FIGURE 4, Nondimensional central deflection

versus nondimensional compression load for
simply~supported and clamped square plate
with (£45°)4 lay-up under combined biaxial
compression and shear loading.

III.Postbuckling Results for Panel Under

Combined Biaxial Compression and Shear
Loads

Several experimental tests have been
carried out by the authors in the past on
flat composite panels under uniaxial com-
pression or shear load only; the panels
had several boundary conditions,lay-up and
shear( ?ad directions (positive and nega-
tive) However, in actual conditions,
aerospace panels are subjected primarily
to biaxial compression and shear load.
Since experimental results in this regard
were not found in literature, a new test-

ing machine has been built by the Italian
company AIP Studio in order to apply si-
multaneously both biaxial compression and

shear load (Fig.5). A maximum longitudinal
compression load of 490 kN, a transverse
compression or tension load of 196 kN and
a positive or negative shear load of 196
kN can be applied to panels with dimen-
sions lower than 1000 by 700 mm. The fa-
cility has been predisposed to apply (in
the future) tension loads in the 1longitu-
dinal direction also, as well as fatigue
loads (in this case at half values of the
above loads).

The load and supporting frames are made
of steel alloy and 2024 aluminium alloy.
Longitudinal load is applied by two sepa-
rately controlled servo-actuators; a dis-
placement control is used to maintain the
panel ends parallel to each other, their
angular rotation controlled to zero with
an accuracy of 0.001 degrees. Transverse
load is applied by two separately con-
trolled servo-actuators to mantain the
panel sides parallel to each other; the

transverse load application system floats
in order not to interfere with the longi-
tudinal and shear loads. Shear load is
applied to the bottom end of the panel by
one servo-actuator The test rig is com-
pletely 1loop controlled via electronic
modules closed by 9 transducers. The test
rig can apply different 1load configura-
tions than those reported above, since the
actuators can apply both tension and com-
pression loads independently of each oth-
er. The frame test fixture used for apply-
ing loads to the panel is composed of two
L steel rails bolted to the four edges of
the specimen and to the flat ends of the
testing machine; the panel was assumed to
be clamped along all edges.

Several experimental tests were first
carried out on a flat panel to verify the
buckling load correlation between the ana-
lytifa} results obtained using the ALP%E?R
code , and experimental results .
These experimental results are reported in
this paper and compared with the analyti-
cal results obtained with the present the-
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FIGURE 5. The new testing machine to apply simultaneously longitudinal compression,
transverse compression or tension and positive or negative shear loading.

ory by using the POBUCK code. Several ex-
perimental tests were then carried out on
a second flat panel to analyze the
postbuckling behaviour and the correlation
between the analytical results obtained
using the POBUCK code and the experimental
results.

The panels were manufactured by using
graphite epoxy material, vacuum bagged and
autoclave cured. Geometrical data are re-
ported in Table 1 and Table 2 for panels
N.1 and N.2, respectively.

either linear or

ro-
sette, were back to back bonded to several

49 strain gauges,

points of the the panel in order to mea-
sure in plane strains. Out-of-plane dis-
placements were monitored using the shadow
moiré method, and fringe patterns were re-
corded by a camera to obtain a gqualitative
behaviour. Furthermore, 9 inductive trans-
ducers were placed 1in contact with the
panels at different points in order to
measure the displacement values.

Lay—up:(+452/04/—452/902)3S; thickness=7.74 mm; a=880 mm; b=580 mm.

E1=218.3 GPa; E2=6.97 GPa; G12=4.0 GPa; v12=.305
Applied Load Buckling Load per unit width [N/mm]
Ratio Analytical Experimental
Present theory Membrane strain Southwell
constant Method

N, /N, N, /Ny Ny /Ny N, N, Ny N, N, Ny N,
-1 0 0 -857 0 0 -846 0 0 ~936
-1 -.2 =708 -142 0 -775 =155 0 -798
-1 -.2 +.5 -575 =115 287 -550 -110 275 =578
-1 -.4 0 -552 =221 0 -560 -224 0 ~612
-1 -.4 +.5 -475 =190 238 -450 -182 228 =478

TABLE 1: ANALYTICAL AND EXPERIMENTAL RESULTS FOR CLAMPED PANEL N.1
UNDER COMBINED BIAXIAL COMPRESSION AND SHEAR LOAD.
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Lay up:(—45/04/+45/90)3s; thickness=5.52 mm; a=877 mm; b=577 mm.

El=209.3 GPa; E2=6.89 GPa; G12=4.26 GPa; v12=.305
Applied Load Buckling Load per unit width [N/mm]
Ratio Analytical Experimental
Present theory Membrane strain Southwell
constant Method
N_/N N_/N N N N

x/Vx y/ X xy/ X X Ny ny Ny Ny ny Ny
-1 0 =297 0 0 -285 0 0 -305
-1 -.4 0 =166 -66 0 -153 =~61 0 ~164
-1 -.4 +.5 =160 -64 +80 -145 =58 +73 ~-153
-1 -4 -=.5 =143 -57 =71 -125 =50 -63 ~148
TABLE 2: ANALYTICAL AND EXPERIMENTAL RESULTS FOR CLAMPED PANEL N.2

UNDER COMBINED BIAXIAL COMPRESSION AND SHEAR LOAD.

Several tests were carried out on the
panels: uniaxial compression, biaxial com-
pression, biaxial compression and shear
load. Shear load was applied to the first
panel only in the positive direction. A
summary of the results are reported 1in
Tables 1 and 2, together with the theoret-
ical buckling load obtained through the
analysis reported in paragraph II. The
loads per unit width are reported. The
critical load at which the panel displayed
buckling was defined by load versus strain
curves as the value at which the membrane
strain does not increase further. For
thick panels like those tested, it is more
appropriate to use membrane strain instead

of the value at which surface strain re-
versal occurs. Results are also reported
for the buckling loads obtained from ex-
perimental load deflection via the
Southwell method.

Experimental results obtained for the
panel N.1 under biaxial compression and
shear are reported in Fig.6; transverse

and shear loads are, respectively, 40% and
50% of the longitudinal load. The applied
load is reported as a function of two back
to back strain gauges placed at mid length
and mid width). The membrane strain is
also reported. Buckling occurred in one
main half wave at a longitudinal load of
261 KN (450 N/mm), 5% lower the theoreti-
cal value obtained with the POBUCK code.
At this value, there was no further in-
crease in membrane strain at half width,

both at half 1length and gquarter length
from the bottom and top edges.However,
strain gauges placed near to the sides

increase in the mem-
brane value; surface strains generally
showed a reversal at a lower 1load. The
out-of-plane displacement, as monitored by

still registered an

the shadow moiré, is reported in the same
figure and the effective longitudinal load
in kKN is also shown. A 47% reduction in
the longitudinal buckling load was ob-
tained, as an effect of the combined
loads, with respect to the uniaxial com-
pression test. More details on the results
of this panel are reported in (12).

An initial imperfection was measured on
the second panel with a maximum deflection
of 1.18 mm in the centre. Experimental
results obtained for this panel under
biaxial compression are reported in Fig.7;
transverse load is 40% of the longitudinal
load. Owing to the presence of an initial
imperfection, strains measured by back-to-
back gauges were not uniform with the load
from the start. Buckling occurred in one
half wave at a load of 88 kN (153 N/mm),
8,5% lower the theoretical value obtained
with the POBUCK code. At this value, there
was no further increase in membrane strain
at half width, at half length and guarter
length from the bottom and top edges. How-
ever, strain gauges placed near to the
sides still registered an increase in the
membrane value. Using the Southwell meth-
od, the experimental buckling 1load co-
incide with the theoretical value. The
out-of-plane displacement recorded in the
centre of the panel 1is reported as a func-
tion of the applied 1longitudinal 1load;
both the experimental results and the ana-
lytical results obtained (with 16 terms)
through the present analysis can be seen.
As expected, the presence of an initial
imperfection meant that the experimental
transverse displacement increased with the
load from the start. Indeed the theoreti-
cal results, based on the bifurcation cri-
teria assume zero deflection up to the
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FIGURE 6. Experimental load-strain curves
and shadow-moiré patterns of the clamped
panel N.1 under biaxial compression and
shear loading (N =40% N_; +N =50% N )
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FIGURE 7. Experimental load-strain curves
(above) and analytical and experimental
central deflection (centre) of the clamped
panel N.2 under biaxial compression loading
(Ny=40% Nx)
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buckling load. However, in the postbuck=-
ling phase, the analytically determined
out-of-plane displacement are not con-
verging with the experimental path; at a
load 40% higher than buckling, the experi-
mental transverse displacement curve in-
tersects the analytical one and diverges
from it. This intersection seems due to
the initial imperfection and to the
anisotropy of the panel with respect to
the classical behaviour of isotropic one.
Experimental results obtained for the
panel under biaxial compression and posi-
tive or negative shear load are reported
in Fig.8 and 9, respectively; the trans-
verse and shear loads are, respectively,
40% and 50% of the longitudinal load. The
same behaviour of the former tests has
been recorded. As it is very clear from
these results, the effect of the shear
load, as  difference with the previous
test, is not so high as reported in Fig.1l

and this is mainly due to the panel
lay-up.
IV. CONCLUSION
With the new testing machine manufac-

tured for the simultaneous application of
combined loads, it has been possible to
verify for the first time the correlation
between theoretical analysis and experi-
mental results on the  buckling and
postbuckling behaviour of fully clamped
composite panels under combined biaxial
compression and shear loads.

Test results for composite panels under
combined loads correlate well with theo-
retical results when anisotropic
stiffnesses and boundary conditions are
adequately ‘considered. In particular,
transverse and shear loads can affect con-
siderably the 1longitudinal buckling load
with respect to the uniaxial compression
load. In addition, buckling 1load is af-
fected by shear 1load direction and
postbuckling displacement behaviour is
significantly affected by an initial im-
perfection in the panel. Although the
present theory cannot yet determine the
exact effects of such imperfections, it is
adequate for predicting the out-of-plane
displacement of anisotropic clamped panels
when the applied load is more than 100%
above the buckling load. Work is in pro-
gress to include the effects of initial

imperfections and load eccentricity.
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