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Abstract

In this paper, the effects of model
reduction on the stability boundaries of
control systems with parameter variations,
and the limit cycle characteristics of
nonlinear control systems are inves-
tigated. In order to reduce these
effects, a method is used which can
approximate the original transfer function
at =0, S=», and also match some selected
points on the frequency response curve of
the original transfer function. Examples
are given, and comparisons with the
methods given in current literature are

made.

I. Introduction

In current literature, most of the
methods for model reduction are based upon
the assumption that the system has con-
stant parameters and take care of the
errors between the step-input (or fre-
guency) responses of the reduced models
and the original transfer function.
Therefore, the methods for reducing the
effects of model reduction on either the
stability boundaries of systems with par-
ameter variations or the limit cycle
characteristics of nonlinear control
systems (9) are still wanted. For
example, the Padé approximations (1-5) are
taking at S=0; thus the stability boun-
daries or the limit cycle characteristics
of a closed-loop system with a reduced
model may be deviated considerably from
Although
some other methods taking approximations
at both S=0 and S=«,
suggested (6-8),

those of the original system.

or at S=a (a>0), were

the aforementioned
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characteristics may also be deviated con-
siderably from those of the original
system when reduced models are used.

In this paper, first the effects of
reduced models on the stability boundaries
of systems with parameter variations and
the limit cycle characteristics of non-
linear control systems are illustrated,
and then a method for reducing these
effects is proposed.

ITI. Effects of Model Reduction on Stabi-
lity Boundaries and Limit Cycle

Characteristics

In this section, numerical examples
are presented to show that, when reduced
models are used both the stability boun-
daries and the limit cycle characteristics
of control systems are deviated consider-

ably from the original ones.

(i) Stability Boundary

Consider the system shown

Example 1.

in Fig.l where r=0.3, o and B are two
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Amplifier
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Fig.l Bolck diagram of a missile control
system.

parameters. The nonlinear elements Nl and
The
transfer functions are defined as follows

(9):

N, are neglected for this example.
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Cr(8)= e ey 5-T ISy (2.1)
6g ()= —— 2750 (2.2)
s%+42. 2542750
2 2
_ (8%4708+4000) (52+225+12800)
Ggp(8)= 45 . (2.3)
(S2+308+5810) (S2+305+12800)

T(5)=[0.686(S+53) (S-53) (52-152.25+14500)
(52+4153.85+14500) 1/[ (S2+5+605)
(5%+45.55+2660) (52+2.515+3900)

(5°%+3.995+22980) ] (2.4)

Applying the modified Padé approxima-
tion method, the reduced model of T(S) is
found as

_ 4
Ml(S)—R[3,5]6(S)
=[0.686(s~lll.3723)(Sz+32l.l8288+
38950.873)]/[(Sz+l.29828+401.8666)

(52+152.17485+28159.032)

(S+107.7370) ] (2.5)

where the symbol R[q,r]%(s) represents a
reduced model with g-zeros and r-poles,

and it is obtained by continued-fraction
expansion of T(S) about S=0 and S=x for i
and j times, respectively. The Nyquist

polts of T(S) and the reduced model Ml(s)
are shown in Fig.2. The stability

—&— T (5)
—— W, (9)
—0— M; (S)
—x— Ci (S)
(S
(S)

-.08 -.06 -.04

Fig.2 Nyquist plots of T(S) and its

reduced models.

boundaries of the original closed-loop
system and the system with reduced model
Ml(S) are shown in the o versus B plane as
shown in Fig.3, where the stable region is
to the right-side of each of the
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Fig.3 Stability boundaries of the system
with T(S) and its reduced models.

boundaries along the arrow direction. It
can be seen that the stable region is
reduced when Ml(s) is used. In other
words, due to the effects of parameter
variations a stable system may become
unstable if an improper reduced model is

used.

(ii) Limit Cycle

Example 2. Consider the system‘shown
in Fig.l. Let the parameters o, B and r
be 18, 90 and 0.3, respectively. By use

of the describing function method and the
parameter space method (9), a limit cycle
can be found. The amplitude and frequency

of the limit cycle are at

Al = 1.50256 (2.6)
A2 = 0.6841 (2.7)
and wy = 54.844 rad/sec (2.8)

respectively, Replacing T(S) by Ml(s) as
defined in Eg.(2.5), the limit cycle
characteristics are obtianed as shown in
Table I. It can be seen that the limit
cycle characteristics are changed when the
reduced model is used. In other words,
the result of limit cycle analysis my be
incorrect if an improper reduced model is

used.

Consider the system shown

Example 3.



limit cycle Amplitudéé %Eé&héﬁzi”

Models A2 Al ml(rad/sec)
Original T(S) |]0.6841}/1.50256 54.844
Wl(s) 0.684111.50256 54,844
Cl(S) 0.401 [1.64019 50.191
Dl(S) 0.813 [1.60078 51.782
Ml(S) 0.777511.38277 18.513
Tl(S) 3.777 |1.26043 61.32

Table I

in Fig.4, where r=§=1 and the transfer
functions are defined as (10)

Xs=Ag sin wgt
. . Gear o 4 Sample
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Fig.4 Block diagram of an altitude
control system.
2
P(S)= 5 80 (S +0.68+0.0§4) (2.9)
(8°+0.0185+0.0053) (S“+1.65+80)
F(S) = 4504.5(s+4) (2.10)

(S+5.5) (546)  (5+7) (S+13)

G, (8) =L (72.6 (+0.1) (s+2.5) *(s+14) % (5+15)
(52+7.25+144) 1/0 (S+1.5) (5+1.1) 2
(S+30) (S+18) (S+35) (S+40) 2] (2.11)
i.e.,

G, (8)= 72.6[1-G__(S)] (2.12)

where
Gy (8)=[111.4(S+1.5700) (S+18.1854)
(S+21.2885) (S2+2.1137S+1.1687)
(5%+44,23245+690.2429) 1/[ (S+1.5)
(S+1.1) 2 (S+30) (S+18) (S+35) (5+40) 2]
(2.13)

By use of the modified Padé approxi-
mation method, a reduced model of Gcr(S)

is obtained as
N 5

MS(S)~R[4,5]5(S)
=[111.4(S%+2.00925+1.0646)

(82+45.6754S+684.6425)]/[(S+47.9733)

(s2+2.03308+1.0555) (S2+76.9885S
+1611.3303) 1] (2.14)

The Nyquist plots of Gcr(s) and MS(S)
are shown in Fig.5. The limit cycle
characteristics of the original system and
the system with reduced model M5(S) are
shown in Table II, which indicates that
the limit cycle characteristics are

changed if the reduced model is used.

Fig.5

Nyquist plots of Gcr(S) and its

reduced models.

Limit cycle aAmplitude| Frequency
Modles A5 ws(rad/sec)
Original Gcr(s) .335 17.8

ES(S) .335 17.8

BS(S) .2536 1.194

MS(S) .334 17.95
*

Tg (S) *
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(*: system 1is unstable)
Table 1II

ITI. The Proposed Method

Let the original transfer function
and the reduced model be

2
A21+A225+A23S +...4+A

i
By ¥R pSHTA S .

n-1
2nS

G(8)= (3.1)

+Al,n+ls

and
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respectively. 1In egn.(3.2), r and r-1
represent the numbers of poles and zeros
of R(S), respectively; i and j are the
numbers of times of the continued-fraction
expansion of G(S) about S=0 and S=w,
respectively; and Wyrlgreeo w are the
frequencies at which the frequency
response of G(S) are matched by R(S). The
procedure for finding the reduced models

is as follows:

Step 1. Expand G(S) about S=0 for i

(even number) times, i.e.
G(s) = L (3.3)
by * g
2 . 1
S .
* 1
+
Ei . HN(S)
S HD(S)

where
HN(S)
_ n-1-i/2

Bi+2,1MPi42,25% - %8540 n-i/08

(3.4)

and
Hp (8)
- n-i/2

Bis1,1%Pi41, 25 By n41-1/25

(3.5)

Step 2. Reverse the polynomial se-

guences in eqns.{3.4) and (3.5), and con=-

@inue to expand eqn.(3.3) about S=x for
j(even number) times yield

il L (3.6)
HD(S) ElS + 1 T
E2 +.
. 1
+ )
By * F ey
D
where
_ n-1-(i+3j) /2
PN = Byi542,n-(i49) /25
+.. 0% (3.7)

Ai49+42,25%Bi4g42,1

and

- n-(i+3) /2
Fp(8) = Aj 1541, ne1-(i+g) /25
+...+Ai+j+l,ZS+Ai+j+l'l (3.8)
Step 3. Let
m=-1 m-2
Ty (8) Yoy ST Y 8T Ty sy 3.0,
Tp(S)  x gMex g™ Ly, . 4x s+x
m m—-1 1 0
and with
v, =1 (3.10)

where m is the number of points on the
frequency response curve of G(S) to be

matched by R(S). Let
T, (S) F_(S)
=X =r + jm
T_(5) F_(S) k k
S=jmk S=jwk
k=1,2,...,m (3.11)
where r

Xk and m, are the real part and the
imaginary part of FN(S)/FD(S) for S=jwk,
respectively. Separating the real part
and the imaginary part in egn.(3.11), one
can obtain a pair of simultaneously
independent equations. Therefore, the 2m
unknowns Ym~2’Ym—3""’Yl'Y0'Xm’""Xl'xo
can be obtained by solving the 2m simul-

taneously independent equations.

F.(S)
Step.4. Replace FBT§T in egn.(3.6) by

egn.(3.9) and invert the continued-frac-
tion, the reduced model defined in eqn.

(3.2) is obtained. The order of the deno-

" minator of the reduced model is
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r = m+(i+3)/2 (3.12)

If both i and j are odd numbers, the
above equations may have some minor dif-

ferences.

IV. Applications of the Proposed Method

The main purpose of this section is
to apply the proposed method to those
systems considered in Section II, and to
show that the effects on the stability
boundaries and the characteristics of
limit cycles can be reduced. In addition,

comparisons with the methods given in



current literature are made.

(i) Stability Boundary

Example 4. Consider the system in

Example 1. The proposed method is applied
to reduce T(S) with frequency responses at
wl=54.844 rad/sec and wi=21.021 rad/sec
(the phase-crossover frequency of the
open-loop transfer function when the non-
linear elements Nl and N, are neglected

8 and r be 15,100

and 0.3, respectively) to be matched by

and the parameters o,

the reduced model. The result is

W, (S)=(wy,0])R[3,515(s)

=[0.686(S+24.6442) (5-40.9717)
(8+219.7768) 1/[ (S+28.5945)
(Sz+l.2351S+593.7862)(SZ+10.00188
+3191.7797) 1 (4.1)

By use of other methods, the reduced

models of T(S) are found as:

(a) Continued-fraction method (1)

_ 10
Cl(S)—R[4,5]O (s)

=[-2.44x10 % (5-61.3836) (S~67.5164)
(S%+81.50008+1748.6381) 1/
[ (S+41.3000) (S%+0.97005+605.9021)
(5%+25.40005+2447.8033) ] (4.2)

(b) Stability-equation method and Padé

approximation method (13)

Bl(S)=[—2.3873X10_2(S+38.1380)(S+l30.4869)

(52-101.23985+2997.6391) 1/
[(S+72.5638) (5240.915+602.1438)
(5%+12.42625+2902.0190) ] (4.3)

(c) Routh stability array method

T, (8)=[-1.5899x107 % (5+53) (S+150.2440)
(5-53) (S-157.0873) 1/
[ (S+161.1435) (5240.73485+611.5744)
(52+2.01045+3807.4562) ] (4.4)

The Nyguist plots of the reduced
models and the stability boundaries are
shown in Figs.2 and 3, respectively. It
can be seen that the stability boundaries
are very close to that of the original
system when the reduced model wl(s) is

used.

(ii) Limit Cycle

228

Consider the system in

by the
reduced models defined from egns. (4.1) to
(4.4),
are obtained as shown in Table I.

Example 5.
Example 2. Substituting T(S)

the characteristics of limit cycles
It can
be seen that both the amplitudes and the
frequency of the limit cycle can be pre-
served by the system with the proposed
model Wl(S).

Example 6. Consider the system in
Example 3. The proposed method is applied

to reduce Gcr(S) with the frequency

responses at w5=l7.8 rad/sec (the fre-
quency of the limit cycle) to be matched
by the reduced model. The reduced model

is obtained as:
_ 6
ES(S)—(MS)RE4.532(S)

=[111.4(S%+2.02398+1.0771)
(8%+44.73885+609.5408) 1/[ (5+26.0942)
(5242.04905+1.0685) (S2+97.9296S

+2635.9173) 1] (4.5)

By use of other methods, the reduced
models of Gcr(s) are found as:

(a) Stability-equation method (11)

By (S)=[17.2106 (8+3.7257) (S+2.5366)
(5241.90085+0.9753) 1/[ (S+0.9689)
(5242.64315+1.8027) (s°+14.0581s

+91.2592) ] (4.6)

(b) Routh stability array method

T, (5)=[17.5216 (S°+1.67415+0.7845)
(S%+7.25445+15.5663) 1/[ (S+0.7660)
(S242.48135+2.0201) (S%+13.84625

+138.9465) ] (4.7)

(¢) Continued-fraction method

_ 10
cgs%au,ﬂo (s)

=[-174.6522(S-73.4205) (S+1.5739)
(S%42.11375+1.1686) 1/ (S+1.5043)
(S%+2.19945+1.2094) (S2-159.29488

+13027.0677) ] (4.8)

The Nyquist plots of the reduced
to (4.7)

The characteristics

models defined from egns.(4.5)
are shown in Fig.5.
of limit cycles for the system with the

models are obtained as shown in Table II.
The results indicate that the limit-cycle



characteristics can be preserved when the
reduced model ES(S) obtained by the pro-
posed method is used. Note that CS(S)
obtained by the continued-fraction method
is unstable.

V. Conclusions

The effects of model reduction on
stability boundaries of control systems
with parameter variations and the limit
cycle characteristics of nonlinear control
The
applications of the proposed method to

systems have been investigated.

reduce these effects have been presented.
In comparison with the results obtained

by the methods given in current litera-
ture, the advantages of using the proposed
method are quite evident.

REFERENCES

(1) C. F. Chen and L. S. Shieh,
approach to linear model simplifica-
Int. J. Control, Vol.8, pp.
561-570, 1968.

V. Zakian,

"A novel

tion,"
(2) "Simplification of linear
time-invariant systems by moment
approximants,” Int. J. Control, Vol.
18, pp.455-460, 1973.

M. J. Bosley, H. W. Kropholler and
F. P. Lees,

(3)
"On the relation between
the continued fraction expansion and
moments matching methods of model
Int. J. Control, Vol.18,
1973,

"Order reduction of

reduction,"
pp.461-474,
(4) Y.

linear systems by Padé approximation

Shamash,
methods," Ph.D. dissertation,
Imperial College of Science and
Technology, University of London,
1973.

"Linear systems reduc-

London, England,

(5) Y. Shamash,
tion using Padé approximation to

allow retention of dominant models,"
Int. J. Control, Vol.21, pp.257-272,

1975.

229

(6)

(7)

(8)

{10)

(11)

{12)

{13)

S. C. Chuang,
tinued-fraction method for modelling

"Application of con-

transfer functions to give more
accurate initial transient res-
ponse," Electron. Lett., Vol.6, pp.
861-863, 1970.

Y. Shamash,
methods for the reduction of dis-

"Continued fraction

crete~time dynamic systems," Int. J.
Control, Vol.20, pp.267-275, 1974.
A. M. Davidson and T. N. Lucas,
"Linear-system reduction by con-
tinued~-fraction expansion about a
general point," Electron. Lett.,
Vol.10, pp.271-273, 1974.

K. W. Han,
systems — some practical methods,"
Academic Cultural Co., P.O. Box 255,
Santa Clara, Calif., 1977.

H. T. Liu and K. W. Han,
control system by use of Horowitz
method, "

"Nonlinear Control

"Design of
Trans. of the Aeronautical
and Astronautical Society of the
Republic of China, Vol.9, pp.163-191
1976.

T. C. Chen, C. Y, Chang and K. W.
Han, "Reduction of transfer func-
tions by the stability-equation
method," J. Franklin Inst., Vol.308,
pp.389~-404, Oct. 1979.

V. Krishnamurthy and V. Seshadri,
"Model reduction using the Routh

" IEEE Trans.
pp.729-

stability criterion,
Automat. Control, Vol.AC-23,
731, Aug. 1978.

T. C. Chen, C. Y. Chang and K. W.
Han, "Model reduction using the
stability-equation method and the
Padé approximation method," J.
Franklin Inst., Vol.309, pp.473-490,

1980.



