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Abstract  

The effect of the wake of a leading aircraft on a 

following aircraft is demonstrated by 

calculating the rolling motion consisting of 

three terms: (i) the free rolling motion due to 

initial bank angle and roll rate; (ii) the forced 

wake response due the rolling moment induced 

by the wake encounter; (iii) the forced control 

response due to aileron deflection to counter the 

wake vortex effects. It is shown that in the 

absence of control action, the roll rate of the 

following aircraft goes through a peak, and then 

decays, leading to a constant asymptotic bank 

angle; the latter is a measure of the magnitude 

of the wake effect, e.g. is larger for weaker 

damping. The exact analytical solution of the 

roll equation appears as a power series of a 

damping factor, whose coefficients are 

exponential integrals of time. The theory is used 

to simulate 15 combinations of wake vortex 

encounters between leading and following 

aircraft in the 5 ICAO/FAA weight categories: 

light, medium, heavy, special (B757) and very 

large (A380).   

1 Introduction  

The separation between aircraft due to wake 

effects determines aircraft spacing at the take-

off and landing, and hence runway and airport 

capacity. This is the motivation for the current 

research on the topic [1-6]. The separation rules 

of ICAO and FAA are empirical, and can be 

compared with a formula for the separation 

distances [7]. The method to deduce the 

separation distance can also be applied to 

aircraft response to wake effects [8]. There is an 

extensive literature on wake effects [9-22] as 

early references. The response to wakes is 

affected by the application of controls and 

damping effects that are considered in the 

present paper, as an extension of an earlier 

analytical theory [8]. The starting point is the 

derivation of the rolling moment equation 

(section 2), whose exact analytical solution 

(section 3) is applied to vortex wake encounters 

for 15 combinations of leading and following 

aircraft (section 4).  

 The rolling moment equation (Section 2) 

involves the rolling moment due to the wake 

(sub-section 2.1) and the control moment due to 

aileron deflection (sub-section 2.2). Balancing 

the latter two specifies the aileron schedule that 

would exactly compensate wake induced roll 

effect (sub-section 2.3). Often the latter effect 

exceeds the available roll control power, either 

in terms of maximum deflection or maximum 

rate and in this general case the roll response of 

the following aircraft must be considered 

(Section 3). The rolling motion of the following 

airplane will consist of: (i) a free response to 

arbitrary initial condition (sub-section 3.1) as 

regards bank angle and roll rate; (ii) forced 

response to the wake encounter and aileron 

deflection (sub-section 3.2). Both responses will 

be affected by the aerodynamic damping (sub-

section 3.3), especially for longer times. The 

application to vortex wake encounters (Section 

4) starts with a detailed discussion of a 

particular case (sub-section 4.1), namely leading 

and following aircraft of the same special 

weight class (B757-200). Retaining the same 

following aircraft (B757-200) the comparison is 

made (sub-section 4.2) with leading aircraft of 

the other four categories, namely light (Jetstar), 
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medium (B737-200), heavy (B747-100) and 

very large (A380-100). Finally the same set of 5 

leading aircraft of each weight class is 

considered for two other cases of following 

aircraft (sub-section 4.3), namely light and 

heavy.  

2 Rolling moment equation for vortex 

encounter  

2.1 Rolling moment induced by a vortex pair 

The main effect of the wake of a leading aircraft 

on a following aircraft is to induce [7]
 
a rolling 

moment: 
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the chord is a linear function of spanwise 

coordinate [8] for a trapezoidal wing 
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where the mean geometric chord c  and taper 

ratio   are specified by the root rc  and tip tc  

chords: 
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It remains to specify the downwash  yw , that 

depends [23, 24]  on the vortex model assumed. 

For an Hallock-Burnham (HB) vortex [25]
 
the 

tangential velocity is given by: 
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where the vorticity may be introduced [26]
 
for 

the peak velocity at the vortex core radius: 

  aawwa 4/4/ 00max0  .    (5) 

Instead of a single HB-vortex: 
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the wake of the leading aircraft is represented by 

a pair of possibly dissimilar counter-rotating 

HB-vortices, with vorticities r , l , core 

radii lr aa ,  and axis at lr yy ,  parallel to the 

flight path: 
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and lying at the same altitude. Substitution of 

(2) and (7) in (1) specifies the rolling moment 

for any spanwise vortex pair position, i.e. either 

vortex within, outside or partly inside the span 

of the following aircraft. 

 The rolling moment (1) is specified by:
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The rolling moment is thus given by: 
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where rh  is a dimensionless encounter factor: 

  rrr JJh 21 14   ,              (10) 

involving the integrals: 
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where the second integral is evaluated twice at 

each limit. Corresponding formulas apply to lh , 

and a similar change of variable, allows 

elementary evaluation [23]  of the integrals:  
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                                                                  (12a,b) 

Substitution of  (12a,b) in (10) and (9) 

completes the evaluation of rolling moment, for 

dissimilar vortices and zero bank angle. The 

opposite case of similar vortices and non-zero 

bank angle has been considered elsewhere [27]. 

The bank angle correction becomes important if 

the aircraft rolls significantly as a consequence 

of the wake encounter.  

2.2 Roll equation with damping and controls 

For substitution in the roll dynamics equation, 

including the effects of aerodynamic damping 

and flight controls, the rolling moment induced 

by the pair of dissimilar HB-vortices is used in 

the form (9), where the dimensionless encounter 

factors rh , lh ,  (10) are specified by (12a,b), 

viz.:     

     

    
1 2

2 2 2 2

4 3

4 2 / 2 / 1

1 2 / 8 /

r r r r r

r r r r r r

h y b h a b h

y a b h a y b h

    

   
 

, (13) 

where: 
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Note that the last three terms on the r.h.s. of (13) 

vanish for a rectangular wing 1 . The 

average dimensionless encounter factor h  is 

defined by: 

 2 2 2

r r r l l l r la h a h a h     ,             (15) 

where a  is taken to be the mean vortex radius: 

  2/lr aaa  .                     (16) 

The simplest case is that of vortices with equal 

radii aaa lr  , symmetrically placed  

0yyy lr   when hhh lr  ; in general 

lr hh  , for a asymmetrically placed vortices 

lr yy  with distinct vortex radii lr aa  , and 

the average encounter factor is defined by (15). 

Substitution of (15) specifies (9) the rolling 

moment: 
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whose time dependence is specified by that of 

the sum of the vorticities of the right and left 

vortices: 

     2 r lt t t   .             (18) 

These time dependences are similar [7] for 

identical vortex radii: 
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where the wake vortex circulation strength [24, 

25] is specified by: 
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and the index “1” applies to the leading aircraft.  

Substitution of (20) into (19) specifies the time 

dependence (17) of the induced rolling moment: 
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which appears in the roll dynamics equation, 

with one degree-of-freedom, i.e. no coupling to 

other axis: 
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Writing the roll moment of inertia in terms of 

mass and radius of gyration: 
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leads to the roll dynamics equation in the form: 
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which will be used in the sequel. 

2.3 Aileron schedule to compensate for a 

vortex encounter 

The simplest result to follow from (24) is that 

there will be no roll motion, i.e. the wake vortex 

encounter will be compensated by the aileron 

deflection as a function of time specified by: 
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 The last exponential factor in (25), is the 

same as in the vorticity (19, 20), and shows that 

its peak occurs at the time: 

  1 12 0
* max * 2 2

1 1

/ 2 ,  
rc W

t a t
a e e U S a


 


     , 

                                 (26a,b) 

and the corresponding aileron deflection would 

occur at the same time: 
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 As an example, the case of two Boeing 

757-200 flying one behind the other is 

considered. The data needed to calculate the 

maximum aileron deflection is given in Table I, 

with basic data from open sources [29, 30] at 

the top, and at the bottom, data derived by 

calculation using the formulas in this paper. The 

vortex core radius was taken to be 3% of the 

wing span. For identical vortices with axis at 

mid-span / 2ry y b  , the encounter factor 

(13; 14a-d) is given by: 

 2 2

1 log 1 /h b a  ,   2 arctan /h b a , (27a,b) 
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Using the lift slope 2LC


  for a Joukowski 

airfoil, from (26c) follows the aileron deflection 

* 17.26º   that compensates the induced 

rolling moment at the induced rolling moment at 

the peak vorticity. If the maximum aileron 

deflection is (28a) then the ratio (28b): 

max 15º:   *

max max

0.869






  


,     (28) 

specifies the fraction of the maximum vorticity 

that the roll control power available is able to 

compensate. If 1   the following aircraft must 

move further behind the leading aircraft to a 

safe separation distance (SSD) for which [7] it 

has sufficient roll control power to compensate 

for the wave vortex. 

3 Combination of free, forced and airleron 

control responses  

3.1 Free response and aileron deflection  

The preceding case (Section 4) of an aileron 

control law which compensates the wake vortex 

encounter is the only situation in which there is 

no aircraft roll response, because the forced 

response to the ailerons (ii) exactly balances the 

response to the wake vortex (iii), leaving only 

the free response (i), which is zero if there are 

no initial perturbation. The three terms of the 

response (i,ii,iii) are calculated next in turn, 

starting with the free response  f t , which is 

the solution of the roll equation (24) without 

forcing terms on the r.h.s., viz.: 

0f f   ,                (29) 

where the overall damping coefficient is 

specified by: 
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and the damping time by /1 .  

 The solution of (29) is the free response: 

  t

f t A Be    ,               (31) 

where the constants of integration BA,  are 

determined from the initial bank angle 0  and 

roll rate 0
  at time zero: 

   0 00 ,    0f fA B B          .      (32) 

It follows that the free response (31) is given by: 

   0 0 / 1 t

f t e          ,             (33) 

for arbitrary initial bank angle 0  and roll rate 

0
 . The forced response to the ailerons  c t  is 

even simpler, since it is a particular solution of 

the roll dynamics equation (24), omitting the 

last term on the r.h.s. side representing wake 

vortex effects: 

c c    ,                (34) 

where the aileron deflection was taken to be 

maximum in the aileron control parameter: 
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The forced response to constant aileron 

deflection is a bank angle varying linearly with 

time: 
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showing that in the presence of damping the roll 

rate is constant   /c t   . Note that in the 

absence of damping: 

0:          c    ,               (37) 

the roll acceleration would be constant, and 

hence the roll rate would be  linear function of 

time (38a): 

         

    21
,            

2
c ct t t t     ,       (38a,b) 

and the bank angle a quadratic function  of time 

(38b). 

 

 

 

3.3 Response forced by wake encounter  

The response to the wake encounter would be 

almost as simple as for constant aileron 

deflection (subsection 3.1) if the induced rolling 

moment is taken to be constant [28]. Taking into 

account the dependence of the induced rolling 

moment on time leads to a less simple response 

 w t , specified by a particular integral of the 

roll dynamics equation (24), without the first 

term on the r.h.s.: 

 1 2exp / 2w w t a t       ,             (39) 

where the vortex wake effect is specified by: 
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 It is convenient to introduce a 

dimensionless time divided by the time (26a) of 

peak vorticity:  

   2

*/ 2 / ,        wt t t a t       ,      (41a,b) 

so that the roll response forced by the wake 

vortex satisfies: 

  1//  e        ,              (42) 

where the dimensionless aerodynamic damping 

(30) and vortex effect (40) are given 

respectively by: 
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 (43b) 

The forced solution of (42) is sought by the 

method of variation of parameters, i.e. as the 

free solution (31) with non-constant 

coefficients: 

       eBA  ,              (44) 

that can be chosen at will. 

Substitution of (44) into (42) yields: 

     1// e A A B B e          ,     (45) 

that is satisfied in particular by: 

  1 1/0,    A B B e e d           ,    (46a,b) 

viz. the first arbitrary function is not needed 

(46a), and the second satisfies a first-order 

differential equation (46b), for which a 

particular solution is obtained again by the 

method of variation of parameters: 
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     eDB  ;             (47a) 

substitution of (47a) in (46b) specifies the 

function  D  by: 
   eDBBdee /11 .           (47b) 

Integration of (47b) and substitution in (47a), 

leads together with (46a) to (44) the forced 

response: 

      deedeD /11 

 ,   (48) 

to the wake vortex.  

3.3 Time evolution of the forced response  

The total roll response is the sum of the free 

response (33) with the forced responses to the 

ailerons (36) and the wake vortex (41b): 

       f c wt t t t      .              (49) 

Assuming that the initial bank angle and the roll 

rate are zero there is no free response   01  t  

in (33), and the total forced response 

     2

0 00 :     2 /ct t t a        ,    (50) 

consists of: (i) the response to the ailerons, 

given explicitly by (36) in the presence of 

damping , and by (38b) in the absence of 

damping; (ii) the response to the wake vortex, 

that in the presence of damping is given by (48). 

In the absence of damping the exponential 

integral [29]: 
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appears in (48) with 0 : 

   0 00 : 1/E d         ,             (52) 

in agreement with
(8)

. This earlier result is 

generalized next to include the effects of 

damping.  

Since the dimensionless roll rate in the absence 

of damping (52) is specified by an exponential 

integral of order zero: 

       deE /11

00

1 /1 ,              (53) 

the comparison with the dimensionless roll rate 

in the presence of damping (48) 

     deee /111  ,             (54) 

suggests considering the damping integral: 

           deeeH  1/ /11
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.                                       (55) 

Expanding the exponential in power series leads 

to: 
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where the coefficients are exponential integrals 

of order n: 
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Substituting (58) and (53) in (55) yields: 
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that specifies the dimensionless roll response: 
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  ,             (60) 

as a series of powers of the damping, with 

exponential integrals of order n  as coefficients. 

If the damping is weak, only the first terms of 

the series are needed, e.g. the first two for 

12  . 

4 Wake vortex encounters for combinations 

of 5 classes of aircraft 

The roll response to wake vortex encounters 

will be considered for 15  combinations of 

leading and following aircraft, presenting only 

the main result, namely the bank angle and roll 

rate as a function of time. The following aircraft 

is of the special class (B757-200) for which data 

appears in the Table I is retained. The leading 

aircraft is replaced by alternatives from the 

other four weights classes, namely: (i) a 

medium (B737-200) and a very large (A380-

100) following aircraft (data from [29, 30]); (ii) 

a light (Lockheed Jetstar) and a heavy (B747-
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100) leading or following aircraft (data from 

[31]); The Figure 1 shows the roll rate (top) and 

bank angle (bottom) as a function of the time for 

the same special (s) following aircraft, 

comparing the five classes of leading aircraft, 

namely light (l), medium (m), special (s), heavy 

(h) and very large (v). Apart from differences of 

scale the Figure 1 coincides with the Figure 3 

for the same special (s) leading and following 

aircraft (s-s). Replacing the leading special 

aircraft (s-s) by a medium (m-s) or light (l) 

aircraft leads to a smaller peak roll rate at an 

earlier time (Figure 1 top) and a smaller 

ultimate bank angle also at an earlier time 

(Figure 1 bottom). Conversely replacing the 

leading special aircraft (s-s) by a heavy (h-s) or 

a very large (v-s) aircraft leads to a larger roll 

rate (Figure 1 top), and larger ultimate bank 

angle (Figure 1 bottom), in both cases at a later 

time. The peak roll rate 
max  and time 

maxt  for 

which it occurs, and asymptotic bank angle 
max  

and time t  to which 1% of 
max  are indicated 

in Table 1 for the five combinations of special 

following aircraft (… - s) and leading light (l-s), 

medium (m-s), special (s-s), heavy (h-s) and 

very large (v-s) aircraft.  

 The same 5 classes of leading aircraft 

considered in the Figure 1 for their wake vortex 

effects on a special (s) following aircraft, are 

reconsidered for a heavy (h) and for a light (l) 

following aircraft respectively in the figures 2 

and 3. The Figure 2 shows that a heavy 

following aircraft is much less affected than the 

special following aircraft in the Figure 1 by the 

wake vortices of the same leading aircraft: (i) 

lower peak roll rate reached sooner (Figure 2, 

top); (ii) smaller asymptotic bank angle also 

reached sooner (Figure 2, bottom). The 

differences (i) and (ii)  are quantified in Table 1 

for special following aircraft, in the Table 2 for 

heavy aircraft and in the Table 3 for light 

following aircraft. The Table 3 corresponds to 

the Figure 3 for the light following aircraft, that 

is the most susceptible to wake effects regarding 

roll rate (Figure 3, top) and bank angle (Figure 

3, bottom). Large roll rates leading large 

asymptotic bank angles with a long time delay, 

imply that the following aircraft would roll 

several times before the aerodynamic damping 

would overcome the roll disturbance caused on 

the following aircraft by the wake vortex of the 

leading aircraft. Roll rates above 9º/s and 

asymptotic bank angle of more than 90º more 

than one minute later, as seen in the Table 3 for 

a light behind a very large or heavy aircraft, 

indicate an insufficient roll control power to 

cope with wake vortex effects. In such cases 

safe flight requires a much increased separation.  

5 Discussion 

The effect of damping and controls on an 

aircraft wake encounter has been modeled using 

the following assumptions: (i) the wake of the 

leading aircraft is represented by a pair of 

counterotating Hallock-Burnham vortices, with 

arbitrary circulations and core radii; (ii) the 

vorticity decays with distance due to a turbulent 

kinematic viscosity, according to a law which is 

consistent with flight data from the Memphis 

data base; (iii) the rolling moment induced in 

the following aircraft is calculated assuming it 

flies aligned behind the leading aircraft; (iv) the 

rolling moment equation is solved analytically 

including the effect of the control surface 

deflection (e.g. ailerons) and of aerodynamic 

damping; (v) the airplane response, in terms of 

roll rate and bank angle as a function of time is 

discussed in detail for identical leading and 

following special (s) aircraft; (vi) this is then 

extended to all classes of leading aircraft, by 

adding light (l), medium (m), heavy (h) and 

very large (v); (vii) to the preceding five wake 

vortex encounters (v-vi) are added 10 more 

retaining the same five leading aircraft (l, m, s, 

h, v) and replacing the special (s) following 

aircraft by light (l) and heavy (h). 

 The vorticity behind the leading aircraft 

increases as the wing tip vortices roll-up, and 

ultimately must decay due to the atmospheric 

turbulent kinematic viscosity, so that it goes 

through a peak in between. A similar variation 

applies to the rolling moment induced on the 

following aircraft, leading to a roll rate 

ultimately decays due to aerodynamic roll 

damping. Thus the bank angle increases until it 

approaches a constant asymptotic value. 

Considering five classes of aircraft, namely 

light, medium, special, heavy and very large, 
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depending on which is leading and which is 

following, there are considerable differences in: 

(i) the peak roll rate and time when it occurs; 

(ii) the asymptotic bank angle and the time 

taken to come within 1% of the final value. 

These differences have been quantified in tables 

and illustrated by plots of roll rate and bank 

angle as a function of time. The numerical 

results are based on a theoretical model of wake 

vortex response that is explicit on the 

dependences on aircraft, flight and atmospheric 

parameters.  
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Fig. 1 –  Roll rate (top) and bank angle (bottom) as a 

function of time for special(s) following aircraft (B757-

200) comparing identical (s) and different leading aircraft, 

namely light (l), medium (m), heavy (h) and very large 

(v).  

Fig. 2 – As figure 1 for light heavy following aircraft. 

 

 

 
 

Fig. 3 – As figure 1 for following aircraft light 
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Table 1 – Wake vortex effects on following special 

aircraft. 

 

 

 

 

Table 2 – Wake vortex effects on following heavy 

aircraft. 

 

 

 

 

Table 3 – Wake vortex effects on following light aircraft. 
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Aircraft Roll rate Bank angle 

1 2 Peak 

value 

(º/s) 

Peak 

time 

(s) 

Asymptotic 

(º) 

Peak 

time (s) 

 

 

special 

(s) 

l 1.17 1.15 1.55 6.05 

m 1.64 2.94 5.37 15.5 

s 2.35 4.60 12.4 24.2 

h 3.05 7.77 27.3 40.6 

v 4.70 18.4 99.4 96.7 

Aircraft Roll rate Bank angle 

1 2 Peak 

value 

(º/s) 

Peak 

time 

(s) 

Asymptotic 

(º) 

Peak 

time (s) 

 

 

heavy 

(h) 

l 0.50 3.26 0.37 7.39 

m 0.64 8.36 1.35 7.88 

s 1.01 13.0 3.02 12.3 

h 1.31 22.0 6.64 20.8 

v 2.01 52.2 24.2 49.3 

Aircraft Roll rate Bank angle 

1 2 Peak 

value 

(º/s) 

Peak 

time 

(s) 

Asymptotic 

(º) 

Peak 

time (s) 

 

 

light (l) 

l 4.69 3.27 19.06 19.75 

m 6.56 8.37 68.30 50.57 

s 9.38 13.1 152.45 79.01 

h 12.2 22.1 334.92 133.53 

v 18.8 52.3 1219.56 316.05 


