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Abstract
This study aims to develop Meshless (or Gridless)
method which can accurately capture shock
waves in non-equilibrium reacting, compressible,
inviscid flow where strong shocks are exist. Least
square method was used for spatial
discretization, and AUSMPW+ scheme, a robust
and accurate scheme developed to be used for
Finite Volume Method (FVM), was modified to
be used for Meshless Method. In addition,
minmod limiter was adopted to the developed
Meshless method as a limiter for accurate
calculation. LU-SGS method was also adopted
for convergence.
Using the method developed from this study,
numerical analyses for hypersonic blunt body
with compressible reacting flow condition were
carried out and the results compared with those
obtained from Structured FVM using
AUSMPW+ method for robustness, accuracy
and convergence.
1 Introduction
Meshless method is a class of methods which
behaves naturally and flexibly to cope with the
flow near any complicated or moving geometry.
The spatial discretization at any given point by
Meshless method depends only on the
information of neighboring points of the
interested point so the forming a mesh is
unnecessary. So, Meshless method has more less
connectivity limitation of the mesh than
conventional finite difference scheme using
mesh system. Various Meshless methods have

been studied and motivated by many former
researchers. Among them, Smooth Particle
Hydrodynamics method (SPH), the Element Free
Galerkin method, Hp-clouds method, the
Reproducing Kernel Particle method are well
known methods [1]. In compressible
aerodynamics, Upwind Finite Difference
Scheme and Moving Least Square Method were
developed by Sridar [2] and Katz [3] respectively
and so on.
However, researches are focused primarily
on subsonic/transonic flow until now. As shock
capturing technique becomes important for high
speed flows, some studies have been done for
supersonic flows [4, 5]. It has been shown that
strong shock capturing without numerical
oscillation is fairly difficult from above
researches. Much more intensified effort is
needed for this kind of problems in hypersonic
flow. As a means to address these shortcomings,
Huh [6] developed Meshless method using
AUSMPW+ scheme [7] with Multi-dimensional
Limiting Process [8] for Euler flow. AUSMPW+
is a discretization scheme curing phenomena
appearing in the application of AUSM-type
schemes for hypersonic flows, such as pressure
oscillation near wall and overshoot across strong
shock. Multi-dimensional Limiting Process
(MLP) is spatial high-order interpolation method
which removes numerical oscillation in multidimension.
In this study, accurate and robust Meshless
method is developed for capturing strong shock
in non-equilibrium reacting flow. The scheme
was applied to non-equilibrium Euler equation
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using least square method. AUSMPW+, robust
scheme to capture strong shockwave, is applied
to the Meshless method. Results were shown
comparing with ones from finite volume method.
2 Meshless Method
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In the Meshless method, least square method
based on Taylor series expansions has been used
to get unknown derivative terms of PDE
represented on equation (1).
Ignoring high order terms, the Taylor
expansion from the point cloud center (𝑥𝑥0 , 𝑦𝑦0 ) is
shown as
𝜕𝜕𝜕𝜕(𝑥𝑥0 )
𝜕𝜕𝜕𝜕(𝑦𝑦0 )
+ ∆𝑦𝑦
+ 𝑂𝑂(∆2 )
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(1)

The least square method with weighted
function may be expressed as follow
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where 𝐹𝐹 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 is a directed flux along the
metric weight vector (a, b). To improve accuracy
and robustness, AUSMPW+ scheme [7] is
applied to Meshless method, which use the
1
midpoint flux at j + 2 instead of the flux at j as
follow [2]
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In Eq. (12), 𝐹𝐹𝑖𝑖𝑖𝑖+1 may be calculated from
2

AUSMPW+ scheme.

(5)
(6)

A simple inverse distance weighting
function [9] is used to improve accuracy.
𝜔𝜔0𝑗𝑗 =

𝑃𝑃
1
𝑃𝑃
+ (𝑢𝑢2 + 𝑣𝑣 2 ), 𝐻𝐻 = 𝐸𝐸 +
(𝛾𝛾 − 1)𝜌𝜌 2
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Eq. (8) can expressed as

(4)

For a 2-D case, values of the coefficients are
calculated as follow
𝑎𝑎0𝑗𝑗 =

(9)

In Eq. (9), E means a total energy and H
means a total enthalpy as follow.

2.1 Least Square Method

𝜑𝜑(𝑥𝑥, 𝑦𝑦) = 𝜑𝜑0 + ∆𝑥𝑥

(8)

Fig. 1. Illustration of mid-point value on the edge
connecting nodes i and j

(7)

2.2 Euler Equation and AUSMPW+ for
Meshless Method
Consider the 2-D Euler equation in strong
conservation law form

The numerical flux of AUSMPW+ is given

by

� + 𝐿𝐿 𝑐𝑐1 𝛷𝛷𝐿𝐿 + 𝑀𝑀
� − 𝑅𝑅 𝑐𝑐1 𝛷𝛷𝑅𝑅 + (𝑃𝑃𝐿𝐿+ 𝛲𝛲𝐿𝐿 + 𝑃𝑃𝑅𝑅− 𝛲𝛲𝑅𝑅 )
𝐹𝐹1 = 𝑀𝑀
2

2

2

(13)

Φ = (𝜌𝜌, 𝜌𝜌𝜌𝜌, 𝜌𝜌𝜌𝜌)𝑇𝑇 and P = (0, 𝑝𝑝, 0)𝑇𝑇 . The
subscripts 1/2 and (L,R) stand for a quantity at a
midpoint on the edge of Fig. 1 and the left and
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right states across the edge, respectively. The
Mach number at midpoint is defined as
𝑚𝑚1 = 𝑀𝑀𝐿𝐿+ + 𝑀𝑀𝑅𝑅−

(14)

2

−
�����
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𝑀𝑀𝐿𝐿+ and 𝑀𝑀
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2
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�����
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If 𝑚𝑚1 = 𝑀𝑀𝐿𝐿+ + 𝑀𝑀𝑅𝑅− < 0 , then
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The pressure-based weight function is
simplified to
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The split Mach number is defined by
1
± (𝑀𝑀 ± 1)2 ,
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1
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2
±
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1
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1
1
𝐻𝐻𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 = (𝐻𝐻𝐿𝐿 − 𝑉𝑉𝐿𝐿2 + 𝐻𝐻𝑅𝑅 − 𝑉𝑉𝑅𝑅2 )
2
2
2

(27)

2.3 Minmod Limiter for Meshless Method
To improve accuracy, TVD scheme is adopted to
the Meshless method. In this study, minmod
limiter [3] is used at AUSMPW+. The basic form
of spatial interpolation is given by
𝛷𝛷𝐿𝐿 = 𝛷𝛷𝑖𝑖 + 0.5 ∗ 𝜙𝜙𝐿𝐿 ∗ �𝛷𝛷𝑗𝑗 − 𝛷𝛷𝑖𝑖 �

𝛷𝛷𝑅𝑅 = 𝛷𝛷𝑗𝑗 + 0.5 ∗ 𝜙𝜙𝑅𝑅 ∗ �𝛷𝛷𝑖𝑖 − 𝛷𝛷𝑗𝑗 �

(28)

In order to apply to Meshless method, it is
necessary to modify minmod limiter as follows.
In Meshless method, 𝜙𝜙 is given by
where

𝜙𝜙 = 𝑚𝑚𝑚𝑚𝑚𝑚(0, 𝑚𝑚𝑚𝑚𝑚𝑚(1, 𝑟𝑟𝑘𝑘 )) ,

(29)

𝑘𝑘 ∈ {𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑜𝑜𝑜𝑜 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑖𝑖 & 𝜃𝜃𝑘𝑘𝑘𝑘𝑘𝑘 𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚},
𝑟𝑟𝑘𝑘 =

𝑠𝑠𝑖𝑖𝑖𝑖′ 𝑠𝑠𝑘𝑘𝑘𝑘
=
𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃𝑘𝑘𝑘𝑘𝑘𝑘 ),
𝑠𝑠𝑗𝑗𝑗𝑗
𝑠𝑠𝑗𝑗𝑗𝑗

𝑠𝑠𝑘𝑘𝑘𝑘 =

𝛷𝛷𝑘𝑘 − 𝛷𝛷𝑖𝑖
‖𝑥𝑥
����⃗
𝑥𝑥𝚤𝚤
𝑘𝑘 − ���⃗‖

(30)
(31)

Since there is no point on the opposite side
of point j in the vicinity of point i in general point
system, nearest point k to the opposite side is
used to calculate rk shown in Fig. 2.

(22)

(23)

The Mach number of each side is
𝑀𝑀𝐿𝐿,𝑅𝑅 =

𝑈𝑈𝐿𝐿,𝑅𝑅
𝑐𝑐1/2

(24)

and the speed of sound(𝑐𝑐1/2) is
𝑐𝑐1/2 =

where

𝑐𝑐 ∗2
1
⎧ 𝑚𝑚𝑚𝑚𝑚𝑚 �
� , (𝑈𝑈 + 𝑈𝑈𝑅𝑅 ) > 0
⎪
𝑚𝑚𝑚𝑚𝑚𝑚(|𝑈𝑈𝐿𝐿 |, 𝑐𝑐 ∗ ) 2 𝐿𝐿

𝑐𝑐 ∗2
1
⎨
� , (𝑈𝑈𝐿𝐿 + 𝑈𝑈𝑅𝑅 ) < 0
⎪𝑚𝑚𝑚𝑚𝑚𝑚 �
∗
𝑚𝑚𝑚𝑚𝑚𝑚(|𝑈𝑈𝑅𝑅 |, 𝑐𝑐 ) 2
⎩
𝑐𝑐 ∗ = �2(𝛾𝛾 − 1)/(𝛾𝛾 + 1)𝐻𝐻𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

(25)

(26)

Fig. 2. Minmod limiter for Meshless method

3 Application of the Meshless Method to the
Non-equilibrium Reacting Gas
For a non-equilibrium gas, all the species and
vibrational energy equations must be included to
describe the reaction process. Considering the
species continuity and vibrational energy
equations, the Euler equation (8) and the flow
and flux vectors of the Euler equation become
3
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𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕
+
+
= 𝑆𝑆
𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕

𝜌𝜌𝜌𝜌
𝜌𝜌𝑢𝑢2 + 𝑝𝑝
⎛ 𝜌𝜌𝜌𝜌𝜌𝜌
⎞
⎛
⎞
⎜ (𝜌𝜌𝑒𝑒 + 𝑝𝑝)𝑢𝑢 ⎟
⎜
⎟
𝑡𝑡
⎟,
⎟ , 𝑓𝑓 = ⎜
𝜔𝜔 = ⎜
𝜌𝜌𝑖𝑖 𝑢𝑢
⎜
⎟
⎜
⎟
⋮
⎜
⎟
⎜
⎟
� 𝜌𝜌𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣,𝑖𝑖
� 𝜌𝜌𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣,𝑖𝑖 𝑢𝑢
⎝ 𝑖𝑖
⎠
⎝ 𝑖𝑖
⎠

(32)

𝜌𝜌
𝜌𝜌𝜌𝜌
𝜌𝜌𝜌𝜌
𝜌𝜌𝑒𝑒𝑡𝑡
𝜌𝜌𝑖𝑖
⋮

𝜌𝜌𝜌𝜌
0
𝜌𝜌𝜌𝜌𝜌𝜌
0
⎛ 𝜌𝜌𝑣𝑣 2 + 𝑝𝑝 ⎞
⎛
⎞
0
⎜
⎟
⎜
⎟
0
(𝜌𝜌𝑒𝑒
+
𝑝𝑝)𝑣𝑣
𝑡𝑡
⎟ , 𝑆𝑆 = ⎜ 𝑊𝑊
⎟
𝑔𝑔 = ⎜
𝜌𝜌𝑖𝑖 𝑣𝑣
𝑖𝑖
⎜
⎟
⎜
⎟
⋮
⋮
⎜
⎟
⎜
⎟
� 𝑊𝑊𝑣𝑣𝑣𝑣𝑣𝑣,𝑖𝑖
� 𝜌𝜌𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣,𝑖𝑖 𝑣𝑣
⎝ 𝑖𝑖
⎠
⎝ 𝑖𝑖
⎠

Table 1. Schemes and flow conditions

4 LU-SGS for Meshless Method
Referring to the works of Yoon [12] and Chen
[13], LU-SGS is adopted to Meshless Method.
By applying Eq. (11) and (12), Euler equation (8)
can be rewritten in a semi-discrete form as
follows
𝑛𝑛

𝑗𝑗=1

(34)

The flux function, 𝐹𝐹𝑖𝑖𝑖𝑖𝑛𝑛+1 may be linearized by
setting
−
𝐹𝐹𝑖𝑖𝑖𝑖𝑛𝑛+1 (𝜔𝜔𝑖𝑖 , 𝜔𝜔𝑗𝑗 ) ≈ 𝐹𝐹𝑖𝑖𝑖𝑖𝑛𝑛 + 𝐴𝐴+
𝑖𝑖𝑖𝑖 (𝜔𝜔𝑖𝑖 )𝛿𝛿𝜔𝜔𝑖𝑖 + 𝐴𝐴𝑖𝑖𝑖𝑖 �𝜔𝜔𝑗𝑗 �𝛿𝛿𝜔𝜔𝑗𝑗

(35)

1
𝐴𝐴±
𝑖𝑖𝑖𝑖 = (𝐴𝐴𝑖𝑖𝑖𝑖 ± 𝜆𝜆𝑖𝑖𝑖𝑖 𝐼𝐼)
2

(36)

𝜆𝜆𝑖𝑖𝑖𝑖 ≥ max(|𝜆𝜆𝐴𝐴 |)

(37)

where 𝑛𝑛 is the time level and matrices 𝐴𝐴±
𝑖𝑖𝑖𝑖 are
constructed as follow
where

In order to verify the Meshless method,
numerical results for a hypersonic blunt body
problem obtained using both Meshless method
and finite volume method (FVM) with structured
grid system were compared. The numerical
schemes and flow conditions used are tabulated
as Table 1.

(33)

𝑆𝑆 is the source term that includes 𝑊𝑊𝑖𝑖 in the
species continuity equations and 𝑊𝑊𝑣𝑣𝑣𝑣𝑣𝑣,𝑖𝑖 in the
vibrational energy equation which are calculated
according to Ref. [10] and [11].

𝜕𝜕𝜔𝜔𝑖𝑖𝑛𝑛+1
+ 2 ��𝐹𝐹𝑖𝑖𝑖𝑖𝑛𝑛+1 − 𝐹𝐹𝑖𝑖𝑛𝑛+1 � = 𝑆𝑆𝑖𝑖𝑛𝑛
𝜕𝜕𝜕𝜕

5 Numerical Result

Here, 𝜆𝜆𝐴𝐴 represents eigenvalues of Jacobian
matrix.

Computational method
Spatial discretization
Limiter
Time integration
Chemical Species
Inflow Mach number
Inflow B.C.
Number of Points

Meshless, structured FVM
AUSMPW+
Minmod
LU-SGS
O,N,O2,N2,NO
10
Air (N2 78%, O2 22%),
P=100 pa, T=300 K
5151

The Meshless method and FVM both used
AUSMPW+. The point system for verification is
shown in Fig. 3. Identically distributed grid
points were applied to the both method. For
structured FVM, additional information was used,
which is connectivity of grid system. Fig. 4
shows the pressure field obtained by using the
Meshless method with minmod limiter. Fig. 5, 6
show densities along stagnation line in frozen
and non-equilibrium reacting flow respectively.
As it can be seen from the figures, it has been
observed that the results of the Meshless method
is similar to those of FVM along stagnation line.
Difference of shock location seems to come from
that Meshless uses vertex based scheme while
structured does cell-centered scheme. In addition,
species density comparisons are shown in Fig. 7.
Lastly, convergence history of Meshless
method and FVM are presented in Fig. 8. Despite
the non-shock-aligned grid system on the
downstream of the flow field, the figure shows
the Meshless method has good convergence
characteristics. Also, the Meshless method has as
same accuracy and efficiency as conventional
FVM using structured grid system.

4

MESHLESS METHOD FOR SIMULATION
OF COMPRESSIBLE REACTING FLOW

Fig. 3. Computational domain (5151 points).

Fig. 6. Density comparison along stagnation line at nonequilibrium reacting flow

Fig. 4. Pressure contour computed using Meshless method
with minmod limiter.

Fig. 7. Density comparisons of the chemical species along
stagnation line

Fig. 5. Density comparison along stagnation line at frozen
flow

Fig. 8. Comparisons of convergence histories of implicit
and explicit schemes
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6 Conclusion
The purpose of this study is to develop Meshless
method for accurately capturing shock waves in
2-D compressible non-equilibrium flow where
strong shocks are present. A least square method
was used for spatial discretization and
AUSMPW+ scheme and LU-SGS was modified
to be used for Meshless Method. According to
the comparison analyses of the numerical results,
Meshless method was confirmed to have similar
robustness, accuracy and convergence compared
to structured finite volume method.
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