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Abstract

This paper presents a statistical stability and con-
trol analysis that takes into account the parameter
uncertainty on the state-space representation of a
system. The aim of the statistical analysis is to
investigate how much control effort is required to
improve the handling quality characteristics of a
particular system during early design stages. In
this context, this study enables to design a robust
system from a control perspective by introducing
an expression for the control effort. In this re-
search, the control effort of a system is quantified
by an evaluation criterion including the variabil-
ity of the feedback gain matrices. The gain ma-
trices in the statistical analysis are computed by
a fixed notional control architecture, which is re-
ferred to as an evaluative controller in this paper.
The proposed study is implemented on the longi-
tudinal and lateral dynamics of a notional aircraft
similar in size to a Boeing 747, and the results are
presented.

1 Introduction

Accomplishing a desired mission strongly de-
pends on the handling quality (HQ) characteris-
tics of an aircraft. These characteristics are im-
pacted by the geometry (in particular the tail and
wing sizing) and controller of an aircraft. The
literature presents many studies that mention one
of these two ways to evaluate HQ characteristics

during design. For instance, Mavris et al. [1]
proposed to create some surrogate models for the
stability derivatives of a high speed civil transport
aircraft with respect to its design variables. They
assessed the HQ characteristics in a probabilistic
manner by varying the design variables. How-
ever, they did not focus on the controller design
to improve the HQ characteristics. Chudoba and
Smith [2], and later Perez et al. [3] introduced a
control-oriented aircraft design procedure along
with a controller design; however, they did not
conduct any probabilistic analysis to account for
uncertainty in the system.

A stochastic root locus analysis is a statis-
tical stability and control (S&C) analysis tech-
nique that provides information pertaining to the
effects of parameter uncertainty on system stabil-
ity [4]. The characteristic equation of a system is
varied, and a Monte Carlo analysis is conducted
to provide the density of the system roots. This
analysis provides insight into the probability of
instability or poor performance [9]. For instance,
Stengel [10] studied the effects of aerodynamic
uncertainty on the lateral-directional stability of
an aircraft, conducting a Monte Carlo analysis to
investigate the probability of instability.

This paper is inspired by Stengel’s study [10]
and presents a statistical S&C analysis to investi-
gate the variations in the controller gains that en-
hance the HQ characteristics of an aircraft. The
stochastic root locus analysis enables exploration
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of the density of system roots with a design of
experiments (DOE) approach. Instead of consid-
ering the probability of instability, this paper fo-
cuses on the probability of not meeting the re-
quirements of level 1 HQ characteristics, which
provides insight into the control of the cases with
poor performance. The controller gains, which
enhance the HQ characteristics, are computed,
and the variation of the gains helps to better un-
derstand how much control effort is required to
improve the HQ characteristics of a system.

The information regarding the control effort
of improving HQ characteristics can be very im-
portant for design purposes. Both control engi-
neers and configuration designers may gain ben-
efits from this information while they are making
decisions on the design variables. It has been es-
tablished that robust control techniques can de-
sign a controller by handling the parameter un-
certainty inside a system. The purpose of this re-
search, however, is to examine whether it is pos-
sible to design a system whose controller requires
less effort to achieve desired dynamic character-
istics. Hence, bringing the control effort infor-
mation in design phases reveals the motivation of
this paper.

This paper is organized as follows: Sec-
tion 2 presents the studied problem, Section
3 depicts the proposed methodology step by
step, Section 4 mentions the implementation of
the proposed methodology, Section 5 demon-
strates some quantitative results of the proposed
methodology implemented to both longitudinal
and lateral dynamics of an aircraft, and Section
6 concludes this paper by providing a brief sum-
mary, some comments, and future work.

2 Problem Overview

An S&C analysis of an aircraft requires the in-
formation pertaining to the S&C derivatives of a
system. These can be obtained from either his-
torical data or aerodynamic calculations [5, 6].
Despite the use of a high fidelity tool to calcu-
late these derivatives, one can never be absolutely
confident regarding the accuracy of the computed
derivatives. Moreover, since the geometry of the

aircraft is not fixed in the early design phases,
these derivatives involve uncertain information.
The presence of uncertainty motivates the prob-
abilistic approach for S&C analysis discussed in
this paper.

As a numerical example, the controller gain
variation of a notional aircraft, similar in size to
a Boeing 747, is investigated by conducting a
DOE study for the S&C derivatives along with
the flight velocity. Based on a latin hyper-cube
design with 10000 cases, the longitudinal and lat-
eral modes of the aircraft are explored. For each
case, the HQ characteristics, namely phugoid and
short-period stabilities for longitudinal modes,
dutch-roll, spiral and roll stabilities for lateral
modes are calculated [8]. For the cases with HQ
characteristics of levels 2 and 3, a fixed notional
controller is used to enhance them to level 1 qual-
ity. Note that using a fixed controller in a sta-
tistical analysis satisfies a consistent comparison
scheme for each experiment. On the other hand,
using a notional controller helps to better under-
stand the HQ improvement from a controller per-
spective during the early design stages (it can
even provide the nominal controller design for
further design steps.) To prevent confusion, the
notional controller that is used to characterize the
system during conceptual design will be referred
to as the evaluative controller. In this paper, lin-
ear quadratic regulator (LQR) is used as the eval-
uative controller.

The reason for using an LQR controller for
gain calculation is due to the unique property that
the feedback gain matrix is calculated in an opti-
mization fashion such that the cost function in-
troduced in Eq. 1 is minimized. In this equa-
tion, x ∈ Rm×1 is the state vector, u ∈ Rn×1 is
the control vector, Q ∈ Rm×m and R ∈ Rn×n are
the weighting matrices to penalize state and con-
trol, respectively. Some advantages of using the
LQR controller are listed as follows: ensuring a
stable closed loop system, achieving guaranteed
levels of stability robustness, and having simple
computation [11].

J =
∫

(xT Qx+uT Ru)dt (1)
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For comparison purposes, it is crucial to fix
the comparison criteria of each system. If this
is not satisfied, then the comparison results do
not become reliable. For this research, first pole
placement had been implemented to compute the
gain matrices, which required the desired root
location. However, the selection of a desired
root is not a unique process because a particular
performance corresponds to an area in the root
locus diagram. Eventually, three disadvantages
lead to not using pole placement as an evalua-
tive controller. First of all, if the gains are com-
puted by moving the system poles to the desired
area, they may not become comparable with each
other. Secondly, if the gains are computed by fix-
ing the desired root location, then this calculation
involves a strong assumption regarding the fixed
location. Lastly, pole placement becomes com-
plicated for problems including MIMO (multi-
input multi-output) systems. On the other hand,
LQR has a fixed objective function, and it can be
applied to any system with the presence of the
following assumptions: the system should be full
state implying the entire state vector is available
for feedback, (A,B) is stabilizable and (A,C) is
detectable, R = RT > 0 [11]. The problem con-
sidered in this research does not violate the pre-
ceding assumptions, thus an LQR design is appli-
cable.

3 Proposed Methodology

The methodology presented in this paper and rep-
resented in Fig. 1 assumes a state-space repre-
sentation of a linear or linearized system stated
as Eq. 2. In this representation, the elements of A
(state) and B (control) matrices are obtained from
the dynamical equations involving both the oper-
ating conditions and the design variables of an
aircraft.

ẋ = Ax+Bu (2)
y =Cx+Du

Furthermore, A and B matrices are used in S&C
analysis. The eigenvalues of matrix A provide in-
formation regarding the stability of the system,

and (A,B) pair helps to analyse the controllability
of the system. In the case where (A,B) is control-
lable, a controller is designed to bring the sys-
tem to the desired characteristic. Consequently,
the state-space representation of a system is the
common point of design and control issues.

Fig. 1 Overview of the methodology.

(1) DOE analysis for A
(state) and B (control)

matrices.

(2) Conduct
stochastic root-locus

analysis.

(3) Categorize each
mode in each

experiment with
respect to the desired
HQ characteristics.

(4) Compute gain
matrix (K) to improve

degraded cases.

Fixed evaluative
controller

(5a) Calculate the
norm of each gain

matrix and observe the
variability.

(5b) Calculate the
maximum eigenvalue of
KTK and observe the

variability.

(6) Evaluate system
based on the number of
degraded experiments
and the variability

parameters.

State-space
representation

The first step of the proposed methodology is
to conduct a DOE study for the state space repre-
sentation of a system. This study creates exper-
iments by varying the design variables in which
uncertainty is present. In this manner, each ex-
periment corresponds to different A and B ma-
trices. The second step of the methodology is to
conduct a root locus analysis for each experiment
to investigate the density of the system roots (or
modes). Then, this step is followed by character-
izing each mode with respect to the desired HQ
characteristics, which may be user-defined or de-
rived from military specifications [8]. Due to the
stochastic nature of the analysis, the HQ charac-
teristics are expected to vary for a particular sys-
tem among levels 1, 2 and 3.

The fourth step of the proposed methodology
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is to improve the modes that do not correspond to
level 1 (desired) requirements of HQ character-
istics. The required gain matrices are computed
by a fixed evaluative controller in order to sat-
isfy a consistent comparison technique. Note that
the conducted analysis corresponds to a particu-
lar system, hence significant variabilities in HQ
characteristics, as well as in the gain matrices,
are undesirable. Thus, the number of cases corre-
sponding to undesired HQ characteristics and the
variability of gain matrices help to characterize
the system from control effort point of view.

The fifth step in the methodology provides in-
sight into the gain matrix analysis. In this paper,
we assume a state feedback control depicted in
Eq. 3, where u ∈Rn×1, K ∈Rn×m, and x ∈Rm×1,
and we define the control effort as a finite norm of
u. We adopt two ways to interpret the control ef-
fort from the gain matrix (K) perspective as steps
5a and 5b.

u = Kx (3)

In Step 5a, the norm of the ith element of u is
written in the light of Eq. 3 and the Cauchy-
Schwarz inequality as Eq. 4. It shows that
the norm of the ith row of the gain matrix,
‖rowi (K)‖, has an effect on the upper bound of
the ith control norm.

|ui|= |rowi (K) x| ≤ ‖rowi (K)‖ ‖x‖ (4)

In this context, if we examine each control
(ui=1..n) under the vision of Eq.4, there is a one-
to-one relationship between each row of the gain
matrix norm and the upper bound of each control
norm. Consequently, smaller norms of each row
of the gain matrix minimize the upper bound of
the corresponding control, which is desirable to
reduce the control effort.

To derive an upper bound for the overall con-
trol effort by using the expression of ‖rowi (K)‖,
one can sum all of the elements in ‖rowi (K)‖
and minimize it. In the same manner, one can
also minimize the second norm of the gain ma-
trix, which satisfies a reduction for ∑‖rowi (K)‖
as well as ‖rowi (K)‖, where 1 ≤ i ≤ n. Thus
we use the Frobenius norm of the gain matrix
(‖K‖2 = ‖K‖F ) computed by a fixed evaluative

controller in each experiment, and the statistical
properties of ‖K‖F will help to better understand
the required control effort of a system.

Some studies from the literature involve var-
ious norms of gain matrix. The study mentioned
in [12] adopted the idea of minimizing the l− 1
norm of K in order to obtain sparse feedback gain
matrices. Based on the sparsity of K, they inter-
preted the need of sensor and actuator placement
in the system. To extend the results of this study,
looking at the corresponding element of the gain
matrix can also provide insight into the follow-
ing statement: theoretically a large value in the
elements of K may help to achieve a desired per-
formance; however, in reality the actuator may
not respond efficiently to the physical realization
of a large value in K (e.g. a large gain may imply
a large signal amplification causing the actuator
to move abruptly).

Another study [13] presented an inequality
on the second norm of gain matrix. Particu-
larly, Theorem 5 in [13] states that the second
norm of the gain matrix is upper bounded by
some expression including the condition number
of the assigned eigensystem. This paper showed
that minimizing the condition number minimizes
an upper bound on the feedback gain norm. In
this manner, a closed loop system with smaller
norms of feedback gain can retain stability even
in the maximum disturbance condition. Even-
tually, small norms of the gain matrix are de-
sirable because they either contribute to obtain
small norms of the control, which is cost efficient
from control perspective, or demonstrate more
practical designs from an actuator performance
point of view.

In Step 5b, the norm of a control can be stated
in the light of Eq. 3 as Eq. 5. In Eq. 5, KT K is a
square, symmetric, and non-negative definite ma-
trix, hence it has real and non-negative eigenval-
ues.

‖u‖= uT u = xT KT Kx

≤ λmax(KT K)xT x (5)

As it is seen, the maximum λ(KT K) has an effect
on the control norm such that the smaller values
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of λmax(KT K) lead to a smaller upper bound on
the control, which in turn implies less control ef-
fort. Based on this discussion and the assumption
of a fixed evaluative controller, we can claim that
a perturbed system corresponding to small values
of λmax(KT K) is favourable due to requiring less
control effort.

Finally, the sixth step of the proposed
methodology is creating an overall evaluation cri-
terion that evaluates a system with respect to both
the number of degrading experiments and statis-
tical properties of the gain matrix analysis dis-
cussed in steps (5a) and (5b). In this manner, an
evaluation criterion (EC) is created as Eq. 6 by
employing the gain matrix norm and as Eq. 7 by
employing the maximum eigenvalue of KT K.

EC5a =
nimp

ntotal
+µ‖K‖F +σ‖K‖F (6)

EC5b =
nimp

ntotal
+µλmax(KT K)+σλmax(KT K) (7)

In Eqns. 6 and 7, nimp is the number of cases re-
quiring improvement (in other words cases that
correspond to levels 2 and 3 for some desired
HQ characteristics), ntotal is the total number of
experiments in the statistical analysis, µ(.) is the
mean of the Frobenius norm of the gain matrix in
Eq. 6 and the mean of the maximum eigenvalue
of KT K in Eq. 7, both of which are computed by a
fixed evaluative controller, σ(.) is the standard de-
viation of the Frobenius norm of the gain matrix
in Eq. 6, the standard deviation of the maximum
eigenvalue of KT K in Eq. 7. Based on Eqs. 6 and
7, the smaller EC represents a system requiring
less control effort to improve HQ characteristic
because of the following reasons:
• In a statistical analysis, fewer nimp corre-

sponds to a more desirable system since
it implies that most of the experiments do
not violate the requirements of desired HQ
characteristics.
• In the presence of nonzero nimp, smaller

norms of the gain matrix and smaller max-
imum eigenvalues of KT K are more de-
sirable since they impose a smaller upper

bound on the control effort (norm of con-
trol vector).
• In addition to the smaller values of the

norm or eigenvalue, less variability of these
values is also desirable for robustness rea-
sons.

In summary, the proposed methodology em-
ploys a statistical S&C analysis to investigate the
number of degrading experiments and the statis-
tics of ‖K‖F and λmax(KT K) in the presence of
uncertainty. The results of the statistical analy-
sis provide insight into the HQ characteristic im-
provement of a vehicle from control effort per-
spective.

4 Implementation of the Proposed Method-
ology

As mentioned in the preceding sections, the pro-
posed methodology is implemented to a notional
aircraft, similar in size to a Boeing 747, flying at
M = 0.5. A DOE study is conducted by using a
latin hypercube design to create the experiments.
This study assumes that variables involving un-
certainty are uncorrelated with each other. In or-
der to magnify the effects of uncertainty on the
system, ±30% variations of the nominal values
are present in the study. In this manner, we pro-
duce 10000 cases by varying 14 and 16 variables
for longitudinal and lateral analyses, respectively.
One of these variables is the flight velocity, which
is 518 f t/s for both cases. The other nominal val-
ues are derived from [7], and illustrated in Tables
1 and 2.

Table 1 Longitudinal S&C derivatives for a no-
tional Boeing 747 (English units).

XU =−4.883∗101 Zẇ = 3.104∗102 Xe = 3.994∗104

Xw = 1.546∗103 MU = 8.176∗103 Ze =−3.341∗105

ZU =−1.342∗103 Mw =−5.627∗104 Me =−3.608∗107

Zw =−8.561∗103 Mq =−1.394∗107

Zq =−1.263∗105 Mẇ =−4.138∗103

Based on the dynamic equations of motion
and data mentioned in Tables 1 and 2, the nomi-
nal A and B matrices for longitudinal and lateral
dynamics can be computed as shown below. The
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Table 2 Lateral S&C derivatives for a notional
Boeing 747 (English units).

Yv =−1.625∗103 Yp = 0 Yr = 0
Lv =−7.281∗104 Lp =−1.180∗107 Lr = 6.979∗106

Nv = 4.404∗104 Np =−2.852∗106 Nr =−7.323∗106

Ya = 0 La =−2.312∗106 Na =−7.555∗105

Yrud = 1.342∗105 Lrud = 3.073∗106 Nrud =−1.958∗107

states and the control of longitudinal and lateral
dynamics are also provided in Table 3.

Along =


−0.0028 0.0899 0 −32.2
−0.0795 −0.5071 599.17 0
0.0002 −0.0013 −0.3799 0

0 0 1 0



Blong =


2.3232
−19.7914
−0.833

0



Alat =


−0.0945 0 −595.7 32.2
−0.0045 −0.7521 0.4281 0
0.0014 −0.1211 −0.2419 0

0 1 0 0



Blat =


0 7.8062

−0.1477 0.1581
−0.0306 −0.6756

0 0



Table 3 State and control descriptions for longitu-
dinal and lateral dynamics.

Longitudinal Dynamics
U velocity of the aircraft along the body axis
w velocity of the aircraft perpendicular to body axis
q pitch rate
θ pitch angle
δe elevator deflection
Lateral Dynamics
v velocity of the aircraft along y-body axis
p roll rate
r yaw rate
φ roll angle
δa aileron deflection
δr rudder deflection

As depicted before, the fixed evaluative con-
troller in this study is an LQR including the ob-
jective function presented in Eq. 1. The follow-
ing observation was reached from using various

Q and R matrices: if the matrix R involves small
numbers, the control is less penalized, which
leads to moving the roots further away from the
original location in the root locus diagram. In or-
der to sustain desired HQ characteristics without
moving the roots significantly from the original
position, we assume Q = I and R = 1000 I, in
which I is the identity matrix with proper dimen-
sion. Eventually, the selection of these matrices
are based on trial and error.

5 Results

The numerical results of this paper are obtained
from the statistical S&C analysis for longitudinal
and lateral dynamics of a notional aircraft. First,
the results of the longitudinal S&C analysis are
discussed, then the results of the lateral analysis
are presented.

5.1 S&C Analysis for Longitudinal Dynam-
ics

In the statistical S&C analysis for longitudinal
dynamics, 10000 A and B matrices were gen-
erated for a notional aircraft flying at M = 0.5.
Then, for each experiment including the nomi-
nal case, the longitudinal modes were calculated
by the eigenvalue analysis. The results pertaining
to the DOE study before improvement are illus-
trated in Fig. 2a.

Fig. 2 Stochastic root locus analysis for longitu-
dinal modes.

Short-Period

Phugoid

Short-Period

Phugoid

(a) (b)

The DOE study shows that the vehicle does
not sustain the requirements of level 1 phugoid
stability. Most of the cases correspond to level
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3 requirements as presented in Table 4. On the
other hand, the vehicle mostly satisfies the re-
quirement of level 1 short period stability. (Re-
call that the requirements of short period and
phugoid stabilities are derived from [8].) Due
to the low performance of the phugoid stability
characteristics, the vehicle response is enhanced
by the evaluative controller. Based on the LQR
design mentioned before, the unsatisfactory cases
are enhanced, and the new mode spread is ob-
tained as illustrated in Fig. 2b. Note that the cases
improved by using an LQR controller satisfy the
requirements of both phugoid and short period
stabilities. The results of the DOE analysis are
presented in Table 4.

Table 4 DOE results for longitudinal S&C analysis.
Before improvement After improvement

L1,Phugoid 0 10001
L2,Phugoid 46 0
L3,Phugoid 9955 0
< L3,Phugoid 0 0
L1,Short 9994 10001
L2,Short 7 0
L3,Short 0 0
< L3,Short 0 0
Number o f experiments Total Improved

10001 10001

After enhancing the HQ characteristics of the
vehicle, a question arises regarding which gain
matrices correspond to this improvement. Note
that in a particular system, large elements in the
gain matrix are not desirable due to inducing
high control effort (norm of control) and large
signal amplifications, which in turn cause com-
plex actuators or unnecessary noise amplifica-
tion. For this reason, the gain matrix is evalu-
ated with respect to its Frobenius norm, and the
corresponding histogram of the norms are dis-
played in Fig. 3. Based on the conducted statis-
tical study, the mean and standard deviation of
‖Klong‖F are computed as 10.7 and 1.48, respec-
tively. Moreover, the elements of the gain ma-
trix are also investigated to see which elements
influence the Frobenius norm the most. The his-
tograms of each element are plotted on Fig. 4,
and K1,3 and K1,4 are observed as the elements
involving large values in the matrix.

Note that the states of the longitudinal dy-

Fig. 3 Histogram of the gain matrix norm com-
puted from longitudinal analysis.

Fig. 4 Histogram of the gain matrix elements
computed from longitudinal analysis.

namics are U , the velocity of the aircraft along
the body axis, w, the velocity of the aircraft per-
pendicular to the body axis, q, the pitch rate, and
θ, the pitch angle. Moreover, the control assumed
in the longitudinal dynamics is only the eleva-
tor angle. In this manner, the elevator angle is
mostly derived by the variations in the pitch rate
and pitch angle multiplied by the corresponding
element in the gain matrix. Hence, it is important
to improve the dynamics of a system with gains
without violating any physical restrictions of an
elevator.

As previously discussed, λmax(KT K) also has
an effect on the upper bound of the control effort.
Thus, the variability of the maximum eigenval-
ues was investigated in each experiment. The re-
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Fig. 5 Histogram of λmax(KT K) computed from
longitudinal analysis.

sults, displayed in Fig. 5, show that the mean and
standard deviation of λmax(KT K) are 116.64 and
32.42, respectively. Finally, EC involving ‖K‖F
and EC involving λmax(KT K) are calculated from
the statistical S&C analysis of longitudinal dy-
namics as Eqs. 8 and 9, respectively.

EC‖K‖F ,long =
10001
10001

+10.7+1.48

= 12.88 (8)

ECλmax(KT K),long =
10001
10001

+116.64+32.42

= 150.06 (9)

5.2 S&C Analysis for Lateral Dynamics

Similarly to the previous section, the lateral dy-
namic analysis was conducted for the same no-
tional aircraft flying at M = 0.5. In the same man-
ner, 10000 experiments were produced, and the
lateral modes in each experiment were computed
by the eigenvalue analysis.

Fig. 6a shows the mode spread of the DOE
study involving 10000 cases. Each mode is eval-
uated with respect to the requirements of dutch-
roll, spiral and roll stabilities from [8]. The re-
sults show that the requirements of level 1 dutch-
roll stability are not satisfied by the vehicle. In
addition, there exist many points that do not cor-
respond to the requirements of any levels 1, 2 and
3. These points are represented as < L3,Dutch−Roll
in Table 5. Note that the dutch-roll mode is the
most critical mode in lateral dynamics, hence the

Fig. 6 Stochastic root locus analysis for lateral
modes.

Roll

Spiral

Dutch-Roll

Roll

Spiral

Dutch-Roll

(a) (b)

presence of significant amount of unsatisfactory
cases imposes to improve the response of the ve-
hicle by designing a controller. Consequently,
the evaluative controller mentioned in the previ-
ous sections is used for enhancing the dutch-roll
mode characteristics.

Table 5 DOE results for lateral S&C analysis.
Before improvement After improvement

L1,Dutch−Roll 0 10001
L2,Dutch−Roll 1057 0
L3,Dutch−Roll 2041 0
< L3,Dutch−Roll 6903 0
L1,Spiral 9179 6198
L2,Spiral 822 3803
L3,Spiral 0 0
< L3,Spiral 0 0
L1,Roll 9794 5324
L2,Roll 207 4677
L3,Roll 0 0
< L3,Roll 0 0
Number o f experiments Total Improved

10001 10001

Following this improvement, the new mode
spread is illustrated in Fig. 6b, and the HQ char-
acteristic assessment is presented on Table 5. The
results show that all points achieve the require-
ments of level 1 dutch-roll stability after im-
provement; however, a degradation is observed
for roll and spiral mode characteristics. This
degradation can be seen as insignificant because
the roll and spiral modes are non-oscillatory and
slow, respectively. Even if they have unstable
characteristics for a vehicle, a pilot is able to
maintain them during flight. Hence, the degra-
dation of roll and spiral mode characteristics is
acceptable when the dutch-roll mode characteris-

8
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tics are improved significantly.
As in the previous analysis, the gain matrices

corresponding to the improvement of the unsat-
isfactory cases are recorded. Based on the sta-
tistical study, the mean and standard deviation of
‖Klat‖F are computed as 9.90 and 1.23, respec-
tively. Fig. 7 presents the histogram of the gain
matrix norm. In addition, each element of the
gain matrix is also investigated to identify the el-
ements that have the most influence on the Frobe-
nius norm. The statistical analysis shows that the

Fig. 7 Histogram of the gain matrix norm com-
puted from lateral analysis.

matrix norm is mostly induced by K2,3. The de-
tails of each element are also illustrated in Fig. 8.
Note that the states of the lateral dynamics are
v, the velocity of aircraft along the y-body axis,
p, the roll rate, r, the yaw rate, and φ, the roll
angle. Moreover, the assumed controls in lateral
dynamics are the deflection angles of aileron and
rudder. Based on the results, the rudder deflection
is mostly derived by the variations in r multiplied
by K2,3. Eventually, it is important to improve the
dynamics of a system with gains without violat-
ing any physical restrictions of the rudder.

Similarly to the previous section, the term
λmax(KT K) of each experiment is analysed for
lateral study since it has an effect on the upper
bound of the control effort. The results, illus-
trated in Fig. 9, show that the mean and stan-
dard deviation of λmax(KT K) for lateral study are
99.27 and 24.74, respectively. Finally, EC in-

Fig. 8 Histogram of the gain matrix elements
computed from lateral analysis.

Fig. 9 Histogram of λmax(KT K) computed from
lateral analysis.

volving ‖K‖F and EC involving λmax(KT K) are
calculated from the statistical S&C analysis of
lateral dynamics as Eqs. 10 and 11, respectively.

EC‖K‖,lat =
10001
10001

+9.9+1.23 (10)

= 12.13

ECλmax(KT K),lat =
10001
10001

+99.27+24.74 (11)

= 125.01
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6 Conclusion

This paper presents a statistical stability and con-
trol analysis to investigate how much control ef-
fort is required to improve the handling quality
characteristics of a vehicle during the early de-
sign stages. The goal of the statistical analysis,
as a design of experiments study, is to vary the
system parameters due to the presence of uncer-
tainty and to observe the mode spread in order to
have a better understanding of system robustness.
The major contribution of this paper is to intro-
duce an overall evaluation criterion to compute
the control effort in the early design stages. The
evaluation criterion discussed in this paper con-
sists of not only the number of cases with unsat-
isfactory handling quality characteristics but also
the improvement of these unsatisfactory cases.
This improvement is achieved by introducing a
fixed notional controller, which is referred to as
the evaluative controller. This controller, which
is a linear quadratic regulator in this study, may or
may not be the actual controller of the real flight;
however, it provides a preliminary understanding
of the required control effort in the early design
stages. Hence, the system characterization from
the control effort perspective is achieved by the
proposed evaluation criterion involving the num-
ber of unsatisfactory cases normalized by the to-
tal number of experiments, and the statistics of
‖K‖F or λmax(KT K), where the gain matrix K is
calculated by the fixed evaluative controller. Us-
ing the evaluation criterion, a system with lower
value of EC implies a system requiring less con-
trol effort to achieve the desired handling quality
characteristics.

Note that using the terms regarding the gain
matrix in the evaluation criterion restricts one to
assess systems belonging to similar families. In
other words, the evaluation criterion proposed in
this paper may not be useful to compare a mi-
cro vehicle and a transport aircraft because their
control signals are not in the same level of mag-
nitude. Nevertheless, the criterion discussed in
this paper becomes useful for a nominal design
for which the design exploration and exploitation
are still in process. Consequently, the geometry

of the vehicle can be modified during early design
phases by satisfying minimum EC values based
on the desired characteristics. Hence, the future
work of this research is to use this information in
design process to identify the physical geometry
changes and tuning the configuration of a vehi-
cle. In this manner, we will expect to reduce the
required control effort for a vehicle that satisfies
the desired handling quality characteristics.
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