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Abstract

This paper presents the design of a centralized
controller via µ synthesis for an unmanned he-
licopter. It is well known that partitioned con-
trollers for a helicopter are based on partitioned
systems and usually are in multi-loop manner.
When the system is subjected to internal and ex-
ternal disturbances, the tuning of such a control
system is very difficult and time-consuming. In
this work, the centralized µ-controller (i.e. the
controller designed using the un-partitioned heli-
copter system) for velocity and heading rate con-
trol is designed while a substantial amount of
sensor noises, external disturbances in the form
of wind gusts and model uncertainties is taken
into account. The controller is then tested in sim-
ulations and briefly compared with a variant of
H∞ controller.

1 Introduction

The R&D into UAVs have achieved significant
progresses in the last few decades. Among these,
scale-model helicopters are particularly attractive
as they are capable of various useful maneuvering
modes such as hovering, vertical takeoff-landing,
low-speed cruise, pirouette, etc. There are funda-
mentally two distinct domains to use scale model
helicopters, i.e. quasi-steady tracking and ag-
gressive maneuvering. Since our interest is to de-
velop a highly reliable navigation platform, the
control problem in hover and low-speed flight,

where the most meaningful applications, such as
navigation and surveillance, are carried out, is the
focus.

But helicopters are naturally unstable, non-
linear and highly coupled. Fortunately, the he-
licopter dynamics in hover and low-speed flight
is mostly linear and can be considered as a LTI
MIMO system. In our previous work [1, 2],
LTI MIMO state space models were success-
fully used in system identification to extract the
hover dynamics from flight data. Peng and Cai
et al. [3] applied an identified LTI MIMO heli-
copter model to realize a near-hover autonomous
flight which consisted of tasks including auto-
matic takeoff & landing, hovering, slithering,
pirouetting and spiral turning, etc.

One of the core challenges of designing a
control system for near-hover flight is to stabi-
lize the vehicle at the working point. For that,
various control techniques, such as classical PID
[4, 5], Model Predictive Control [6], H∞ con-
trol [7], µ-synthesis [8], Composite Nonlinear
Feedback (CNF) method [3] and Neutral Net-
work method [9], have been presented in the lit-
erature. However, many of them are in decen-
tralized forms, i.e., the control laws are imple-
mented to partitioned subsystems separately and
the entire control systems have multi-loops. To-
tally, several controllers have to be designed in
multi-loops to realize the position and heading
control. In order to satisfy multiple requirements
for different channels simultaneously, the tun-
ing of all these controllers would be difficult and
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time-consuming. Besides, the coupling effects in
a helicopter among different channels, basically
longitudinal dynamics, lateral dynamics, heave
dynamics and yaw dynamics, are its nature and
cannot be ignored [10]. The decentralized con-
trollers are not much competent to take the cou-
pling effects into account. Therefore, a controller
in a centralized manner would be better suited to
this scenario.

Looking deeper into the system, the stabi-
lizing control of the directional velocities and
the heading rate in the presence of sensor noise
and external disturbance and unmodeled dynam-
ics would be the primary task to be solved. Af-
ter the platform has been stabilized at this level,
a further position and heading control would be
very easy. La Civita et al. [11] presented an au-
tonomous navigation control system for a robotic
helicopter. A multi-loop controller based on H∞

loop shaping method was used to stabilize the
three directional velocities vx, vy, vz and the head-
ing rate Ψ̇. Instead, Cai et al. applied a single-
loop H∞ static output-feedback control to stabi-
lize the velocities and heading rate using only
one loop [12]. It makes the stabilizing problem
much easier to tune. But this method, as well as
the H∞ loop shaping method can only achieve a
general robust performance by shaping the open
loop model with pre- and post-compensators (W1
and W2) [11, 13, 14]. They would become less
attractive when more information about internal
and external disturbances needs to be taken into
account and multi requirements are to be satisfied
in the control design.

In order to cope with noise attenuation, dis-
turbance rejection and model uncertainty in a
coupled system as explicitly as possible, the µ-
synthesis control method [15] provides great po-
tential to design such a robust centralized con-
troller to stabilize a helicopter.

The objective of our work is to design a cen-
tralized controller to stabilize three directional
velocities and yaw rate in a single loop using the
µ-synthesis. The performance of the controller
in non-aggressive autonomous flights is tested
in simulations against simulated external wind
gusts, sensor noises and system uncertainties. A

widely published linearized Yamaha R-50 heli-
copter model [8] is used in the simulations as the
"true" platform which is trimmed and flies with a
quasi-constant rotor speed of 900 RPM in hover
and near hover condition. Although the model
simplifies the real situation, it describes the dy-
namics in hover and near hover condition well
[16].

2 Simulation Platform

2.1 Hover Model

As mentioned above, the scale-model helicopter
is a nonlinear, naturally unstable, highly cou-
pled and multiple-input-multiple-output system,
but the dynamics in hover and near hover con-
dition can be linearized as a LTI MIMO state
space model at the trimmed point. The model is
called as hover model here for short. The model
structure used in this paper is based on Mettler’s
work on the identification of helicopter models
[10, 16]. The linearized hover model is given by,

ẋ = Ax+Bu and (1)
y = Cx, (2)

where x = [u v p q Φ Θ a b w r r f b]
T is the

state vector with u,v,w as the longitudinal, lat-
eral and vertical velocities, respectively; p,q,r
are the roll, pitch and yaw rates, respectively;
a,b as the longitudinal and lateral flapping an-
gles, respectively with Φ and Θ as roll and pitch
angles, respectively. The stick input is u =
[δlat δlon δcol δped]

T where the elements in the
order are: roll rate control, pitch rate control, col-
lective pitch control and the yaw rate control. The
output vector is, y = [u v w p q r Φ Θ]T . The ma-
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trices A and B in Eq. 1 are:

A=




Xu 0 0 0 0 −g −g 0 0 0 0
0 Yv 0 0 g 0 0 g 0 0 0
Lu Lv 0 0 0 0 La Lb 0 0 0
Mu Mv 0 0 0 0 Ma Mb 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 −1 0 0 −1

τa
Ab 0 0 0

0 0 −1 0 0 0 Ba
−1
τa

0 0 0
0 0 0 0 0 0 Za Zb Zw Zr 0
0 0 Np 0 0 0 0 0 Nw Nr Nr f
0 0 0 0 0 0 0 0 0 Kr Kr f




(3)

B =




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
Alat Alon 0 0
Blat Blon 0 0
0 0 Zcol 0
0 0 Ncol Nped
0 0 0 0




(4)

2.2 Measurement Noises

In the real-life situation, the onboard IMU has
build-in observers that can provide high accurate
estimation of local velocities and angles, u, v,w,
r, Φ and Θ. These signals are very reliable and
don’t contain much noise, so instead of using the
raw measurements that are the angular and lin-
ear accelerations, u, v,w, r, Φ and Θ are taken
as feedback in the control design. Considerable
noises (see Fig. 1) are added to corrupt each of
the feedback signals.

2.3 External Disturbances

The external disturbances can be assumed as gust
velocity components that perturb the helicopter’s
directional velocity states u, v and w [13]. The
disturbance model used in this work is shown
in Fig.2 which represents strong wind gust com-
pared to helicopter’s velocities. The wind gusts
in x and y directions are assumed to be the same

Fig. 1 Measurement Noises.

Fig. 2 External Disturbances.

level and the vertical wind gust is a little weaker
than them.

3 Controller Design

3.1 µ-synthesis Controller

The µ-synthesis method is very effective for
multi-variable robust control problems in which
the control system must take several objectives
into account simultaneously [13, 15]. Before ap-
plying µ-synthesis to find a stabilizing controller,
the system specification including the informa-
tion about measurement noises, external distur-
bances, model uncertainties and desired perfor-
mance etc., should be specified and interpreted
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Fig. 3 The µ-synthesis control design

using frequency-domain weighting functions to
describe the frequency characteristics of the sys-
tem specification. The µ-synthesis robust control
design problem with weighted performance was
shown in Fig. 3.

Compared to the robust control methods that
are based on H∞ method, µ-synthesis is able to
take the measurement noise N, the external dis-
turbance D and the model uncertainty ∆ into ac-
count when designing and synthesizing the con-
troller K.

The plant of the open-loop system Fol in-
cludes the nominal model P and the multiplica-
tive uncertainty model ∆Wunc that is used to lump
modelling errors as the uncertainty model at the
input. ∆ represents the complex structured uncer-
tain dynamics

∆ = {diag(∆1,∆2,∆3,∆4),‖ ∆i ‖∞≤ 1, i = 1, ..,4}
(5)

As the helicopter has four inputs, a single ∆i
is added to each input. The ∆i is in the form of a
stable first-order transfer function and the values
of its coefficients are unknown but ‖ ∆i ‖∞≤ 1.

The weighting function Wunc specifies the
uncertainty over the frequency [17]. The small
uncertainty Wunc1 (case 1 in Fig. 4) means that
the helicopter model (Eq. 1) is appropriate to cap-
ture the real helicopter dynamics well in the low
frequency range between 0.1 to 20 rad/s [10].
The model accuracy drops with increasing fre-
quency. Besides that, we assume that certain er-
ror of 10% exists between the model and real
plant in the low frequency range. Wunc1 is put
into µ-synthesis control design procedure to let

Fig. 4 Uncertainty Model.

the µ-synthesis take the model uncertainty into
account.

Wunc1 = diag{Wunc1,1,Wunc1,2,Wunc1,3,Wunc1,4}
(6)

where Wunc1,i =
s+20

s+200 , i=1,2,3,4.

The large uncertainty Wunc2 (case 2 in Fig.
4) represents that the model is inaccurate even at
low frequencies, the uncertainty increases signif-
icantly from about 2 rad/s. This large uncertainty
will be added to the plant to test the robust per-
formance of the controller in the simulation test
section.

Wunc2 = diag{Wunc2,1,Wunc2,2,Wunc2,3,Wunc2,4}
(7)

where Wunc2,i =
0.1(s+1)
0.1s+1 , i=1,2,3,4.

Wre f represents the desired model for the
closed-loop system. We force u, v and w to follow
the same second-order model response, Φ and Θ

to have a slightly quicker response and r to re-
sponse a little much quicker than all other outputs
(Fig.5).

Wre f = diag{Wu, Wv, Ww, WΦ, WΘ, Wr} (8)

where,

Wu= Wv= Ww=
ω2

1

s2 +2ω1 +ω2
1

, ω1 = 0.8π,
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Fig. 5 The step responses of the desired model

WΦ= WΘ=
ω2

2

s2 +2ω2 +ω2
2

, ω2 = 0.9π and

Wr=
ω2

3

s2 +2ω3 +ω2
3

, ω3 = 1.1π.

Wd describes the frequency characteristics
of the external disturbances showing in Fig. 2.
The model is based on the wind gust disturbance
model shown in Skogestad et al[13] and is equal
to a strong wind compared to the hover and low-
speed flight (Fig. 11):

Wd = diag
{

Wdx, Wdy, Wdz
}

(9)

where Wdx= Wdy= 200 0.15
s+0.15 and Wdz= 100 0.15

s+0.15 .

Wn represents the frequency domain model
of the noise in the feedback signals. Each noise
singal shown in Fig. 1 has one model. As the
feedback signals are estimated by the build-in
Observer in IMU, the noise level is very low:

Wn = diag{Wnu, Wnv, WnΦ, WnΘ, Wnw, Wnr}
(10)

where Wnu=Wnv= Wnw= 0.006
1
70s+1
1

100s+1
and WnΦ=

WnΘ=Wnr= 0.0006
1

70s+1
1

100s+1
.

Wact is to shape the penalty on the control sig-
nal usage to limit input magnitudes at high fre-

Fig. 6 The actuator penalty function

quencies due to the dynamic limits of the actua-
tors. The same first-order high-pass filter (Fig.6)
is used in each input channel to penalize the con-
trol action at higher than 20 rad/s .

Wact = diag{Wact,1,Wact,2,Wact,3,Wact,4} . (11)

where Wact,i =
s+1
1

100s+1
, i = 1,2,3,4.

We weighs the performance of the closed-
loop system compared with the ideal response.
The difference between ure f and u, vre f and v,
wre f and w and also rre f and r are weighted. We
tuned the We according to the suggestion in [17],
that is, We is flat at low frequency, rolls off at
first or second order, and flattens out at a small,
nonzero value at high frequency. In this way, the
response accuracy of the closed model at low fre-
quencies is weighted. The same weighting func-
tion ( Fig. 7) is applied to each error.

We = diag{We,1,We,2,We,3,We,4} . (12)

where We,i =
s+1
1

100s+1
, i = 1,2,3,4.

Under the framework (Fig. 3), the input vec-
tor of the weighted closed-loop system is w =
[D R N]T and the system output vector is z =
[z1 z2]

T . Taking T (P,K) as the closed-loop
MIMO mapping from [D R N]T to [z1 z2]

T

z = T(P,K)w (13)
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Fig. 7 The performance weighting

the mathematical objective of the control design
is to to find an stabilizing controller K, such that
for all perturbations ∆pert ∈ ∆̃, ‖ ∆pert ‖∞≤ 1, the
closed-loop system T is stable and satisfies

‖ T [Fol(P,∆pert),K] ‖∞≤ 1. (14)

The control problem above can be recasted
into the general µ problem diagram (Fig.8), the
goal of µ-synthesis is to minimize the singular
value µ∆pert (.) of the closed-loop transfer function
T for all perturbations ∆pert ∈ ∆̃ over all stabiliz-
ing controllers K [17], i.e.,

min
K

max
ω

µ∆pert [T ( jω)] (15)

The augmented block structure ∆̃ has the fol-
lowing form:

∆̃ =

{[
∆ 0
0 ∆P

]
: ∆ ∈C4×4,∆P ∈Cnw×nz

}

(16)
where ∆P is a fictitious uncertainty block which
is used in µ-synthesis to assess the robust
performance[15]. It connects w and z with di-
mension nw×nz.

The implementation of the µ-synthesis con-
trollers were carried out using MATLAB R© Ro-
bust Control Toolbox.

4 Results

With the proposed centralized stabilizing con-
troller, the closed-loop system provides a simple

K

P

˜
∆

w d̃ ẽ z

yu

∆P

∆

T

Fig. 8 Description of the µ-synthesis problem

Fig. 9 The two-loop control structure

interface (Fig. 9) for the next control level, posi-
tion and heading control. A simple path plan-
ning layer is added as the outer loop here to
generate velocity commands ure f , vre f , wre f and
rre f from position and heading commands via the
smoothed differential function f (Eq. 17) in each
channel.

f =
ω2

n1s
s2 +2ωn1 +ω2

n1
,ωn1 = 0.4π (17)

For the comparison purpose, another cen-
tralized controller based on the signal-based H∞

method [13] is presented here along with the µ-
controller.

The first test (Test 1) is carried out with the
small model uncertainty (case 1 in Fig. 4). The
measurement noises (Fig. 1) and the windgust
disturbances (Fig. 2) are added in the simula-
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Fig. 10 Test 1-Simple flight path.

Fig. 11 Test 1 - Controlled velocities.

Fig. 12 Test 1 - Controlled roll and pitch.

tions. The simulation results of the controllers
are shown in Fig. 10.

In Test 2, the model uncertainty, case 2 (Fig.
4), is added and other parameters, noises and dis-
turbances keep unchanged. Slight oscillations
can be seen in r channel and unwanted oscilla-

Fig. 13 Test 1 - Inputs to the four actuators.

tions exist in Φ and Θ under H∞ control, while the
µ-synthesis controller delivered a stable perfor-
mance consistently. The unwanted oscillations in
signal-based H∞ controller is mainly due to the
increased model uncertainty. It can be clearly
seen that both types of centralized controllers
performed almost identically when the system
uncertainties are low. This is evident in Fig. 11
to 13.

As the level of internal disturbance increased,
the capabilities of the two control systems be-
came evident. In particular, the signal-based H∞

controller began to suffer under the increased
system uncertainties, while the µ-synthesis con-
troller remained functional reasonably well. The
comparative results are shown in Fig. 14 to 16.
The µ-synthesis method offers a robuster perfor-
mance because it can explicitly take the uncer-
tainty into account when designing the controller.

The proposed µ-controller is in state space
form with 10 inputs, 4 outputs and 28 states, the
implementation of such a controller on a mod-
ern ECU and its real-time performance are not
of much concern thanks to powerful but common
CPUs. As a result of the centralized structure, de-
signers don’t need to tune multi-loop controllers
back and forth. Since the controller takes the
helicopter as a complete system, it is capable to
handle the coupling effect much better than those
decentralized ones. According to the two tests in
simulations, the controlled system behaves like
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Fig. 14 Test 2 - Controlled velocities.

Fig. 15 Test 2 - Controlled roll and pitch.

Fig. 16 Test 2 - Inputs to the four actuators.

four decoupled subsystems and the effect from
other inputs to one channel is quite insignificant
(Fig. 11 to 13). It’s superior to those decentral-
ized controllers in the literature[7, 10, 11]. When
specific information and requirements of the sys-
tem are available for the control design, the pro-
posed controller would be more effective to use
and much easier to tune than those decentralized
ones.

5 Conclusion

The paper presented a very credible control
design methodology, namely the µ-synthesis.
The method was used to design a centralized
controller to stabilize an unmanned helicopter,
namely control the directional velocities u,v,w
and the heading rate r. The novelty in the pre-
sentation of this paper is that, no partitioning
of the LTI MIMO model has been made to de-
sign the controllers. The entire controller is de-
signed by keeping the system model as a whole
and hence has a higher level of performance in
counter attacking coupling effects, un-modelled
phenomena such as the system uncertainties as
well as wind gusts and sensor noises. The µ-
synthesis controller also has a greater capabil-
ity to sustain in the presence of increased mod-
elling uncertainty than the conventional robust
controllers based on H∞ theory. In the next step,
the proposed controller will be further tested on
our testbed.
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