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Abstract

Hypersonic airbreathing engines offer great po-
tential for reliable and economical access-to-
space and high-speed atmospheric cruise for both
civilian and strategic applications. Scramjet (su-
personic combustion ramjet) propulsion, in par-
ticular, is a promising technology to materialize
efficient and flexible transport systems by remov-
ing the need to carry oxidizers and other limi-
tations of rocket engines. In the actual devel-
opment procedure of aerospace applications, the
design for fabrication is carefully determined in
consideration of various requirements and crite-
ria, based on the optimal results obtained in nu-
merical analysis and experiments. This stage typ-
ically involves a significant amount of engineer-
ing activities and human-related factors, which
may well give rise to unexpected errors, uncer-
tainty, and accuracy loss in the design values.
Discrepancies in the design between the numer-
ical / analytical solutions and the actual product
can also arise during operation, originating from
various factors such as structural deformation due
to aerodynamic loads and surface ablation due
to aerothermal heating in hypersonic flight. It is
desirable that such discrepancies do not drasti-
cally affect the performance of the design. In this
work, we present our findings of Multi-objective

robust design optimization of the nozzle and ex-
ternal contour of an axisymmetric scramjet. We
analyze the effect that uncertainties in the design
variables can have on the final solutions and try to
understand the behavior from the physical point
of view.

1 Introduction

Hypersonic airbreathing engines offer great po-
tential for reliable and economical access-to-
space and high-speed atmospheric cruise for both
civilian and strategic applications. Scramjet (su-
personic combustion ramjet) propulsion, in par-
ticular, is a promising technology to materialize
efficient and flexible transport systems by remov-
ing the need to carry oxidizers and other limita-
tions of rocket engines. A scramjet engine typi-
cally consists of an inlet, combustor and a nozzle.
During its operation, complex flowfields arise
due to highly coupled aerodynamic and aerother-
mal phenomena including shock/boundary layer
interactions, shock/shock interactions and finite-
rate chemical reactions.

Design optimization [1] of such complex
systems with nonlinear and non-smooth design
space represents significant challenges for local-
search based optimization methods. Population-
based global search via surrogate-assisted evolu-
tionary algorithms coupled with a computational
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fluid dynamics (CFD) solver has been found to
be highly effective in seeking optima in nonlinear
design space in optimization studies conducted at
The University of Queensland (UQ) for various
axisymmetric scramjet configurations [3, 4, 5],
with the main focus on engine performance pa-
rameters such as the compression / combustion
efficiency and net thrust.

In reality, however, deviations from the in-
tended design can arise during the manufactur-
ing process as well as operation, originating from
various factors such as structural deformation due
to aerodynamic loads and surface ablation due to
aerothermal heating in hypersonic flight. The op-
timal designs tend to lie at the verge of the bor-
der between the feasible and infeasible solutions.
In such circumstances minor deviations in design
can result in substantial degradation of the perfor-
mance or critical failure in more severe events.
It is therefore of particular importance to select
such a design that can maintain desired perfor-
mance even in the presence of unpredictable dis-
turbances in the design variables.

Robust Design Optimization (RDO) enables
the search of optimal solutions that are insen-
sitive to uncertainties inherent in manufacture
and operation. It seeks high-performance de-
signs while minimizing the impact of deviations
in the design variables on the performance by
discouraging such optimal solutions that become
highly suboptimal when subjected to minor dis-
turbances. It can thus realize advanced design of
enhanced practical use by simultaneously achiev-
ing both high performance and robustness.

In this paper, we present the results of an
RDO study conducted for a configuration con-
sisting of the nozzle and external contour of an
axisymmetric scramjet. The next section de-
scribes the original optimization problem [6], fol-
lowed by the robust optimization procedure in
Section 3. The results are discussed and analzed
in Section 4, finally conluding the present work
in Section 5.

2 Shape optimization of nozzle and external
contour

In a recent study, [6], a multi-objective design op-
timization (MDO) was performed for a configu-
ration consisting of the nozzle and external con-
tour of an axisymmetric scramjet (highlighted in
the schematic in Figure 1) for an operating condi-
tion at Mach 8 at an altitude of 27 km. In order to
achieve both high engine performance and vehi-
cle static stability simultaneously, the study was
conducted to minimize the axial position of the
centre of gravity normalized by the total length
(xCG/L) and maximize the thrust (or minimize
the axial forceFx), under the design constraint on
the engine volume to allow installation of neces-
sary instrumentation inside.

A distinct Pareto optimal front comprising
non-dominated solutions was obtained as a result
of the MDO study, clearly indicating the trade-
off characteristics between the two objectives, i.e.
xCG/L and−Fx. Detailed analysis of the opti-
mization results was performed to identify the
role and behavior of the individual design vari-
ables in achieving the optima. For the purpose
of the present study, the non-dominated solu-
tions achieved in optimization for only maximum
performance will be referred to as performance-
maximizing solutions.

Design optimization is performed in an it-
erative manner. Fig. 2 schematically shows
the optimization chain which consists of mesh
generation (pre-processing), CFD computation
(evaluation), post-processing and optimization
algorithms. Objective functions are evaluated
by employing a high-fidelity commercial / re-
search CFD code which solves axisymmetric vis-
cous flowfields involving finite-chemical reac-
tions for the computational mesh that is gen-
erated at the pre-processing phase for the ge-
ometries represented by a set of the design vari-
ables. It is coupled with the MDO capabil-
ity developed at the University of New South
Wales campus at the Australian Defence Force
Academy (UNSW@ADFA), based on elitist non-
dominated sorting genetic algorithms (NSGA-II)
assisted by surrogate modeling.
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Fig. 1 Parametric representation of an axisymmetric scramjet engine

mesh generation CFD computation post-processing

decision variables
optimization algorithms

objective / constraint
function values

mesh solution

Fig. 2 Optimization loop

3 Robust design optimization

In the actual development procedure of aerospace
applications, the design for fabrication is care-
fully determined in consideration of various re-
quirements and criteria, based on the optimal re-
sults obtained in numerical analysis and experi-
ments such as the performance-maximizing so-
lutions described above. This stage typically in-
volves a significant amount of engineering activ-
ities and human-related factors, which may well
give rise to unexpected errors, uncertainty, and
accuracy loss in the design values. Discrepancies
in the design between the numerical / analytical
solutions and the actual product can also arise
during operation, originating from various fac-
tors such as structural deformation due to aerody-
namic loads and surface ablation due to aerother-
mal heating in hypersonic flight.

For instance, let us assume here that one of
the performance-maximizing non-dominated op-
timal solutions has been selected for implemen-
tation. How would the performance be affected,
if the design variables of this solution were per-
turbed by a meager 1% from the design values ?
Would the solution still be feasible ?

A Monte-carlo sampling has been performed
in order to investigate the effects of design vari-
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Fig. 3 Percentage of infeasible solutions in the
neighborhood of the performance-maximizing
non-dominated solutions

able perturbation on the performance by examin-
ing 50 neighboring solutions generated by using
the Latin Hypercube sampling method, assuming
1% perturbation in the design variables. Figure 3
indicates almost all the solutions have 100% in-
feasible neighbors that violate one or more geo-
metric constraints, while none violates the vol-
ume constraint. Although such a post-optimal
analysis of robustness is useful to find the robust-
ness of the obtained solutions, an approach which
would be able to directly be able to find the ro-
bust solutions would be more useful. Such an ap-
proach can be employed in conjunction with ex-
isting algorithms in order to realize robust design,
which aims to ensure high performance with min-
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imum degradation even in the presence of errors
and inaccuracy in the design. Appropriate ro-
bustness criteria need to be implemented into the
MDO framework to enable the robust design ca-
pability. Recently, an EMO procedure for Multi-
objective robust optimization, namely, IDEAR
was proposed at UNSW@ADFA [2], where the
robust design capability was implemented to the
advanced MDO capability by improving existing
algorithms with respect to the function evalua-
tions to enable economical robust design process.
In this procedure designers can specify parame-
tersδx andη defined as:

• δx: Expected percentage variation in the
design variables

• η : Maximum percentage variation al-
lowance in the objective functions

These two parameters are used to enforce ad-
ditional constraints to the robust design optimiza-
tion exercise. The first constraint attempts to en-
sure that the maximum variation in the objective
function value is limited by the value ofη and is
defined as:

max
i=1,2..,M

(

| f ∗i (x)− fi(x)|
| fi(x)|

)

≤ η,x ∈ S (1)

where f ∗(x) is the mean value off (x) in the
neighborhood ofx.

It is interesting to note that with this addi-
tional constraint, the designer now has the ability
to obtain optimal solutions whose performance
measure shall vary by at most a fraction,η un-
derδx perturbations in the design space. Smaller
the value ofη, the smaller the variation of the
solutions under the considered uncertainty. It is
ofcourse possible, that if the value ofη is very
small (tighter constraint) there may not be any
feasible solution in the entire design space for
a certainδx. However, this information can be
easily found out using the above additional con-
straint with a EMO procedure.

The second constraint attempts to discourage
solutions which may be infeasible islands, i.e.

the solution may be surrounded by a number of
infeasible solutions. An immediate implication
of this is that solutions on the active constraint
boundaries (including side constraints) are not
deemed to be robust. IDEAR [2] used a mea-
sure,robust constraint violation (RCV) of each
solution (x), is RCV(x)= Σx∗∈δxCV (x∗), where
x∗ denotes a solution in the neighborhood ofx,
denoted byδx. The constraint violation of a solu-
tion x∗ is defined as follows:CV (x∗) = Σigi(x∗),
wheregi(x∗) = 0 if gi(x∗)≥ 0. gi(x∗) is the value
of theith constraint of the original problem.

To discourage boundary solutions,
a penalty term, GCV (x) was added to
RCV (x), where GCV (x) is defined as:
GCV (x) = −Σx∗∈δxΣ

N
i=1max{|vi(x∗)|,0}, where

|vi(x∗)| is absolute violation ofith side constraint.
This penalty term could almost negate the
possibility of obtaining true optimal solutions
as robust solutions, since objective functions of
design models often show monotonic behavior
and hence the possibility of obtaining boundary
solutions as optimal[1]. RCV(x) was hence
formulated as follows:

RCV(x) = Σx∗∈δxCV (x∗)+GCV (x∗) (2)

Thus, if the robust constraint violation is neg-
ative, then at least one of the neighboring solu-
tions was infeasible. The constraint,RCV (x) en-
sures that a good solution is classified as robust,
if it is also feasible in its neighborhood. This is
however at best an approximation, since this esti-
mate will depend on the number of neighborhood
samples chosen and the technique used to choose
the samples. Theoretically, an infinite number
of solutions can be generated in theδx neighbor-
hood of a solution,x. Hence, a solutionx is called
a robust optimal solution, if it is a Pareto-optimal
solution to the following constrained optimiza-
tion problem in positive null form:

Minimize ( f1(x), f2(x), .. fM(x)),

subject to
‖ f ∗(x)− f (x)‖

‖ f (x)‖
≤ η,

RCV (x) ≥ 0,x ∈ S



















(3)
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Thus, in the current application, the optimiza-
tion problem that we solve is:

Min. f1(x) = XCG
L ,

f2(x) = Fx

subject to V ≥ 0.0602m3,
‖ f p(x)− f (x)‖

‖ f (x)‖ ≤ η,

RCV (x) ≥ 0,x ∈ S
Where XCG

L = Relative C.G position
normalized by total length
Fx = Total Axial Force

(4)

3.1 Quantification of the costs for robust de-
sign

Robust non-dominated solutions are commonly
found to form a sub-optimal front with respect
to the performance-maximizing solutions (to be
seen later in Section 4, e.g. Figure 6). This is
due to the constraints that have been imposed to
achieve the desired robustness specified by the
expected variation in the design variablesδx and
maximum variation allowance in the objective
functionsη. The distance between the Robust
optimal front and the performance-maximizing
front can be considered as the measure of the
sacrifice made for the robustness in terms of the
objectives. In order to quantify this a method
based on curve fitting has been employed. Firstly
the non-dominated solutions on the performance-
maximizing front has been approximated by the
best fitting polynomial function (in the least-
square manner) in the form of

Fx = Σ
Nmax
n=0 pn(xCG/L)n (5)

where the integerNmax is varied between 1 and
50 and the best value that can yield the maxi-
mum correlation coefficient close to unity is cho-
sen. The best function to approximate the robust
non-dominated solutions is then sought by apply-
ing an offsetx0 andy0 in the direction ofxCG/L
andFx, respectively, that is,

Fx = Σ
Nmax
n=0 pn(xCG/L− x0)

n + y0 (6)

where the optimal value set ofx0 andy0 to min-
imize root-mean-square (rms) error is found by

means of the Nelder-Mead method, starting from
the initial point obtained from single-variable
minimizations by keeping one offset variable
while freezing the other at zero. Displayed in
Figure 4 is the variation of the rms error with
respect to the offsetsx0 and y0 for an exam-
ple case withδx = 5% andη = 0.5%. Com-
pared in Figure 5 are the non-dominated solutions
with the approximate curve defined by the poly-
nomial function for the performance-maximizing
front and that with the best offsets that have been
found in the effort to approximate the robust op-
timal front. The best offset valuesx0=0.0279 and
y0=288N can be interpreted as the price that has
been paid in terms ofxCG/L andFx, respectively,
in order to fulfill the robustness target ofδx = 5%
andη = 0.5% in this case.

In the next section, we present results of
solving the above optimization problem using
IDEAR.

4 Results

A robust design optimization by means of the
IDEAR procedure has been performed for the
multi-objective design problem of the axisym-
metric scramjet nozzle and external contour de-
scribed in section 2. We consider an uncertainty
of 1% in the design variables and limit the max-
imum percentage change in the objectives by
0.5%. We use theSimulated Binary Crossover
(SBX) with Pc = 0.9 andηc = 10, Polynomial
Mutation with Pm = 0.2 andηm = 50 with α =
0.2 for all our experiments. A population size of
100 is used and the algorithm is run for 100 gen-
erations.

Figure 6 displays the robust non-dominated
front achieved as a result of optimization, along
with the performance-maximizing front.

Figure 7 shows the percentage of neighbor-
ing infeasible solutions obtained by applying the
same exercise described in section 3 to the robust
non-dominated solutions. It can be seen that very
few solutions have infeasible neighbors with re-
spect to both geometric and volume constraints.
This result clearly demonstrates IDEAR’s capa-
bility of finding solutions whose objective func-
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tions are robust against the assumed uncertainty
in the design variables. It is also interesting
to note that the robust non-dominated solutions
form a distinctly sub-optimal front, as compared
to the performance-maximizing solutions.

Next, we see how the robust front tends to
vary with the value ofδ and/or η. Figure 8
shows the fronts for three different combinations
of (δ,η). As can be seen that forδ = 0.01,
the robust front is slightly sub-optimal as com-
pared to the performance maximizing front for
both values ofη = 0.005,0.01. However, for
δ = 0.05,η = 0.005, the robust front solutions are
highly sub-optimal.

It will be interesting to see the values of the
η constraint for the final obtained solutions. Fig-
ure 9 shows the value ofη for the solutions for
two different values of theη constraint (with dif-
ferent δ values as above). As can be seen, the
three sets of solutions obey the correspondingη
constraints.

4.1 Violation of robust criteria

The distributions plotted in Figure 10 present the
degree of the violation for the solutions which
have been judged infeasible due to the failure to
satisfy the robustness criteria defined in Equa-
tion (4), along with the optimal front comprising
robust non-dominated solutions displayed for ref-
erence. The solutions which are infeasible only
because△η < 0 are represented by square mark-
ers whereas the rest of the infeasible solutions un-
able to fulfill the robustness criteria are denoted
by triangles in Figure 10 (a). Similarly the solu-
tions which are infeasible only because of the vi-
olation of the constraint forRCV are plotted with
squares in Figure 10 (b).

The plots in Figure 10 indicate that the solu-
tions infeasible due to the failure to conform to
the△η robust constraint are characterized with
forward relative C.G. positions and intense drag
(a), whereas severe violation of theRCV crite-
rion is only experienced by infeasible solutions
with nearly maximum thrust and rear C.G. po-
sitions (b), in concordance with the trends to be
observed later in the parallel coordinated plots in
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Figure 12. It is notable that severe violation of the
robust criterion mostly occurs against just one of
the two robust constraints and simultaneous vi-
olation of both robust criteria is a rather minor
event (observed mainly near the forward limit of
the relative C.G. position in Figure 10 (a)). This
behavior of the robust infeasible solutions can
be attributed to the exclusive nature of the two
robust constraints△η and RCV plotted in Fig-
ure 11, where the vast majority of the robust in-
feasible solutions lie on the negative side of the
either axis (△η = 0 or RCV = 0) with a few off-
axis exceptions.
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Fig. 11 Distributions of the violation of the ro-
bust constraints for infeasible solutions (δx = 1%
andη = 0.5%)

4.2 Key parameters for robust design

In order to identify the key parameters which play
an important role in robust design, the values of
the design variables as well as the objective and

constraint functions are visualized in the form of
parallel coordinated plots for all the infeasible so-
lutions that have been considered in the course
of the optimization over 100 generations for the
nominal robust target ofδx = 1% andη = 0.5%.
In Figure 12 the black lines represent the infea-
sible solutions that violate the volume constraint
V ≥ 0.0602 m3, while the other solutions repre-
sented by lines with colors are infeasible because
they satisfy the volume constraint but fail to ful-
fill either of the robustness constraints described
in Equation (4). The colored lines in Figure 12 (a)
are the solutions that are infeasible solely because
they could not satisfy‖ f ∗(x)− f (x)‖

‖ f (x)‖ ≤ η, and the
darkness of the lines indicates the degree of viola-
tion, that is, the redder the line is, the more severe
the violation (△η ≡ η− ‖ f ∗(x)− f (x)‖

‖ f (x)‖ ) is. Simi-
larly the colored lines in Figure 12 (b) represent
the solutions considered infeasible due solely to
the violation of the RCV constraint (RCV (x) ≥
0), whose severity is indicated by the line dark-
ness.

It can be distinctly observed in Figure 12 (a)
that the solutions which severely violate the ro-
bust constraint forη are characterized by small
values of xCG/L close to its minima of 0.45.
These forward relative C.G. positions are mainly
achieved by altering the forebody contour so that
it can possess a front bulge with large values of
the leading-edge parametersδle andλle, while the
nozzle lengthln is maintained near maximum, as
also observed in the preceding study [6]. Fig-
ure 12 (b), on the other hand, indicates the oc-
currence of severe violation of theRCV criterion
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in the vicinity of the maximum thrust (minimum
Fx), which is mainly achieved with favorable noz-
zle expansion (particularly attained by large noz-
zle radiusrn) and rather straight external surface
(small leading-edge angleδle), as has also been
formerly reported (please refer to [6] for detailed
flow analysis).

The following significant implications for ro-
bust design can be derived from the results de-
scribed above in conjunction with the observa-
tions made in Section 4.1:

1) The solutions which offer appreciable
thrust near the maximum limit (lowestFx)
are susceptible to disturbances in the de-
sign variables and tend to result in infeasi-
ble solutions that violate the constraint of
the original problem, i.e.V ≥ 0.0602m3.

2) Deviations in the design variables from the
intended values can significantly deterio-
rate the performance in either of both of
the objective functions, i.e.xCG/L andFx

for the solutions with favorable stability
characteristics (forward relative C.G. posi-
tions).

4.3 Sensitivity analysis

Variance-based global sensitivity analysis [7] has
been performed in order to investigate the influ-
ence of each design variablexi (input) on the
objective and constraint functions (output). The
sensitivity indices are calculated for the input ma-
trices comprising 10,000 (base sample number)
rows of 11 columns composed of the decision
variables and output vectors obtained from the
surrogate model with the best prediction accu-
racy. The first-order sensitivity indices are plot-
ted for the violation of theRCV criterion1 in Fig-
ure 13.

The proportions are characterized by the
strong impact of the forebody parametersδle and

1No valid indices have been obtained forδη, which sug-
gests the difficulty in correlating the design variables and
the violation of theη criterion.

λle, similarly to the trends observed in the sensi-
tivity for xCG/L, Fx and△V in the performance-
maximizing optimization (displayed in Fig-
ures 26, 27 and 28, respectively, in [6]), while
the influence of the nozzle parameters is some-
what increased in the case ofRCV . This result
suggests that particular attention ought to be paid
to these influential design parameters in order to
prevent the occurrence ofRCV violation, where
the volume criterion is not satisfied by at least
one of the neighboring solutions. The similar-
ity found in the sensitivity indices is unsurprising
in consideration of the distributions of the robust
infeasible solutions due toRCV violation, which
cluster at the verge of the maximum thrust limit
(Figure 10 (b)).

Fig. 13 First-order sensitivity ofRCV (δx = 1%
andη = 0.5%)

The costs that must be paid in the objectives
to achieve the desired robustness are quantified
by the method outlined in Section 3.1 and tab-
ulated in Table 1 for theδx andη values exam-
ined in this paper (△xCG/L = x0 and△Fx = y0).
It can be noted that the price is rather minor for
such moderate robustness requirements as (δx, η)
= (1%, 0.5%) and (1%, 1%) and must be paid in
the form of either objective (δx, η) or in combina-
tion of both. However, a more stringent require-
ment in the robustness anticipating an amplified
variation (δx = 5%) incurs substantial penalty to
be paid in both objectives.
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Table 1 Costs paid in the objectives to achieve
various robustness targets

δx η △xCG/L △Fx [N]
1% 0.5% 0.00299 19.4
1% 1% 0.00495 0
5% 0.5% 0.0279 288

5 Conclusions and Future Work

This paper presents our preliminary investigation
into the robust design optimization of an axisym-
metric scramjet nozzle and external contour in
the presence of an assumed uncertainty in the de-
sign variables. It has been found that designs
aiming at the maximum attainable thrust tend to
incur abrupt decrease in the volume when the de-
sign variables deviate from their intended values,
thus leading to infeasible geometries. On the
other hand, care must be taken for designs tar-
geting superior static stability with forward C.G.
because disturbances in the design variables can
result in significant penalty in either or both ob-
jective functions, that is, the total axial force and
forward C.G. positioning itself.

An immediate future goal of our work would
be enhance the optimization algorithm to be able
to consider different values of deviations in the
design variables and objective specific value of
the robustness constraint. We also plan to carry
out the robust design optimization study on some
of our earlier optimization studies such as that of
the Inlet geometry and Full-flow path.
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