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Abstract

We report on investigations for designing and
validating VMS-LES and hybrid approaches be-
tween RANS and VMS-LES. Beside several
more usual hybridization, We propose a new
hybrid RANS/LES approach for the simulation
of turbulent flows, which can be interpreted in
the framework of the Non-Linear Disturbance
Equation (NLDE) aproach. The solution of the
Navier-Stokes equations is decomposed into a
mean part (RANS), a perturbed/corrected part
that takes into account the turbulent large-scale
fluctuations and a third part made by the unre-
solved (SGS) fluctuations. Several flows past
cylinder and spheres are computed for validat-
ing the considered approaches. The NLDE ap-
proach is used to simulate the flow around a cir-
cular cylinder at Reynolds number 140000; re-
sults are compared with a simplified version of
the hybrid model (see for example [16]).

1 Introduction

The numerical simulation of turbulent flows is
one of the great challenges in Computational
Fluid Dynamics (CFD). It is commonly accepted
that the physics of the flow of a continuous fluid
is well represented by the Navier-Stokes equa-
tions. The Direct Numerical Simulation (DNS)
(for a review, see [10]) discretizes directly the
three-dimensional Navier-Stokes equations. The
basic requirement for such a simulation to suc-
ceed is the use of numerical schemes of high-

order accuracy and meshes fine enough to capture
the smallest scales of motion, to the order of the
Kolmogorov scales. However, when the ratio of
inertial forces to viscous ones, quantified by the
Reynolds number, increases, the smallest scales
become smaller, and the amount of information
(handled and processed) necessary for a Navier-
Stokes based prediction becomes enormous. In
order to deal with the complex flows associated
with higher Reynolds numbers and complex ge-
ometries, as those encountered in practical en-
gineering applications, turbulence modeling was
introduced.

One of the most widely used turbulence
approach is Reynolds Averaged Navier-Stokes
(RANS), in which only the averaged flow is
solved. Due to nonlinearities, the pure mathe-
matical averaging of the Navier-Stokes system
introduces new terms, which must be modeled to
close the problem. The closure of the new sys-
tem needs thus to be obtained from phenomeno-
logical information provided by the study of sim-
plified flows. Averaging and the need of ex-
tra information for closure are indeed two lim-
itations of RANS. However, the RANS models
made possible the prediction of high Reynolds
number flows.

In the Large Eddy Simulation (LES) ap-
proach, the reduction of the simulation unknowns
is obtained through the application of a spatial fil-
ter to the Navier-Stokes equations. In most cases,
the filter size is strictly related to the typical size
of the computational grid (grid scale). Only the
set of scales larger than the grid size (grid scales)
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is computed explicitly, while the small scales
(subgrid-scale, SGS) are modeled. For solving
unsteady and massively separated flows as the
flow around bluff-bodies, the Large-Eddy Simu-
lation (LES) approach gives generally more accu-
rate predictions than the computationally cheaper
RANS models, and can also deliver an increased
level of details. While RANS methods provide
averaged results, LES is able to predict a part
of instantaneous flow characteristics and to re-
solve important turbulent flow structures. How-
ever, a major practical difficulty for the LES sim-
ulation of complex flows is the fact that the com-
putational costs of LES are generally much larger
than those of RANS. Further, these costs rapidly
increase as the flow Reynolds number increases.
Indeed, the grid has to be fine enough to resolve
a significant part of the turbulent scales, and this
becomes particularly critical in the near-wall re-
gion at high Reynolds numbers.

Initiated by a few pioneering papers like [19],
a new class of models has recently been pro-
posed in the literature which combines RANS
and LES approaches. The purpose is to obtain
simulations as accurate as in the LES case but
at reasonable computational costs. In the per-
spective of the simulation of massively separated
unsteady flows in complex geometry, as occur
in many cases of engineering or industrial inter-
est, we are primarily interested in the so-called
universal hybrid models [14], which should be
able to automatically switch from RANS to LES
throughout the computational domain. Among
the universal hybrid models described in the liter-
ature, the Detached Eddy Simulation (DES) has
received the largest attention. The DES approach
[18] is generally based on the Spalart-Allmaras
RANS model modified in such a way that far
from solid walls and with refined grids, the sim-
ulation switches to the LES mode with a one-
equation SGS closure.

A major difficulty in combining a RANS
model with a LES one is due to the fact that
the unknown of the RANS model is an averaged
flow, which can in many cases be a steady one.
In particular, RANS does not naturally allow for
time-fluctuations, due to its tendency to damp

them and to “perpetuate itself”, as explained in
[18]. On the other hand, LES needs a significant
level of fluctuations in order to accurately model
the turbulent flow. The abrupt passage from a
RANS region to a LES one may produce the so-
called “modeled stress depletion” [18]. We pro-
pose here a strategy for blending RANS and LES
approaches in a hybrid model [16, 12], which is
based on the NLDE aproach [9].

To this purpose, as in [9], the flow variables
are decomposed in a RANS part (i.e. the aver-
aged flow field), a correction part that takes into
account the fluctuations that can be resolved in
LES, and a third part made of the unresolved
or SGS fluctuations. The basic idea is to solve
the RANS equations in the whole domain and
to correct the obtained averaged flow field by
adding the resolved fluctuations in some regions
of the domain, where the grid is adequately re-
fined for LES. The NLDE technique was formu-
lated and used as a zonal approach [9, 20], in
which the RANS and LES regions are a-priori
defined. Conversely, as previously stated, we
search here for a hybridization strategy in which
the RANS and LES models are built in the whole
computational domain and blended in it, follow-
ing a given criterion. To this aim, a blending
function is introduced, θ, which smoothly varies
between 0 and 1. The correction term which is
added to the averaged flow field is damped by
a factor (1− θ), obtaining a model which co-
incides with the RANS approach when θ = 1
and recovers the LES approach for θ vanishing.
For 0 < θ < 1, i.e. when the model switches
from the RANS to the LES mode, a progres-
sive addition of fluctuations is obtained and is
aimed at avoiding, although in an empirical man-
ner, the previously mentioned problems occur-
ing for abrupt switches from RANS to LES. Fol-
lowing strictly these guidelines implies that the
two fields, RANS and LES correction, need to
be computed separately. In this case where the
RANS is computed separately, the spurious influ-
ence of the LES fluctuations on the RANS mean
flow is avoided and the physical meaning of the
two sets of variables is clear. However, these cal-
culations imply larger computational costs than
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hybrid simulations characterized by only one set
of variables. Following this consideration, we de-
veloped and used in previous works [12, 16] a
single-field simplified version of the hybridiza-
tion strategy. It is then interesting to analyse the
merits of the two options from the standpoint of
predictivity. This paper is organized as follows
: We first give some features and the description
of our hybrid model followed by a few explana-
tions on the near wall treatment. Then we give a
description of the new hybrid model as a general
case of a NLDE approach, and lastly some nu-
merical results involving subcritical and supercit-
ical flows past a sphere and a cylinder, and focal-
ize to the first comparisons between single-field
and two-field versions for the flow around a cir-
cular cylinder at Reynolds number 140,000.

2 Methodology

2.1 NLDE formulation

Following Labourasse and Sagaut [9], the fol-
lowing decomposition of the flow variables is
adopted:

W = < W >︸ ︷︷ ︸
RANS

+ W c︸︷︷︸
correction

+W SGS

where < W > are the RANS flow variables, ob-
tained by applying an averaging operator to the
Navier-Stokes equations, W c are the remaining
resolved fluctuations (i.e. < W > +W c are the
flow variables in LES) and W SGS are the unre-
solved or SGS fluctuations. Writing the Navier-
Stokes equations for the averaged flow 〈W 〉 and
applying a filtering operator, the LES equations
are obtained and we get first a closure term given
by a RANS turbulence model and then a SGS
term. An equation for the resolved fluctuations
W c can thus be derived (see also [9]). The basic
idea of the proposed hybrid model is to solve the
equation for the averaged flow in the whole do-
main and to correct the obtained averaged flow by
adding the remaining resolved fluctuations (com-
puted through the equation of the resolved fluctu-
ations), wherever the grid resolution is adequate
for a LES. To identify the regions where the ad-

ditional fluctuations must be computed, we intro-
duce a blending function, θ, smoothly varying be-
tween 0 and 1. When θ = 1, the RANS approach
is recovered, wherever θ < 1, additional resolved
fluctuations are computed. Thus, the equations
for the averaged flow and for the correction term
in the proposed NLDE or two-field hybrid model
become respectively:

∂〈W 〉
∂t

+∇ ·Fc(〈W 〉)+
∇ ·Fv(〈W 〉) =−τRANS(〈W 〉)

(1)

∂W c

∂t
+∇ ·Fc(〈W 〉+W c)−

∇ ·Fc(〈W 〉)+∇ ·Fv(W c) =
(1−θ)

[
τRANS(〈W 〉)− τLES(〈W 〉+W c)

] (2)

where τRANS(〈W 〉) is the closure term given by a
RANS turbulence model, and τLES(W ) is given
by one of the SGS closures described in Sec. 2.4
and in[17] [21] [11]. To avoid the solution of two
different systems of PDEs and the consequent in-
crease of required computational resources, Eqs.
(1) and (2) can be recast together in a more clas-
sical formulation, which we call the single-field
formulation defined as follows:

∂W
∂t

+∇ ·Fc(W )+∇ ·Fv(W ) =

−θ τRANS(〈W 〉)− (1−θ)τLES(W )
(3)

where W stands now for 〈W 〉+W c. Clearly, if
only Eq. (3) is solved, 〈W 〉 is not available at
each time step. Two different options are possi-
ble: either to use an approximation of 〈W 〉 ob-
tained by averaging and smoothing of W , in the
spirit of VMS-LES, or to simply use in Eq. (3)
τRANS(W ). This simplified formulation has been
firstly tested by our team [12, 15].

The novelty we introduce in (1),(2) is to use
two different systems connected with each other.
The RANS system (1) is first solved, followed by
the hybrid (2) one. This involves the solution of
two different systems at each time step.

2.2 Hybridization

As discussed in the introduction, the LES fluctua-
tion corrections are introduced following a blend-
ing strategy based on the blending function θ.
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As a possible choice for θ, the following
function is used in the present study:

θ = F(ξ) = tanh(ξ2) (4)

where ξ is the blending parameter, which should
indicate whether the grid resolution is fine
enough to resolve a significant part of the turbu-
lence fluctuations, i.e. to obtain a LES-like sim-
ulation. The choice of the blending parameter is
clearly a key point for the definition of the present
hybrid model. Different options are proposed and
investigated, namely: using the ratio ξV R = µs/µt
between the eddy viscosities given by the LES
and the RANS closures, which is also used as a
blending parameter in LNS [3], and using the ra-
tio ξLR = ∆/lRANS, lRANS being a typical length in
the RANS approach, i.e. lRANS = k3/2ε−1 and, ∆

measures the local mesh size. Note that none of
these criteria involves explicitly the distance from
the wall. This is interesting for complex geome-
tries and complex grid topologies, as for unstruc-
tured grids (used herein), for which the computa-
tion of the distance from the wall yields practical
difficulties.

2.3 Main numerical ingredients

The governing equations are discretized in
space using a mixed finite-volume/finite-element
method applied to unstructured tetrahedrizations.
This scheme is a variational one relying on
a finite-volume formulation for the convective
terms, with a basis and test function χl , associ-
ated with the finite-volume cell centered on ver-
tex l. A finite-element formulation is used for the
diffusive terme, with a basis and test function φl
continuous, linear by element, equal to 1 at ver-
tex l and vanishing at other vertices. The Roe
scheme [13] represents the basic upwind com-
ponent for the numerical evaluation of the con-
vective fluxes. A Turkel-type preconditioning
term is introduced to avoid accuracy problems
at low Mach numbers [7]. To obtain second-
order accuracy in space, the Monotone Upwind
Scheme for Conservation Laws reconstruction
method (MUSCL) is used, in which the Roe flux
is expressed as a function of reconstructed val-

ues of W at each side of the interface between
two cells. The introduced numerical dissipation
is made of sixth-order space derivatives [4] and,
thus, concentrates on a narrow-band of the high-
est resolved frequencies. Moreover, it can be
tuned to the minimum amount required for the
simulation stability by means of an ad-hoc pa-
rameter γs. Finally, an implicit linearized time-
marching algorithm using into a Restrictive Ad-
ditive Schwarz formulation a local ILU solver
can be efficiently used due to the smaller number
of nodes in a vertex-centered formulation. The
numerical accuracy is second-order accurate in
space and time. More details can be found in [4].

2.4 VMS-LES and RANS modelling

For the LES mode, we consider the Variational
Multi-Scale approach (VMS-LES), in which the
flow variables are decomposed as W = W +W ′,
where W are the large resolved scales (LRS) and
W ′ are the small resolved scales (SRS). We fol-
low here the VMS-LES approach proposed in
[8] for the simulation of compressible turbulent
flows through a finite volume/finite element dis-
cretization on unstructured tetrahedral grids. In
order to obtain the VMS-LES flow decomposi-
tion, basis and test functions can be expressed as:
χl = χl + χ′l and φl = φl + φ′l , where the overbar
denotes the basis functions spanning the finite di-
mensional spaces of the large resolved scales and
the prime those spanning the SRS spaces. As
in [8], the basis functions of the LRS space are
defined through a projector operator in the LRS
space, based on spatial average on macro cells,
which are obtained by an agglomeration process.
Finally, a key feature of the VMS-LES approach
is that the SGS model is added only to the small-
est resolved scales. Eddy-viscosity models are
used here, and, hence, the SGS terms are dis-
cretized analogously to the viscous fluxes. In this
context, the Galerkin projection for the computa-
tion of the LES approximation WV MS is:(

∂WV MS

∂t
,χl

)
+
(
∇ ·Fc(WV MS),χl

)
+(

∇ ·Fv(WV MS),φl
)

=−
(
τL(W ′),φ′l

)
l = 1,N

(5)
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For defining more precisely the expression of τL

in Eq.(5), three different eddy-viscosity models
have been considered, namely those proposed
by Smagorinsky [17] and Vreman [21] and the
WALE model introduced in [11]. The eddy-
viscosity introduced by these models, within the
VMS approach, is computed as a function of the
SRS flow variables, and the filter width ∆ has
been selected as the cubic root of the volume of
each tetrahedron. Finally, the model constant has
been set equal to 0.1 for the Smagorinsky and
WALE models and to 0.158 for the Vreman one.
In the present study, the RANS closure model is
the low-Reynolds k− ε one proposed in [5]. For
flows with complex geometry, we found it prefer-
able to build a formulation that does not need the
distance to the wall. The low Reynolds k− ε

formulation of [6, 5] enjoys this property. Fur-
thermore, this low Reynolds k− ε model was de-
signed to improve the prediction of the standard
k-eps one for adverse pressure gradient flows, in-
cluding separated flows. In order to get a robust
formulation applicable to high Reynolds num-
bers, we combine it with Reichardt’s wall law
which gives a smooth matching between linear,
buffer and logarithmic regions. Because the y+

normalised distance is generally subject to large
variations in complex geometries, we have found
mandatory to combine both wall law and low
Reynolds modelling with damping of the fully-
turbulent model.

2.5 Global formulation

We denote by τRANS(〈W 〉 the closure term given
by the RANS turbulence model and by τLES(W ′)
the term from the SGS closures. The Galerkin
projections of the equations for the averaged flow
and for the correction term in the proposed hybrid
model become respectively:

(
∂〈W 〉

∂t
,ψl

)
+(∇ ·Fc(〈W 〉),ψl)

+(∇ ·Fv(〈W 〉),φl) =−
(
τRANS(〈W 〉),φl

)
l = 1,N

(6)

(
∂W c

∂t
,ψl

)
+(∇ ·Fc(〈W 〉+W c),ψl)−

(∇ ·Fc(〈W 〉),ψl)+(∇ ·Fv(W c),φl) =
(1−θ)

[(
τRANS(〈W 〉),φl

)
−
(
τLES(W ′),φ′l

)]
l = 1,N .

(7)

3 Numerical Results

We discuss now the behavior of the models in-
troduced for computing flows around simplified
geometries for comparison with well known ex-
periments. In order to prepare industrial applica-
tions, we try in some cases to use meshes that are
as coarse as possible. Depending on the Reynolds
number, the boundary layer can stay in a laminar
regime (subcritical cases) or be turbulent (super-
critical cases). Low Reynolds number subcritical
flows are then considered without hybridization.

3.1 Flow around a circular cylinder (VMS-
LES)

Risers are cylinders of rather small diameters but
large lengths. For the lowest Reynolds numbers,
let us choose 20,000 for fixing the ideas, a thin
laminar boundary layer must be captured by the
mesh. Since spanwise length is as large as thou-
sands diameters, the challenge is to find a mesh as
coarse as possible allowing the 3D vortex shed-
ding mechanisms to be captured and, thus, im-
portant bulk quantitites to be predicted accurately
enough. In this case, the performance of VMS-
LES is a determining factor since a very small
number of cells is devoted to the boundary layer.

After some investigations, with the help of
the unstructured meshing, we have chosen a
mesh made of planes with 2800 cells with a first
layer allowing sufficient resolution of the lami-
nar boundary layer before separation (Fig.1). The
mesh stretching is more than 100 in spanwise di-
rection. As a consequence, the VMS-LES pro-
duces a filtering of very small width in the span-
wise direction. Thanks to this, 3D instabilities
with sufficiently small spanwise wave lengths are
obtained. Further, mean behaviors are obtained
earlier thanks to the average in the homogeneous
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Fig. 1 Top: Flow around a riser at Reynolds
number 20,000. Velocity module in a vertical
(top) and in an horizontal (bottom) cut

spanwise direction, taking into account a large
collection of vortex configurations. We get a
mean drag of 1.2 and a Strouhal of .16 while ex-
periments give respectively 1.1 and .21.

3.2 Flow around a circular cylinder (Hybrid
RANS/VMS-LES)

The single-field hybrid model has been applied to
the simulation of the flow around a circular cylin-
der at Re = 140,000 (based on the far-field veloc-
ity and the cylinder diameter). The considered
mesh is unstructured, tetrahedral, rather coarse
with 458K vertices.

The numerical parameter γs, which controls

the amount of numerical viscosity introduced in
the simulation, has been set equal to 0.3.

Fig.2 shows the pressure distribution on the
cylinder surface averaged in time and in the ho-
mogeneous z direction for the new proposed hy-
brid model, compared with the single-field hy-
brid version. These preliminary results show no-
ticeable differences between the NLDE formu-
lation and its single-field version. In particular,
as also shown in Fig. 3, it seems that the vorti-
cal structures form closer to the cylinder in the
NLDE simulation, this leading to slightly larger
absolute value of the base pressure. Further anal-
ysis is needed, together with a systematic com-
parison with experimental data.

Fig. 2 Time-averaged and z-averaged pressure
distribution on the surface of the cylinder, com-
parison of the NLDE hybrid model with the
single-field one.

3.3 Flow past a sphere (VMS-LES and Hy-
brid RANS/VMS-LES):

As a contribution to the validation of the VMS-
LES model alone, we computed several subcrit-
ical flows, with Reynolds numbers 10,000 and
50,000. The corresponding drag are indicated on
Fig.5. In the case of Reynolds number 50,000,
vertical wake cuts of the horizontal velocity are
compared in Fig.4 with the experiments of Ba-
kic, [2]. We use the single-field hybrid formula-
tion for computing the supercritical flow around
a sphere at a Reynolds number of 400,000 with a
mesh of 500,000 nodes.Fig.5 shows that the pre-
diction of drag is in good agreement with experi-
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Fig. 3 Two-Field model: velocity fields for
hybrid double field approach (top) and for the
single-field hybrid model based on one equation
(bottom)

Fig. 4 Flow past a sphere at Reynolds 50,000
number: velocity wake and comparison with ex-
periments by Bakic [2]

menatl data for all the considered cases.

4 Conclusions

We have described a software platform for study-
ing RANS-LES hybridization.

Fig. 5 Flow past a sphere: Study of computed
drag as a function of Reynolds number. Experi-
ments from Achenbach [1]

The numerical scheme is stabilised with sixth
order derivatives, and therefore it allows a very
low level of numerical dissipation. Although this
platform is based on an aerodynamic numerical
technology (compressible model with collocated
nodes, in particular), accuracy is good even
for the incompressible case. The riser example
shows a rather good prediction with a mesh of
only 4,800 nodes per span plane. This ability
is also increased by the use of the VMS-LES
formulation. This is shown for instance by the
prediction of the drag acting on a sphere at dif-
ferent Reynolds numbers. Since RANS and LES
use different variables, their combination onto a
unique solution field rises many open questions.
RANS production term can be defavourably
influenced by the fluctuation allowed by the LES
component. The local transfer of a RANS field
into a turbulent LES one is also a challenge.
The two formulations, single-field and NLDE
two-field, which we have introduced allow to
address a part of these questions. Preliminary
results obtained with this approach have been
shown for the flow around a circular cylinder.

This work was granted access to the HPC
resources of [CCRT/CINES/IDRIS] under the al-
location 2010026386 made by GENCI (Grand
Equipement National de Calcul Intensif)
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