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Abstract  

    A multi-point inverse design method of 
natural laminar flow (NLF) airfoils based on 
optimization is developed. XFOIL code is used 
to calculate pressure distributions and 
transition locations to reduce computational 
cost. The target pressure distributions need 
special care to design and N-factor design 
method is used to design target pressure 
distribution before recovery region with a 
substantial amount of natural laminar flow 
while maintaining aerodynamic constrains. The 
pressure in recovery region is designed 
according to the Stratford separation criteria. 
Optimization method based on Response 
Surface methodology (RSM) is used to calculate 
the target airfoil. The set of design points is 
selected to satisfy D-optimality and the reduced 
quadratic polynomial RS models without the 
second-order-cross items are employed to 
reduce the computational cost. The design cases 
indicate that RSM can be successfully applied to 
multi-objective inverse design and the design 
approach in this study is applicable to a wide 
range of airfoils. 

1 INTRODUCTION 

    Since the advent of powered flight, drag 
reduction has been a major issue in airplane 
design. For example, reductions in drag allow 
airplanes to operate more efficiently by less fuel 
and bigger payloads and longer ranges. 
    There have been many concepts to reduce 
drag. Since 1930’s, there has been great interest 
in designing airfoils and wings for natural 
laminar flow to reduce viscous drag. Many NLF 
airfoils have been developed in the past decades.  

NOMENCLATURE 

 
For example, in the early 1940’s, NACA has 
designed several advanced NLF airfoils, such as 
NLF(1)-0215F[1] and NLF(1)-0414F[2,3], and 
HSNLF(1)-0213[3,4,5] for high speed flows.  
    The basic requirement in NLF airfoil design 
is to find an airfoil at design conditions (for 
example, at special Cl, Ma and Re) with 
reasonable amount of laminar flow, which 
means that the transition location requirement 
on both sides should to be met. Because of that, 
the key issue in designing NLF airfoils is to 
calculate reasonably accurate transition 
locations. In industrial design applications, the 

A [-] Relax factor for N-factor design method 
Cl [-] Lift coefficient 
Cd [-] Drag coefficient 
Cm [-] Pitching moment coefficient 
Cp [-] Pressure coefficient 

ci ,cii [-] Regression coefficient in RS model 
Ma [-] Free Mach number 
Re [-] Free stream Reynolds number based on 

chord 
nv [-] Number of variables  
ns [-] Number of experiments 
nrc [-] Number of regression coefficients 
X [m] Coordinate on airfoil 

Xtru [m] Transition location on upper surface 
Xtrl [m] Transition location on lower surface 
I [-] Objective function 
w [-] Weight factor in inverse design method 
b [-] Base function 

Special characters 
δ  [-] =-1, 0 1 

γ  [-] Weight coefficient 

Δ  [-] Difference between the variables 

Subscripts 
a  Analysis value, in Cp,a,j, Na,j 
T  Target value, in Cp,T,j, NT,j 

crit  Critical value for transition, in Ncrit 
j  Airfoil station 

1,2  The number of objective in Optimization 
d  Design value of airfoil 
cp  Control point 
k  Station of base function 

Supscripts   
(p)  Predicted value  
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most widely used method for streamwise 
transition prediction is the eN method. This is a 
method based on linear stability theory and 
experimental data. In the 1950’s, Van Ingen[6] 
and Smith and Gamberoni[7] independently 
used the results from the linear stability theory 
and compared them with experimental data of 
viscous boundary layers. They found that 
transition from laminar to turbulent frequently 
happened when the amplification of 
disturbances  is calculated from stability theory 
reached about 8100, which is eN when N equals 
to 9. This is the well known criterion for 
Tollmien-Schlichting instability. It has been 
proven to provide reasonably accurate transition 
locations on airfoils[8]. 
    Computation fluid dynamics has brought 
about a dramatic change in the aerodynamic 
design process. One of the early uses was based 
on the cut-and-try approach where a designer 
iteratively modifies and verifies a design [9]. 
The Numerical optimization technique is based 
on a rational, directed, design procedure. It can 
be used to generate an optimum geometry that 
has desirable characteristics while satisfying 
some design constraints [10-12]. This method 
has many attractive aspects: a combination of 
design parameters can be improved; multiple 
constraints can be imposed and multi-point 
design can be performed. One drawback is that 
numerical optimization would be expensive. A 
more desired design approach is to solve an 
inverse problem due to its well-established 
procedure and relatively small computational 
time[13-15]. Here a geometry is generated 
based on a desired pressure distribution that is 
the opposite of the traditional analysis mode[16]. 
However it is difficult to define the pressure 
distribution and there is no guarantee that there 
exits a geometry that will produce the specified 
pressure distributions.  
    The objective of the present study is to build 
an inverse design tool for NLF airfoils that is 
capable of multi-objective design. N-factor 
method is used to design the target pressure 
distributions by an N-factor distribution of an 
initial airfoil and a target N-factor distribution 
that forces the flow undergoing transition at 
desired location while maintaining aerodynamic 
constraints. Optimization technique based on 

RSM is used in inverse design process with an 
objective function of difference between the 
analysis and target pressure distributions. One 
way of dealing with the multiple responses is to 
use the weighted sum with some drawbacks, 
which have been discussed by Das[17]. 
Optimization of multiple responses can be 
performed by building a composite response 
from individual responses. This composite 
response function is called as the desirability 
function[18]. In this study, the set of candidate 
design points is selected to satisfy D-optimality 
and quadratic polynomials without the second-
order-cross items are employed to construct RS 
model to reduce computational cost.   
    The airfoil design method iteratively designs 
a new airfoil until the constraints are satisfied or 
the prescribed number of iterations is reached.  

2. FLOW ANALYSIS 
    In present inverse design study, the 
computational cost is mainly used to construct 
RS model. In previous study, the RANS 
(Reynolds-average Navier-Stokes) equations 
coupled with a boundary layer solver with a 
transition prediction based on eN method are 
used to flow analysis, but in order to reduce 
computational cost, XFOIL code[19] is used in 
present study. XFOIL has been proven to be 
well suited to rapid analysis of subcritical 
airfoils even in the presence significant 
transitional separation buddle. It was 
successfully used in inverse design [15] and 
well suited to making comparison of the trends 
in performance characteristics of airfoils with 
systematically varying design specifications. 

3. TARGET PRESSURE DISTRIBUTION 
    In inverse airfoil design, it is difficult to 
define one or several pressure distributions that 
will produce the desired aerodynamic 
performance and meet all of the aerodynamic 
constraints, especially in multi-objective design. 
In this study, N-factor design method is 
employed to design the target pressure on upper 
surface before recovery region, however, when 
nature laminar flow is desired on both surfaces, 
it becomes more difficult to maintain some of 
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the geometric constraints while trying to obtain 
laminar flow on both surfaces. As a result, a 
trade-off between geometric constrains and the 
amount of nature laminar flow is often 
necessary. Target pressure distribution on lower 
surface is designed by taking a weighted 
average of the linearly scaled upper target 
pressure distribution and the lower surface 
analysis pressure distribution of the initial 
airfoil.  
    The target pressure distribution is designed 
iteratively to meet the target N-factor 
distribution and aerodynamic constraints. In 
order to produce a reasonable geometry from 
the multiple target pressure distributions, it is 
necessary to modify the distributions, such as 
pressure peak or trailing edge pressure or even 
the total shapes. 

3.1 Target N-factor Distribution 
    The target N-factor distribution is produced 
by interpolating 4 control points with a 
polynomial fit. In order to delay the transition, 
N-factor distribution should has a buffer zone 
above which the target N-factors are not allowed 
to grow rapidly so that the boundary layer will 
remain laminar prior to the desired transition 
location. After this zone, the N-factor grows 
rapidly to Ncrit , that is the critical N at desired 
transition location. 
    The first control point (Xcp,1,Ncp,1) is located 
at the beginning of the buffer zone. Ahead of 
this point, the analysis N-factors are kept as the 
target N-factors. The second control 
point(Xcp,2,Ncp,2) is located at the beginning of 
the steep N-factor distribution zone. The third 
control point(Xcp,3,Ncp,3) is placed at the desired 
transition location, while the forth control 
point(Xcp,4,Ncp,4) represents the end of the steep 
N-factor gradient. A detailed introduction can be 
found in [14]. 

3.2 Extrapolation of Analysis N-factor 
    In the stability analysis code, N-factors can 
be calculated when the laminar boundary layer 
is attached. If boundary layer separates before 
the 4th control point, it is necessary to extend 
the analysis N-factors from the laminar 
separation point to the 4th control point. It is 

determined that the change in N-factor is 
proportional to the change in pressure over the 
surface of the airfoil, thus, the analysis N-factors 
are artificially extended to the 4th control point 
using linear extrapolation based on the pressures:  

( )1 2
1 , , , , 1

, , 1 , , 2

j j
j j p a j p a j

p a j p a j

N N
N N C C

C C
− −

− −
− −

−
= + −

−
 (1) 

3.3 N-factor Design method 
When the target N-factor and the 

extrapolated analysis N-factor have been 
calculated, the target pressure distribution can 
be calculated by N-factor method before 
recovery region. In this study, the change in 
pressure coefficient required at airfoil station j is 
defined by the change between the analysis and 
target N-factors at j: 

jjp NAC Δ=Δ ,                                        (2) 

japjTpjp CCC ,,,,, −=Δ                                 (3) 

jajTj NNN ,, −=Δ                                  (4) 
    Where, A is 0.012 typically. Once ,p jcΔ is 
calculated, this change is applied to all of the station 
downstream of j as well, and at the same time, the 
analysis N-factor downstream is modified by jNΔ  to 
maintain a smooth and continuous target pressure 
distribution. 

3.4 Pressure Distribution in Recovery region 
In ref.[14], the pressure in recovery region is 

designed by taking a weighed average of the 
pressure distribution of the initial airfoil and the 
linearly scaled target pressure distribution in 
recovery region. When the laminar separation is 
considered in recovery region, linear recovery 
or Stratford separation criteria may be used to 
prevent the laminar separating [20]. This rule 
states that separation will occur when: 

0.1'
'

6

Re'
10

p
p

dC
C x s

dx
⎛ ⎞= ⎜ ⎟
⎝ ⎠

                 (5) 

Where, the constant s is 0.35 when d2Cp/dx2 < 
0 (concave recovery) and 0.39 when d2Cp/dx2 > 
0 (convex recovery). The Reynolds number in 
the Stratford formula is based on the local 
effective length of the boundary layer, x', and 
the maximum velocity, Um. C’p is the canonical 
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pressure coefficient. The detailed introduction 
can be found in Ref.[21].  

4. RESPONSE SURFACE METHOD (RSM) 
RSM is a set of techniques in which 

approximate relations between the input 
variables and the responses of a system are 
found. In using RSM, the designer performed a 
limited number of computational analyses using 
experimental design theory to prescribe values 
for the independent variables. Number of the 
experiments is governed by the order of the 
surfaces constructed and the type of the 
experiments design. There are usually three 
design point selection techniques, which are full 
factorial design, central composite design (CCD) 
and D- optimality. In this study, D- optimality is 
selected to reduce computational cost. 

The model used to describe the relationship 
between the response and predictor variables is 
known as the response model and may be 
written in general as follows, 

1 2( , ,... )
vny F x x x ε= +                  (6) 

Where, ε  represents the total error, and is 
considered as a statistical error. The function F 
is normally chosen to be a low order polynomial, 
typically the 2nd order polynomial functions. In 
this study, quadratic polynomial RS models 
without the second-order-cross items (reduced 
model) are formed. It is written as follow, 

( ) 2
0

1 1

v vn n
p

i i ii i
i i

y c c x c x ε
= =

= + + +∑ ∑
                   

1,..., sp n=                        (7) 
In Eq.7, the number of regression coefficients 

nrc is 2(nv+1). ns, the number of experiments is 
selected as 1.5~3 times of the regression 
coefficients[22,23]. For an optimization 
problem with 26 design variables, ns is about 
80~150, that is much less than that of the full 
model. There are no redundant terms included 
in reduced model which decreases the error of 
the model and increases the prediction 
capabilities. No matter for reduced or full 2nd 
order polynomial RS, the regression coefficients 
can be solved using least square method. 
Previous study shows that, the results of 

reduced model with more design variables are 
better than the full model[24].  

5. DESIGN VARIABLES  
The design process begins with an initial 

airfoil. The new airfoil geometry is modified by 
adding smooth perturbations defined as a linear 
combination of the base functions, bk, 

( )
1

( )
vn

k k k
k

y x b xδ γ
=

Δ =∑                  (8) 

Where, kδ  is (-1, 0, 1); kγ  is weight 
coefficient; kb  is base function and k kbγ  is 
design variable at kx ; kx  is the location of the 
maximum height of the base function. The base 
functions are defined as follows[25],  

( )
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e k
k

e k
k

e k
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k

b x x x

b x x x

b x x x

e k xx
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π

π

π

= − <

= ≤ <

= ≤

= <−

= ≤

      (9) 

In this study, 26 total base functions were 
used, 13 on both the upper and lower sides, with 

kx = 0.03, 0.06, 0.13, 0.20, 0.27, 0.40, 0.50, 0.60, 
0.73, 0.80, 0.87, 0.94, 0.97, which are shown in 
Fig. 1. 
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 Figure 1 Base Functions Used to Modify the 

Geometry 
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6. INVERSE DESIGN METHOD 
When the target pressure distributions have 

been designed, RSM is employed to design an 
airfoil that will produce the target pressure 
distributions. The objective is to minimize the 
pressure distribution differences with an initial 
airfoil-NACA0012 in present study: 

2
,( )p p T

BW

I C C ds= −∫           (11) 

Where, BW is wall. 
In present 2-point inverse design, a composite 

objective function is built using the weighted 
sum: 

2111 )1( IwIwI ×−+×=                   (11) 
Where, Ii and wi are the individual objective 

function and importance factor for the ith 
response respectively. 

The inverse design procedure is shown in 
Fig.1 and it can be divided into 2 parts: the 
design of the target pressure distributions and 
the design of new airfoil by RSM method. 

 

 
Figure 2 the Design Procedure 

7. RESULTS AND DISCUSSION 

7.1 Airfoil for Wind Turbine Application 
WA21ak5 airfoil is designed in Northwestern 

Polytechnical University for large wind turbine 
applications. In order to check the multi-
objective optimization approach, the pressure 
distributions at design conditions of WA21ak5 

are employed as the target pressure distributions. 
The design conditions are shown in Table 1: 

Table 1 Design conditions for WA21ak5 
 

 

 

 

Condition I is the primary design condition 
and the weight factor is 0.6. At condition II, 
there is about 50% NLF on both surfaces. 
NACA0012 airfoil is selected as the initial 
airfoil. Fig.3 is the convergence history of 
objective function and it is clear that objective 
function converge to 0 in about 100 iterations.  

Fig.4 and 5 show the comparisons of the 
pressure distributions of the WA21ak5 airfoil 
and the new designed airfoil at two design 
conditions. We can see that the distributions 
agree very well except the trailing edge. This is 
because that the geometry change in trailing 
edge is not sensitive to the design variables. Fig. 
6 is the comparison of the airfoils. The results 
show that the multi-objective optimization 
approach can design the target airfoil from the 
multiple target pressure distributions. 

Figure 3 Convergence History of Objective 
Function 

7.2 Airfoil for a General Aviation Application 
NLF(1)-0414F airfoil is developed in NASA 

for general aviation application. The 
aerodynamic design goal includes 70% chord 
NLF on both surfaces at a Ma of 0.4, Re of 
1×107 and Cl,d of 0.4 with 14% chord thickness. 

In this study, a NLF airfoil with 14% chord 
thickness is designed with the primary design 
condition kept as the aerodynamic design goals 
as NLF(1)-0414F. Except the primary design 
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Figure 4 Comparison of Surface Pressure at 

Condition I 

Figure 5 Comparison of Surface Pressure at 
Condition II 

Figure 6 Comparison of Airfoil Geometry 

 

 
condition, condition II is selected and shown in 
Table 2. 

At condition I, there is 70% chord NLF on 
both surfaces ； N-factor method is used to 
design the target pressure distributions on both 
surfaces and pressure distribution in recovery 
region  is   designed  according  to  Stratford  

Table 2 Design conditions for 14% thickness airfoil 

 
 
 
 
 
 

separation criteria; while at condition II, there is 
30% chord NLF on upper surface and N-factor 
method is used to design the target pressure 
distribution on upper surface while that of lower 
surface is kept as NLF(1)-0414F. 

The initial pressure/N-factor distribution of 
NACA641-212 airfoil is used as initial pressure/ 
N-factor distribution to design the target 
pressure distributions. NACA0012 airfoil is 
selected as initial airfoil for optimization design. 
Converged results can be achieved after about 
50 iterations. The thickness of the new designed 
airfoil is 13.7% chord, which is a little thinner 
than design goals.  

Fig.7 shows the N-factor distributions of 
NACA641-212 and the new designed airfoil at 
condition I. That indicates that there is 
approximately 72% chord NLF on upper surface 
with a transition N-factor of 9. The target 
pressure distribution on lower surface is 
designed by linearly scaled of the upper surface 
target pressure distribution and 72% chord NLF 
is achieved on lower surface. Fig.8 and 9 are 
comparisons of the airfoils at condition I and II 
respectively. It indicates that the adverse 
pressure gradient in recovery region is less than 
NLF(1)-0414F  to prevent the separation 
locations changing too much when separation 
happens. 

Fig.10 shows the comparison of geometries. 
It indicates that, in general, the lower surface 
geometries of the new airfoil and NLF(1)-0414F 
appear to be very similar, but the upper surface 
is thinner than NLF(1)-0414F. Table 3 shows 

 Condition I Condition II 

Cl,d 0.4  0.60 

Ma 0.4 0.15 

Re 1.0×107 6.0×106 
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the aerodynamic performances between the 
designed airfoil and NLF(1)-0414F. 

 
Table 3 Comparison of Aerodynamic Performances 
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Figure 7 Comparisons of the N-Factors on Upper 

Surface at Condition I 
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Figure 8 Comparison Surface Pressures at Condition I 
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Figure 9 Comparison Surface Pressures at Condition II 
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Figure 10 Comparisons of Airfoil Geometries 

8 CONCLUSIONS 
A multi-objective inverse approach based on 

RSM method for NLF airfoil design is 
performed. From the results, it shows that 
XFOIL can be used in airfoil design process and 
has been proven to be able to provide 
reasonably accurate aerodynamic performances 
and transition locations. The target pressure 
distributions designed by N-factor method can 
meet the aerodynamic constraints but the 
geometry constraints are difficult to meet in the 
target pressure distributions design process. The 
set of design points is selected to satisfy D-
optimality, and in this study, 26 variables are 
employed. The reduced quadratic polynomial 
RS models without the second-order-cross items 
are constructed as RS model to reduce 
computational cost. The results show that the 
optimization approach based on RSM can be 
used in inverse design process. The pressure 

 NLF(1)-0414F New Airfoil 

Condition I  - dC  0.00317 0.00317 

              - mC  -0.0796 -0.0856 

             -Xtru 0.74 0.72 

           -Xtrl 0.72 0.72 

Condition II: - dC  0.00606 0.00516 

                - mC  -0.0712 -0.0751 

             -Xtru 0.31 0.42 

            -Xtrl 0.72 0.74 
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distributions of new airfoil agree well with the 
target pressure distributions except the trailing 
edge because the change in trailing edge in 
optimization process is not so sensitive to 
variables. 

Although two design cases are performed in 
present study, the design approach and the 
design philosophies are applicable to a wide 
range of airfoils and other applications. 
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