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Abstract  

Flows around NACA0012 airfoil at relatively 
low Reynolds number are numerically simulated 
using the Building-Cube method which uses 
very fine Cartesian mesh. The computed results 
show that laminar boundary layer on upper 
surface of the airfoil separates at mid-chord and 
generates vortices that flows down along the 
airfoil surface. When a vortex reaches at the 
trailing edge, it generate a counter-rotating 
vortex due to the large pressure difference 
around the sharp trailing edge. At the same time 
a pressure wave is generated that propagates in 
all directions from the trailing edge with sonic 
velocity. Effects of small modifications of airfoil 
geometry near the trailing edge are also 
numerically investigated. 
 
1  Introduction  
Due to the development of quieter turbofan 
engines, airframe noise has recently become an 
important noise source in commercial aircrafts. 
The trailing edge of the leading-edge slat, 
especially,  is reported to be a dominant high-lift 
noise source during aircraft approach [1] and 
many studies for the trailing-edge flow and 
noise have been conducted from various view 
points, for example such as Ref. [2]-[6]. 
However, the mechanism of the noise 
generation at the trailing edge of an airfoil is not 
fully understood.  

The author is developing a new high-
resolution numerical method to solve the 
Navier-Stokes equations [7]. During the 
validation of the method, an interesting flow 
feature was observed as shown in Fig.1. On the 
upper surface of the slat, the boundary layer 

becomes turbulent just after the suction peak. If 
we observe it by the density distribution, the 
unsteady flow on the upper surface is shown as 
a number of small vortices rolling downward 
along the surface. When these vortices leave 
from the trailing edge, they strongly interact 
with the flow from the lower surface due to the 
large pressure difference between the upper and 
lower surfaces.  

The result of Fig.1 is a two-dimensional 
computation, while the Reynolds number of this 
flow is Re=2.83x106 so that most part of the 
airfoil surfaces must be covered by turbulent 
boundary layers where the three-dimensionality 
is essential. Therefore, to discuss the flow 
physics from two-dimensional computations 
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Fig.1 Instantaneous Mach (upper) and density (lower) 
distributions of NASA supercritical four-element airfoil 
at Re=2.83x106, Freestream Mach number=0.201, and 
angle of attack=8.16 degrees. The time-averaged Cp 
distribution shows good agreement with the experiment.
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may mislead the conclusion. However, it is 
certain that the interaction of vortices at the 
trailing edge is important for understanding the 
trailing-edge noise source. 

The objective of this paper is to investigate 
the flow in the vicinity of the trailing edge of an 
airfoil in detail using the high-resolution CFD. 
In order to focus on understanding the vortex 
motion near the airfoil trailing edge, a relatively 
lower Reynolds number is employed in the 
present computations. With a lower Reynolds 
number, the flow around an airfoil is essentially 
two-dimensional even with separated boundary 
layers [8]. The lower Reynolds number also 
enables the direct numerical simulation (DNS) 
which is required to observe the vortex motions. 

 
2  Numerical Method  

2.1 Approach  
In the present study, an approach named the 
Building-Cube Method (BCM) [7] was used to 
compute the flow field. This approach was 
developed aimed for direct numerical simulation 
around real geometries with an expectation of 
near-future high-performance computers. 

In the BCM, a flow field is described as an 
assemblage of building blocks of cuboids, 
named ‘Cube’ as shown by red lines in Fig.2(a). 
Each cube is a sub-domain of the flow 
computation and an equally-spaced fine 
Cartesian mesh is used in it. All cubes have the 
same number of grid points so as to simplify the 
parallel computations. The geometrical size of 
each cube is determined by adapting to the 
geometry and the flow features so as to fit the 
grid spacing to the local flow scale. The use of 
the Cartesian grid in each cube allows a simple 
treatment of complex geometries and an easy 
implementation of higher-order numerical 
schemes. 

2.2 Numerical method 
A non-dimensional form of the compressible 
Navier-Stokes equations can be written in the 
Cartesian coordinates xj, ( j=1, 2, 3) as 
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where Tewvu ],,,,[ ρρρρ=Q is the vector of 
conservative variables, ρ  is the density, u, v, w 
are the velocity components in the x, y, z 
directions and e is the total energy. The vectors 

)(QF  and ( )QG  represent the inviscid and viscous 
flux vectors respectively, and Re is the 
Reynolds number. 

The compressible Navier-Stokes equations 
are solved by a cell-centered, finite-volume 
scheme on an equally-spaced Cartesian mesh. 
For a cube-k, the Cartesian mesh spacing  kxΔ in 
the cube is simply given by cell/nsx kk Δ=Δ  where 

 ksΔ is the size of the cube-k and celln is the 
number of cells along each coordinate in a cube. 
The number of cells, celln , is same in x, y and z 
directions in three-dimensional computations. 
However, for two-dimensional computation 

Figure 2. BCM mesh for a four-element airfoil.  (a) 
Cube boundaries (red lines). (b) Cartesian mesh 
near the wall, drawn for every four lines. 

(a)

(b)
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shown in this paper, celln  in y-coordinate is set to 
be 3 in order to compute a two-dimensional 
field by the three-dimensional flow solver. 

An algebraic form of the equation (1) can 
be written as follows, 
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where the summation )(ij  means all six faces 
around the regular hexahedron cell-i. The term 

)( ijnh  is an inviscid numerical flux vector 
normal to the control volume boundary, and 

+
ijQ , −

ijQ  are values on both sides of the control 
volume boundary. The numerical flux h  is 
computed using an approximate Riemann solver  
of HLLEW (Harten-Lax-van Leer-Einfeldt-
Wada) [9]. The primitive variables on the cell 
interface are evaluated by the fourth-order 
compact-like MUSCL scheme [10].  

The lower/upper symmetric Gauss-Seidel 
(LU-SGS) implicit method is used for the time 
integration. In order to keep the time accuracy, a 
sub-iteration scheme [11] developed for the 
higher-order time accuracy is employed.  

Body boundaries is defined by a staircase 
representation as shown in Fig. 3 in order to 
keep the simplicity of the algorithm and to 
minimize the memory requirement per node. 
Although an excessively fine mesh is required 
to keep the geometrical accuracy for curved 
boundaries, the flow physics in the boundary 
layers also requests the fine mesh to resolve 
small vortices. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Each computational cell in a cube has a 
flag value depending on the location; flag of 1 
in the flow field and 0 in the body. The body 
boundary is defined by the cell boundaries 
between adjacent cells having different flag 
values. Ghost cells are defined as those cells 
that locate in the body and next to the flow field. 
Boundary conditions are assigned to these ghost 
cells. 

Wall boundary conditions of density and 
pressure are given at the ghost cell as average 
values of the surrounding cells by the following 
manner.  
 

( ) ( )∑∑ ×=
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i
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Here the value of g is density or pressure and 
the flag is 0 for a cell in the body and 1 in the 
flow field. With this boundary condition, 
information of the wall normal is not required. 
This simplifies the grid data and the solution 
procedure, although very fine mesh must be 
used at wall boundaries. The velocity 
components at these ghost cells for the solid 
wall boundary are set to be zero. 

 At cube boundaries, information 
exchanges are required between adjacent cubes. 
The simplicity of the algorithm is also kept by 
using ghost cells at the cube boundaries. At each 
side of cube, three ghost cells are added beyond 
the cube boundary. Therefore, if the sizes of two 
adjacent cubes are same, the exact overlapping 
of six cells at cube boundary ensures the 
accurate transfer of the information up to the 
fourth-order special accuracy. The information 
transfer from smaller cube to larger one is 
performed by assigning the average values of 
smaller cube near the boundary. The transfer 
from the larger cube to smaller one is by just 
taking the value in the larger cells. Cube-
boundary values are updated by sub-iterations to 
keep the time accuracy. 

The flow solver was parallelized using the 
OpenMP library for sheared-memory parallel 
computers, by simply distributing the cubes to 
the CPUs in a sequential manner. 

 
 Fig. 3. Ghost cells at body boundary. 
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3  Numerical Results 

3.1 Computational conditions 
In the present study, NACA0012 airfoil at 
relatively low Reynolds number was used to 
observe the vortex motions near the airfoil 
trailing edge. The computed Reynolds number 
is 50,000 based on the chord length and the free 
stream Mach number is 0.5. The angles of 
attack were changed from zero to five degrees. 
With this Reynolds number, the flow along the 
airfoil surface is essentially laminar [8] so that 
the two-dimensional computations were 
performed for the present study. No turbulence 
models were used. 

The number of cubes is 522, and each cube 
has 64x64 Cartesian mesh in it. Therefore, the 
total number of computational cells is 
522x64x64 =2,138,112. The minimum spacing 
in the near-wall cube is 4.58x10-4 to the chord 
length. Outer boundary is located at 60 chord 
length.  

3.2 Computed results 

A.   Angle of attack of 1 degree 
Figure 4 shows the computed Mach 

contours around the NACA0012 airfoil at angle 
of attack of 1 degree. At this angle of attack, 
there is no separation and the flow is steady. 
The similar steady flow results were obtained at 
angles of attack from zero to two degrees.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4 Computed Mach contours at α=1° 
 

B.   Angle of attack of 3 degrees 
In Fig.5, instantaneous density 

distributions around NACA0012 airfoil are 
drawn with a certain interval. Figure 6 are the 
corresponding pressure distributions. 

The laminar boundary layer on the upper 
surface separates at mid-chord and generates 
vortices that flows down along the airfoil 
surface. When a vortex reaches at the trailing 
edge, it generate a small counter-rotating vortex. 
At the same time a pressure wave is generated 
that propagates in all directions from the trailing 
edge. This observation from the computed 
results may show the mechanism of the trailing 
edge noise generation. 

The generation of the pressure wave at the 
trailing edge is caused by two important items. 
One is the vortex and the other is the sharp 
trailing edge. The vortex generated at the 
separated boundary layer induces clockwise 
flow around it. When the vortex reaches at the 
trailing edge, the induced flow by the vortex hit 
the undersurface near the trailing edge region. 
Due to the high pressure on the lower surface 
and the low pressure at the center of the vortex 
along with the sharp convex configuration at the 
trailing edge, a counter-rotating vortex is 
generated. With this sudden creation of a vortex 
generates the pressure wave. 

There may exist a feedback loop in this 
phenomena. The laminar boundary layer on the 
upper surface of the airfoil separates at the mid-
chord region. This separated shear layer has an 
inherent instability. However, for the present 
case, the vortex generation from the separated 
shear layer seems to be triggered by the pressure 
wave originated at the trailing edge as 
schematically shown in Fig. 7. 

Let the sound speed be a, then the 
propagation velocity toward the upstream 
direction from the trailing edge is given by 

uav −= , where u is the flow velocity near the 
airfoil surface. Let the distance between the 
separation point and the trailing edge be s, then 
the time of travel of the pressure wave from the 
trailing edge to the separation point is s/v. Since 
the velocity of the vortex movement along the 
airfoil surface is equal to the local flow velocity 
u, the time of travel over the feedback loop must  
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Fig. 5 Density distribution at α=3° 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 6 Pressure distribution at α=3° 
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be equal to an integral number of the period of 
oscillation T. This yields 
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The frequency of the trailing edge noise f is 
given by 
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For the simplicity, let’s assume that the local 
flow velocity u can be approximated by 
freestream velocity. Then, Eq. (4) can be written 
as 
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where ∞M  is the freestream Mach number. 
Then the nondimensional time is  
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The length of separation region s of the present 
case is about 0.5c where the c is the chord 
length. Then, the nondimensional time at 

5.0=∞M  is 2/n. The nondimensional time 
obtained by the simulation shown in Fig. 5 and 
6 is 1.2 which is very close to the value 

computed by Eq. (7) with n=2. This means that 
the trailing edge tone of this computed case has 
the feedback loop. 

C.   Effects of trailing edge modifications 
Since the trailing edge noise is generated 

by the interaction of vortex at the sharp trailing 
edge, modification of airfoil geometry near the 
trailing edge may be effective to weaken the 
noise generation. In the present study, three 
modifications were employed as shown in Fig. 8. 
The first one shown in Fig.8(a) is a slit of 0.01c 
width at 0.9 chord length. The second one of 
Fig.8 (b) is a small upward plate of 0.02 chord 
height at the trailing edge. The third one, Fig. 
8(c), is the downward plate. These 
modifications are very easy in the present 
computation because of the Cartesian grid. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.8  Trailing edge modifications 

(c)

(b)

(a)

Fig. 7 Feedback loop 
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If there is a narrow slit near the trailing 
edge, the pressure difference between the upper 
and lower surfaces of the airfoil induces flow 
through the slit. This jet-like flow can be 
expected to be effective to weaken the vortex on 
the upper surface. However, the computed 
results in Fig. 9 did not show any improvement. 
More study to find optimum location, direction 
and width of the slit is required for the effective 
reduction of the trailing edge noise by slits.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9  Computed pressure distributions 
for an airfoil with a slit (Fig.8-a) at α=3°. 

Computed pressure distributions around an 
airfoil with a small end plate at the trailing edge 
are shown in Fig. 10 and 11. The upward end 
plate of Fig.8(b) is shown in Fig.10 and the 
downward end plate of Fig.8(c) is shown in Fig. 
11. With these end plates,. the frequencies of the 
vertical shedding are increased, and the strength 
of each vortex became smaller. This is due to 
the more complex interaction occurred at the 
crank-shaped trailing edge. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 10  Computed pressure distributions for 
an airfoil with upward end plate (Fig.8-b) at 
α=3°. 
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Fig. 11  Computed pressure distributions for an 
airfoil with downward end plate (Fig.8-c) at 
α=3°. 

 
By comparing the upward and downward 

end plates, the former is more effective to 
reduce the trailing edge noise. However, the 
upward trailing edge will reduce the lift as well. 

  
4 Conclusion 

 Flows around NACA0012 airfoil at 
relatively low Reynolds number were 
numerically simulated using a high-resolution 

numerical method named Building-Cube 
method. 

From an animation of the computed data 
around NACA airfoil, it was shown that the 
laminar boundary layer on the upper surface 
separated and periodically generated vortices. 
When a vortex reached at the trailing edge of 
the airfoil, it generated a counter-rotating vortex 
and produced a pressure wave. There seems to 
exist a feedback loop between the vortex 
generation near the separation point and the 
pressure wave originated at the trailing edge. 

Among the modifications of the trailing 
edge, the upward end plate was most effective 
for weakening the trailing edge noise with the 
present flow conditions. It is certain that the 
trailing edge noise can be reduced with a proper 
modification of the airfoil shape near the trailing 
edge. The present computational approach 
named Building-Cube method is very useful for 
investigating the flow field with these small 
modifications of the wall boundaries.  

The computations in this study are for 
laminar flows at relatively low Reynolds 
number. In real world, the Reynolds number is 
much higher and the boundary layers are 
turbulent. Therefore, the future work of the 
present study is three-dimensional computations. 
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