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Abstract 
A new model has been developed to 
characterise the structural behaviour of rotor 
blades that benefit from fully integrated active 
fibre construction. The beam wall is assumed to 
consist of a composite laminate with passive as 
well as active material plies. Standard theory 
describing the macro-mechanical behaviour of 
composites is employed to formulate the cross-
sectional stiffness matrix and the actuation 
forces and moments in the rotor blade. The 
symmetric stiffness matrix and the actuation 
vector include the effects of axial, shear, 
bending, torsion and bimoment actions in the 
rotor blade.  
This structural model is used to obtain a non-
linear dynamic model for the rotor blade that 
can be used to investigate the aeroelastic 
stability of the system or using various 
individual blade control (IBC) schemes to 
control the vibration of the rotor blades. 
Hamilton’s principle is used to obtain the 
corresponding governing differential equations 
of motion and boundary conditions for a 
cantilever beam rotating at a constant speed. 
Galerkin’s method can be used to solve the 
differential equations of motion. This results in 
a system of linear, homogeneous, constant 
coefficient, ordinary differential equations that 
define the unsteady blade motion near the 
equilibrium operating conditions. These 
equations can be used to investigate the stability 
of the motion or control the vibration of the 
rotors individually by a suitable actuation 
scheme of the integrated actuators.  
 

1. Structural Modelling of the Rotor Blade 
 
1.1 Introduction 
A typical helicopter rotor blade is exposed to a 
complicated system of unsteady time-dependent 
aerodynamic loads during its operation. As the 
consequence, besides being subjected to a bi-
axial bending which results from flapping and 
lead-lag actions a rotor blade is also subjected 
to torsion and axial centrifugal tension.   
Structurally more simple hingeless rotor design 
is a by-product of the initial impetus for using 
composites in order to improve the fatigue life 
and damage tolerance of the blade [1]. 
Depending on their specific construction, these 
blades can exhibit various structural couplings 
between bending, shear, torsion and extension 
actions. Warping may also become a prominent 
effect in such advanced blades. Therefore, the 
Euler-Bernoulli beam assumptions used to 
model simpler isotropic beams become invalid 
under these conditions.  
Existing theories of mechanics of composite 
materials can be employed to model the above-
mentioned non-classical effects in the rotor 
blades.  To this end, in the present work, a 
hingeless rotor blade is considered where it is 
modelled as a closed single cell, thin-walled 
composite beam. The model assumes a beam 
wall that is constructed from composite 
laminae. In general, it allows for different 
thickness and orientation for each ply that may 
be constructed of either passive or active fibres. 
The active laminae can be placed anywhere in 
the stacking sequence. In view of large length- 

 to-chord ratios of helicopter blades a one- 
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dimensional beam model is adopted. The 
material constitutive relations are determined 
using the strains that are, in turn, obtained from 
basic displacement field. 
 
 
1.2 Displacement Field  
The co-ordinate systems used in this study are 
shown in Fig.(1.1-a). The orthogonal axes 
system (Xℱ,Yℱ,Zℱ) are fixed in an inertial frame 
ℱ.  The global orthogonal co-ordinate system 
(x,y,z)  and associated unit vectors (i, j, k) are 
fixed in a reference frame ℛ that rotates with 
respect to ℱ at constant angular velocity  Ω. 
Point  OO,  a common fixed point of  ℱ  and ℛ 
is located at the root of the rotor.  The x-axis 
lies along the elastic-axis of the beam that 
passes through shear centres of all cross 
sections.  As a first attempt, the pre-cone angle 
is assumed to be zero, and the plane containing 
Xℱ, x, Yℱ and y is considered to be the plane of 
rotation. The origin 1O of the local Cartesian co-
ordinate system  (x,t,n)  is located on  the mid-
plane of the beam wall and moves along the 
contour with the circumferential co-ordinate s 
as shown in Fig.(1.1-b).  The co-ordinates of 

1O  in the global co-ordinate system are denoted 
as  (X,Y(s),Z(s)). Moreover, using the normal 
co-ordinate n to denote the position of any other 
point P on the beam wall with respect to  (x,n,t),  
the position of any point on the wall can be  
completely defined in the global co-ordinate 
system. 
Next, in reference to Figs.(1.1-b) and (1.2), let 
the following be denoted: 

:,, wvu global displacements of O, in the x, y,   
and z directions, respectively, represent- 
ing an average cross-sectional displace- 
ment at any distance x along the elastic 
axis; 

:,, ppp wvu global displacements of  any point 
P on the beam wall in the x, y, z, 
directions, respectively; 

:)(),(),( xxx zy θθφ cross-sectional rotation about 
x, y, and z axis, respectively; 

:)(xφ ′  rate of twist of the beam; 

:)(sψ  torsional warping of the cross-section. 
 
Then the displacements of a point  P  on the 
beam wall can be expressed as follows:  
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and,  
 

)()( ,sp nYZxvv +−= φ                               (1.2) 

)()( ,sp nZYxww −+= φ                             (1.3) 
 
Where Α  and Γ  represent, respectively, the 
area and the perimeter of the contour enclosed 
by the mid-plane of the cross-section, h is the 
wall thickness and Geff is the effective shear 
modulus.  In Eq.(1.1) the terms   )(, xnZ zsθ   
and )(, xnY ysθ    represent  the axial 
displacement of  the point  P due to cross-
sectional rotations zθ  and yθ , respectively; 
while in Eqs.(1.2) and (1.3)  the terms 

)( ,snYZ +φ   and   )( ,snZY −φ   represent the 
displacement components in the y  and z  
directions of point P due to cross-sectional 
rotation about the  x-axis. 
 
 
1.3 Strain- Displacement Relations 
The displacement field obtained in the previous 
section is used to obtain the necessary strain-
displacement relations. To this end, 
displacements are defined according to the 
conventional small deformation theory. Hence, 
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using Eq.(1.1), one gets the axial strain at any 
point P on the beam wall as:  

[ ]
(1.5)                                                   
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Where �

xxε  and  xxκ  are the axial strain of the 
middle-surface and the curvature, respectively. 
Denoting the displacement along the tangential 
direction t as tv , the in-plane shear strain is 
defined as 

x
v
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u tp

xs ∂
∂

+
∂
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=γ                        (1.6) 

Noting that pv and pw contribute to tv such that 

 plane shear strain across the blade wall 
thickness, and neglecting higher order terms, 
one can show that Eq.(1.6) becomes 
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which is the expression for the in-plane shear 
strain �

xsγ  at the mid-plane. Next, using 
Eqs.(1.1-1.3), the transverse shear strains 
(Timoshenko beam shear definition) are 
identified as: 

zxy v θγ −′=            (1.9.1) 

yxz w θγ +′=                                             (1.9.2) 
so that the in-plane shear strain in Eq.(1.8) can 
be expressed as 

φα
Γ

γγγ ′−+= AZY sxzsxyxs
2

,,          (1.10) 

 
1.4 Constitutive Relations  
 The standard theory describing the macro-
mechanical behaviour of composites is used in 
the following deliberation [2]. Moreover, any 
material non-linearity is assumed to be absent in 
both the active and passive materials of the 
composite, and therefore, the linear 
piezoelectric constitutive equations can be used. 
Also, in view of the fact that electrical 

displacements will not be of the main interest in 
actuation of the rotor blade, the only 
constitutive equation that needs to be 
considered is 

[ ] EdcScEeScT
TEETE −=−=              (1.11) 

 
In conventionally poled piezoelectric the poled 
direction is assigned to be the 3-axis with the 
(1-2)-plane being the plane of isotropy. 
However, for passive fibres such as carbon or 
glass fibres as well as the piezoelectric fibres 
that are to be used in the construction of the 
rotor blade the corresponding passive and active 
laminae are transversely isotropic materials 
along the fibre direction. Therefore, the material 
1-axis is assigned to be along the fibre direction 
for such a construction. As the result the (2-3)-
plane becomes the plane of isotropy (for both 
active and passive fibres), with the poling for 
active fibres now being in the 1-axis direction, 
Fig.(1.3). In this co-ordinate system the 
corresponding constitutive relations for active 
as well as passive laminae become: 
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with the engineering shear strains and tensor 
shear strains defined as (ij =2,ij, for i ≠ j. For 
passive fibres E1 = 0. 
For a closed thin-wall beam the normal stresses 
in the thickness direction as well as the 
longitudinal and transverse shear stresses in the 
wall are considered to be negligible, i.e., by 
setting 0312333 === ττσ  in Eqs.(1.12) a 
plane stress state is defined. Hence, applying a 
static condensation to Eqs.(1.12), the 
constitutive relations for the orthotropic 
material in a plane stress state are obtained as: 

112

11

12

22

11

66

2212

1211

12

12

11

000
0
0

Ee
e

Q
QQ
QQ

p

p

















−
































=
















γ
ε
ε

τ
σ
σ

               (1.13) 

 

(1.7)                                         ,, spspt ZwYvv +=



Afagh, F.F. 

      4

where, 
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The plane stress constitutive relations given by 
Eqs.(1.14) are in reference to the co-ordinate 
system (1,2,3) which is aligned with the 
principal fibre directions. To obtain the 
corresponding relations in the main structural 
co-ordinate system (x,t,n),  the material 
properties must be rotated through the proper 
angle θ ,  Fig.(1.4), using the standard tensor 
transformation matrix. The transformed stress-
strain relations will read as: 
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where the rotated ply stiffness are  
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with 

 
 

and the rotated induced stresses are 
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1.5 Stress Resultants in the Rotor Blade 
The stress resultants per unit length around the 
perimeter of the beam wall are obtained by 
integrating the stresses given in Eqs.(1.15) 
across the wall thickness h. To this end, the 
classical laminated plate theory is invoked first,  
according to which the strain at any point across 
the plate thickness can be expressed in terms of 
the middle-surface strains �

ijε  and curvatures 

ijκ . Hence, Eqs.(1.15), can be rewritten as  

1
1
1
1

  

662616

262212

161211
E

xse
sse
xxe

xsnxs

ssnss

xxnxx

QQQ

QQQ

QQQ

xs
ss
xx



















−





















+

+

+



















=



















κγ

κε

κε

τ
σ
σ

�

�

�

(1.19) 

 
Upon integrating these stresses across the wall 
thickness one gets the following stress 
resultants: 
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with extensional, coupling and bending stiffness 
of, respectively, 
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and stress resultants for actuation forces and 
moments of 
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(1.22)                                               
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Next, for the rotor blade under consideration, 
the beam cross-section is assumed as infinitely 
rigid in its own plane, so that ssκ and xsκ  is set 
equal to zero. Moreover, since the internal 
pressure of the closed cell beam is equal to the 
external pressure, the hoop stress ssσ will also 
vanish so that 0== ssss MN . Finally, ignoring 
the edge twist moment resultant xsM , one may 
apply static condensation to Eqs.(1.20) to obtain 
the stress resultants for the rotor blade beam as: 
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with the actuation stress resultants 
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1.6 Beam Stiffness and Actuation Forces 
The internal forces and moments acting over the 
cross-section of the beam are given as the 
components of the force vector 
 

[ ]wzyxzyx
T QMMMPPP=F        (1.26) 

 
with the axial force, xP ,  shear forces, zy P,P , 

twisting moment, xM , lead-lag moment, yM , 
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where, all the integration is around the beam 
wall at the mid-plane. The resultant stresses 
from Eqs.(1.23) are substituted into the 
expressions given in (1.27), to get 
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where the beam stiffness matrix is obtained as 
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The expressions for the stiffness coefficients  Kij 
for the normal internal force N are given in the 
Appendix. Other stiffness coefficients are 
obtained in a similar fashion, [3]. The global 
displacements and actuation forces in 
Eqs.(1.28) are, respectively, 
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where, the elements of the applied force vector 
are given in  the Appendix. 
 
 
2 Governing Equations of Motion  
 
2.1 Introduction 
Hamilton’s principle is used to obtain the 
governing differential equations of motion and 
boundary conditions for a cantilever beam 
rotating at constant speed: 
 

0)(2

1

=−−=Π ∫
t

t
dtWTU δδδδ           (2.1) 

 
The resulting system of non-linear governing 
equations of motion is expected to be a 
relatively large and complicated system. 
Therefore, it would be desirable to neglect 
higher order terms to reduce the size and 
complexity of these equations. Such a reduction 
has to be implemented in a systematic manner if 
non-selfadjoint operators are to be avoided in 
the resulting equations. To achieve this, a 
consistent set of guidelines, parallel to the ones 
that were used in references [3,4,5] has been 
adopted in this report. These guidelines are 
based on introducing a parameter ε  that 
represents the order of the dimensionless flap 
deflection v/R. Table (2.1) lists the order of 
magnitudes for various parameters that are used 
in the present work. In general, in applying this 
ordering scheme, terms of order  ε2  are ignored 
with respect to unity. 
 
  
2.2 Strain Energy Contribution 
The variation of strain energy for the thin 
walled composite beam is 
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where, R is the length of the beam. Using the 
appropriate strains and internal forces/moments 
obtained in Section 1, and after a proper 
integration by parts, it can be shown Eq.(2.2) 
yields[3]:  
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Quantity Order Quantity Order 

v/R,  w/R O(ε) h/Γ O(ε) 

u/R O(ε2) 2Lψ  O(ε2) 

x/R O(1) z    θθφ ,, y  O(ε) 

Y/R,  Z/R,  η/R,  ξ/R O(ε) θ  O(1) 

 
c/R,  t/R,  Γ/R O(ε) θ (only aerodyn. loads) O(ε) 

n/h O(1) dt
d

ds
d

dx
dL

Ω
Γ     ,,

 

O(1) 

 
Table (2.1): Orders of magnitude of various 
physical quantities 
 
 
2.3Kinetic Energy Contribution 
The kinetic energy contribution to the total 
energy variation can be determined by 
considering the kinetic energy of a typical point 
on the beam wall. The result is [5]: 
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Assuming that the centre of mass is not offset 
from the elastic axis, and that the cross-section 
is symmetric about chord-wise principal axis, 
and denoting the beam mass/unit length as m, 
for an antisymmetric warp function ψ, in 
Eq.(2.4) one has: 
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where, θ is the pitch angle, mkm

2 is the polar 
mass moment of inertia, and 2

1mmk and 2
2mmk  are 

the principal mass moments of inertia of the 
cross-section. 
  
2.4 Aerodynamic Contribution 
All loads other than the elastic and inertial loads 
that act on the blade are non-conservative loads. 
In general, the non-conservative aerodynamic 
loads consist of φMLLL wvu   and  ,,     , 
representing, respectively, the distributed loads 
that act in the x, y, and z  directions, and the 
pitching moment about the elastic axis 
Fig.(1.1),. Then in reference to Eq.(2.1), one has 
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For a first attempt in the modeling of the 
problem, hover conditions are considered in the 
present study. Greenberg’s extension of 
Theodorsen’s theory for a two-dimensional 
airfoil undergoing sinusoidal motion in 
pulsating incompressible flow has been used to 
determine the corresponding aerodynamic 
loads. In this approach, the aerodynamic forces 
are obtained using strip theory in which only the 
velocity component perpendicular to the 
deformed blade span-wise axis is assumed to 
influence the aerodynamic loads. Moreover, 
non-linear rate products such as 
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neglected. The resulting loads are [5]: 
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In Eq.(2.7) the following are defined: 
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Moreover, the induced flow velocity, vi is 
assumed to be steady and uniform along the 
rotor length. Its magnitude is taken to be equal 
to the value of non-uniform inflow obtained 
from blade element momentum theory at  
x=0.75R . Also, the blade angle at  x=0.75R is 
assumed to be equal to the blade collective pitch 
angle plus the equilibrium elastic twist 
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φ  at 

x=0.75R . Then, using  b  blades with  solidity  
Rbc πσ /= , one has 
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2.5 Total Variational Equations 
Substituting Eqs.(2.3-2.8) into Eq.(2.1) yields 
the total variational equations. For arbitrary 
admissible variations δu, δv, δw, δΦ, δθy, and 
δθz, the coefficients of the variations in the 
resulting integrand as well as the boundary 
terms evaluated at  x =0 and x=R must vanish. 
This results in six non-linear partial differential 
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plus the boundary conditions at the ends of the 
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a higher order term. Moreover, the axial 
displacement u can be eliminated as an 
independent variable. Then one can obtain the 
final non-dimensional integro-partial 
differential equations of motion for the blade as:  
 

vδ  equation: 
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δw equation: 
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zδθ  equation: 
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3. Stability Analysis 
 
3.1 Perturbation Equations  
The necessary equations of perturbation that can 
be used in the aeroelastic stability analysis of 
the blade can be obtained from Eqs.(2.9.1-
2.9.5). These non-linear, variable coefficient, 
integro-partial differential equations can be 
solved by Galerkin’s method [3,5]. To this end, 
the displacements are expanded as a series of 
products of generalised modal coordinates and 
mode shapes:  

              
where tΩΨ =  is the azimuth angle,  and 

)(),(),(),( ψΘψΦψψ y
jjjj WV        and )(ψΘ z

j  

are the generalised modal co-ordinates. The 
uncoupled mode shapes of a standard non-
rotating, uniform cantilever beam may be used  

for )(  and  )(   ),( xxx j
w
j

v
j ϕϕϕ  as suggested in 

[3,4,5]. Moreover, the actuation terms in 
Eqs.(2.9), also, can each be expressed as a 
series expansion: 
 

where, )(ψE  is the applied electric field, and, 
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j           

  and  )(xqw
j   are the effect of the respective 

actuation on each mode shape due to material 

properties and physical construction of the 
integrated active fibres. The influence of j-th  
actuation term can be determined as the ratio of 
the  j-th mode shape over  the sum of the mode 
shapes. Using the series expansions given in 
Eqs.(3.1), the governing equations of motion 
(2.9) can, first, be reduced to a set of 5N 
ordinary differential equations in terms of 
generalised co-ordinates. Next, small 
perturbation motions about the equilibrium 
operating conditions are considered by 
expressing each time-dependent generalized 
coordinate as the sum of a steady equilibrium 
quantity that defines the corresponding 
equilibrium deflection, and a small unsteady 
perturbation quantity, i.e., 

 
 
Two sets of equations can be obtained by 
incorporating Eqs.(3.3) into Eqs.(2.9). The first 
set will be the result of substituting the steady 
equilibrium quantities into Eqs.(2.9). This will 
yield 5N non-linear algebraic equations in 
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by any standard non-linear technique such as 
Newton-Raphson or Least Mean Square 
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Eqs.(2.9), subtracting from the resulting system 
the first system that was obtained from 
equilibrium quantities, and neglecting all the 
higher order terms in perturbation quantities. 
This will yield a system of linearized 
perturbation equations with coefficients that are 
functions of steady equilibrium quantities as 
determined from the first set. These 
perturbation equations constitute a set of linear, 
homogeneous, constant coefficient, ordinary 
differential equations that define the unsteady 
blade motion near the equilibrium operating 
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determine the stability of this motion. To this 
end, defining a vector of unknowns  
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the perturbation equations will have the general 
form of 
 

 
where the subscript t  denotes the total matrices 
that are composed of gyroscopic, aerodynamic 
and structural contributions: 
 

.              , astat KKKCCC +=+= g                 (3.6) 
 

The set of Eqs.(3.6) may be rewritten as 
 

 
In this form, the eigenvalues of the matrix A 
determine the stability of the motion under 
consideration. Moreover, the input control 
vector B can therefore be used for vibration 
control.  
 
4 Conclusions and Recommendations 
 
Basically, this report is comprised of two parts. 
The first part deals with providing an analytical 
structural model for a single-cell, thin-walled 
composite rotor blade with fully integrated 
active fibres. This model is based on a linear 
formulation using macro-mechanics of 
composite plate theory.  It considers a 
displacement field that accounts for axial, 
torsional, lead-lag and flap actions in the blade. 
The resulting beam stiffness matrix can 
represent coupling between various actions such 
as axial, torsional, bending and shear in the 
blade.  In the second part of the report, a set of 
non-linear dynamic equations of motion has 
been developed for a hingeless rotor blade using 
the structural model presented in the first part. It 
has been shown how this dynamic model can be 
used in aeroelastic stability investigation and 
dynamic control and analysis of the rotor. 
Application of this modelling to a typical 

composite rotor blade and simulation of the 
corresponding results will be the subject of a 
subsequent paper. 
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Appendix 
Stiffness coefficients Kij for the normal internal 
force N: 
 

The applied force vector: 
 

 
where, 
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