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Abstract

Each airplane is not only operated in a level
steady flight, but also has to perform a number
of maneuvers. Sometimes these maneuvers are
very rapid and it is the reason that extreme
loads generated in such maneuvers on the
tailplanes have to be calculated. These loads
are responsible for the state of strain, elastic
deflection, fatigue and other phenomena.
Among different maneuvers considered in this
paper are motions following a sudden deflection
of elevator and response to a vertical gust. This
paper focuses mainly on the flight dynamics and
flight control system of a trainer jet aircraft.
Analysis is based on the linearized equation of
motion of a rigid airplane of six degrees of
freedom in an arbitrary motion with deflectable
control surfaces. An important point in the
analysis was estimating the stability derivatives,
computed by means of panel methods, and
compared with the results of classical
engineering approach.

1 General Introduction

The main goal of this paper is to present a
quick and reliable method for computing of
lifting force and pitching moment acting on an
airplane in selected rapid maneuvers. Among
typical maneuvers are the motions following:
(1) sudden deflection of the elevator, (2) vertical
gust, (3) dropping a container, (4) dropping the
water from a firefighting airplane, (5) sudden
flap deflection and (6) sudden change of the
engine thrust. In this paper the maneuvers
following a sudden deflection of elevator and a
sudden vertical gust were analyzed in details.
The panel methods [6,8,11] supplemented by a
traditional engineering approach (see, e.g.

ESDU [3]) were used to compute important
aerodynamic coefficients, including lift-curve
slope, zero-lift angle of attack, downwash, polar
drag coefficients, pitching moment curve slope,
tailplane lift-curve slopes, all versus the angle of
attack and elevator deflection. The dynamic
equations of disturbed motion were derived
from two fundamental equations of the rigid
body motion - the equation of change of
momentum and the equation of change of
moment of momentum. The disturbed motion is
related to the state of airplane equilibrium, i.e.
angle of attack increment, elevator deflection
increment and all other parameter increments
are equal to zero in the state of equilibrium. The
aerodynamic forces and moment acting on the
airplane in the disturbed state are computed as a
sum of products of stability derivatives and
disturbances (corresponding to the longitudinal,
plunging and pitching motions, respectively).
The approach used in this paper enables
computing the aerodynamic and inertial forces
acting on the airplane structure, and then finally
the extreme states of loads, the state of strain
and the fatigue wear degree. The detailed
calculations were performed for X-2000, a
trainer airplane.

2 List of symbols

a - wing lift-curve slope, &C./da

ap - tailplane lift-curve slope versus angle
of attack, &Cn/da

ax - tailplane lift-curve slope versus

elevator deflection, oCn/ddy
A(Ay) - main wing (tailplane) aspect ratio
Ca=MAC - Mean Aerodynamic Chord
CL Cop - lift and drag coefficients



Cn - pitching moment coefficient, around
the mean quarter-chord point A

Cmuwsc - pitching moment coefficient of the
wing-body combination about the CG
(for an arbitrary C.)

Cmuwso - pitching moment coefficient of the
wing-body combination about the CG
for C.=0

D, L, M - drag, lift and pitching moment for
whole aircraft

Jy - moment of inertia about y axis

Mgy, ng - aerodynamic and thrust pitching
moment of the whole aircraft about the CG

m - mass of the whole aircraft

n, - normal load coefficient

Ps, Psz- components of thrust (along and
perpendicular to MAC)

Q - pitch rate

S (Sy) - main wing (tailplane) area

U,W - speed components in maneuver

Uo, Wy - speed components in steady flight

uw  -small disturbances of U,W

Xa ., Xc ,Zc , XN - co-ordinates of points A,
C, N, H with respect to nose of MAC

Xo,Zo - co-ordinates of aircraft position in the
ground fixed axis system

apyn-  dynamic angle of attack (angle between
vector of the airplane speed and MAC
direction); apyn=a

aqn - kinematic angle of attack (angle
between vector of the air-flow over the
airplane and MAC direction)

ast - angle of attack in a steady flight

fo¥! - elevator deflection

£ - downwash

& - downwash when a=0

dglda - slope of downwash versus to angle of
attack

6, 5 - pitch angle & its small disturbance
AX, AY, AZ, Au, Av - increments of forces,
pitching moment and speed in maneuver

XuoXwXqZwZw, ...~ dimensional  stability
derivatives

Cou,Cow,Cpq,CLy, ... - dimensionless stability
derivatives

KH - horizontal tail volume
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3 Dynamic equations of motion

The dynamic equations of motion [2] have been
written for the body frame of reference Axyz
and have the form:

m(U +QW)-mzQ+m(xQ?)
=X -mg sin®+P,,

m(W -QU )+mxQ+m(zQ?)
=Z +ng CosG+P,, , 1)

J, +m{x(W -UQ)~-z(U+QW)}
M, M}, +mg(z sin ©+x cosO),

Q=0,

where X, z denote the coordinates of the airplane
center of gravity in the design frame of
reference Axpypzp (axis Axp is directed along
MAC, opposite to the flight direction; Azp is
perpendicular to Axp and is directed to the top
of airplane).
The forces and pitching moment (present on the
right side of eq.(1)) in the state of equilibrium
are equal to zero. That is the reason to write the
equations of motion of small disturbances with
respect to the state of equilibrium. Coming from
an assumption that the velocities (and path
angle) consist of steady state and perturbation
components we have

mu-+q (W, +w)]

X X IOX X
+—U+—w+ g+ W

Ju oJw Jdq Jdw
+mg(cos©,sind),
miv-q(U, +u)] @

dZ JZ 07 07

=N +—U+—wW+—(q+—W
Ju oJdw Jdq IJw
-mg(sin®,sind),
M M M _IOM
u+ w+ g+ W
Ju oJdw Jdq Jw

=/X

J,4=0M +

where AX, AZ, AM denote increments of forces
and pitching moment due to performing a
maneuver (following the elevator deflection,
gust or other external input).

The increments can be computed as
follows:
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X =X -mgsin©+P,, =
—Dcosa +Lsina —D,, cos(a—¢€)
+L,, sin(a —€)-mgsin©+P, cosg ,
N =7 +mgcosO+P,
=—Lcosa-Dsina -L, cos(a-¢)
-D,, sin(a —€)+mgcosO+P, sing,
AM =M Cy+ng:M o
—P,cosg(z5 -z, )—P,sing(Xxs —Xc ),

3)

where
L=%pVZSCL; D=%,0VZSCD,

=LVSC,C,,
V 2
:EIOVZ(VHJ SHCLH )

Vv 2
:ZOVZ(VH] SHCDH ) (4)

Cm :meB,C _(CLH COS(O’—E)
+Cpysin(a—€))k ,
+(Cp cos(a—€)—C ,sin(a—-€))k,
oC
C _ mwB,C C +C
mwB,C o-,C L

mwB,0 !

Ciy=a,ay+8,0y,
CZ
Con Cppot—-,
DH DHO 7TAH
:SH (Xan =%c)
: sc,
The dimensional stability derivatives in Eq. (2)
depend on the dimensionless stability
derivatives as follows
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X, -d—x-( -2C,~C,, ) pSV
X, =22 ==y, 1SV
ax (5)
Xq :d—qz_CDq%pSVCa
X, = Z—>_<- M, 00
W
2, =22 ~(2¢,C. )35V
7. =92 _¢ 1psv
w dW Lw 2
57 (6)
Zq_aq -C,1pSVC,
07
Zw :E:_CLW%pSCa
M., -Z—M—me 1pSVC,
M, =Z—h:=Cmq%pSVC: 7
M, ="M =c,1pSC2.
W

The dimensionless stability derivatives were
defined and computed from the following
formulae:

Cp= Cy, 00, (8)
c, =9 2C, 2 () de)Sy
&,(Wj A A, da s
V
o0C 2C
C D LH
Dq ﬁ(qcaj NAH ailKH
\Y
Si (X ~Xc)
where K, =
H SC



2
9
c - 9S =a1KH(V”j ©)

oJcC, Vi ) Xy X
SN Y (P S
V) a
\
2
_ oJC,, _ _, 9¢ Vi ) Xan ~Xc
"LV C,

Cmv’v : a-—K
(Wcaj oa
14 E

The dimensionless, longitudinal stability
derivatives depend on lift coefficient C, , steady
angle of attack asr and airplane speed V=V...
The X-2000 airplane at speed V=100 m/s has
the following stability derivatives (Tab.1):

Tab.1 Values of dimensionless stability
derivatives
numerical value

derivative
_dC,
Dw ™ f’(wj 0.749

C

——(q Caj 0.0821
J

" d(W) 4.03

g — C 1.19
d(q j
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bw ™ (WC j 0.562
d a

j 0.14

-0.707

aC_

Crg = (q Ca) -1.75
J V

—_— de

Cm =" 0C 10.562
%)

The dynamic equations of motion can be
rewritten in the matrix form

Mx=B , (11)
where
m 0 0
M=0 m-Z, O], (12)
0o -M, J,
[AX +X,Uu+X,W+X, q+X,W
+mg(cos ©, sind) —mgW, — magw
8= AZ+Z u+Z W+Z q+Z W . (13)

-mg(sin ©, sing) +mqu , + mqu

AM +M U +M W+M q+M W

4 Aircraft used for testing

The approach used in this paper enables
computing the unsteady aerodynamic and
inertial forces acting on the airplane structure,
then finally the extreme states of loads. The
detailed calculations were performed for X-
2000 subsonic jet trainer airplane, designed and
assembled in a small private company in
Poland, now under the flight tests.
Configuration (Fig.1) reminds the Falcon
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version of Bede BD-10 light aircraft, however
X2000 is an original new  concept
aerodynamically designed from scratch. It is a
tandem two-seat, subsonic, fully composite
airplane, wings with leading edge sweepback,
twin fins and rudders, non-boosted dual
controls, retractable tricycle type landing gear,
take-off mass equal to 2400 kg, one turbojet
engine of 13 kN thrust.

Control surface deflections were of the step
change type, gust was assumed to be either of
the step change type or harmonic, with a gust
cycle time corresponding to the time to travel a
distance equal to 25 MAC [4]. In all cases a
jump type elevator deflection was assumed to
last for 1 s, whilst the airplane response was
observed for 3 s. The airplane motion and loads
acting on the tailplane and main wing were
calculated by means of numerical integration.

Fig.1 X-2000 - light subsonic jet trainer

5 Influence of altitude on gust maneuver

All maneuvers considered here are computed
under the assumption that they are performed at
Sea Level. An increment in the dynamic angle
of attack is equal to

W -W W
pa="o :—g[l—ﬂ} (14)
V V W

g
A simple model of one degree of freedom can
be used to calculate the vertical speed W. This
model has the form of a linear differential
equation

Weigves s W 15
m 2:0 V La ( )

and it can be rewritten as follows:

DEFLECTIONOF CONTROL SURFACE

. C C
mW +qS —Lt2W =S —2“W . (16
q v q v (16)

g

The solution of eq. (16) has the form:

W _qSCLat
W—:(l_e mv J s (17)

9

and it is presented in Fig.2 as a function W/Wgys
versus time.
1.0

|low altitu
( p=1.§< 5)

“o 6 -
e A< high altitude
S 1 / ( p=0.412)
S 04
S/

0.2

0.0 : : :

0 1 2 3

dimensionless time
Fig.2 Vertical speed versus time, depending on the flight
altitude

From this analysis it follows that the higher
altitude the higher normal load coefficient and
the more severe maneuver (under the
assumption that speed V and the lift-curve slope
(a=dC.w/da) do not change with altitude). The
above conclusion can be written in the form:

Low altitude = high p = high W/Wy; = small

Aa = small AL = small n

6. Results and discussion

Tab.2 Three differently-defined angles of attack:
Ost, OpyN; OKIN




One has to emphasize the differences between a
flight analysis, including and excluding gust. In
the case when gust is not included (both either
in a steady flight (case A) or unsteady flight
(case B)) vectors of speed of the center of
gravity Vst or Vyn, and the corresponding
vectors of air-flow over the airplane V., have
the same values and are opposite in direction. In
the case when gust is included (case C) both
vectors are completely different, i.e. they are
out-of-parallel and can have different lengths.
All these vectors and corresponding angles of
attack are shown in Tab.2.

A number of selected maneuvers has
been presented and discussed in [7,9,10]. The
dynamic response of the X-2000 airplane
following either a sudden elevator deflection or
gust has been computed for three basic cases
[7,9].

The first case corresponds to a sudden
elevator deflection of the step change type and
is shown in Fig.3-6. Fig.3 shows the increments
of longitudinal (4AU) and vertical (AW) speeds,
elevator deflections oy , kinematic angle of
attack oin (angle between vector of the air-flow
over the airplane and MAC direction), dynamic
angle of attack a=ayyn (angle between vector of
the airplane speed and MAC direction) and the
normal load coefficient nz .

In order to investigate a sensitivity of the
airplane dynamic response to the speed of
elevator motion a number of the elevator control
functions have been defined and used in
simulations [13,14]. Among these control
functions there are an exponential function and
two damped, harmonic-type functions (one of
them corresponds to a lower-frequency-
deflection and second corresponds to higher-
frequency-deflection). These functions are
defined as follows:

- exponential function

5, =0, |1-e '} if t<t,; (18)

and
5, = {1-e ML ittt (19)
where tx — instant of time, after which elevator
deflection decreases to its initial value; k — a
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positive constant; &y — amplitude of elevator
deflection;

- harmonic-type
frequency-deflection)

oy :JHosin(a)t)e‘Zt%; w=05*2mr; (20)

function (higher-

- harmonic-type function (lower-

frequency-deflection)
oy :5Hosin(a)t)e‘2t%;a):o.3*2n (21)

tan —
_\2) o)
w

Fig.4-5 (similarly as Fig.3) present the
increments of longitudinal (4U) and vertical
(4AW) speeds, kinematic angle of attack axin,
dynamic angle of attack a (i.e. the current angle
of attack) and the normal load coefficient nz -
all these parameters induced by the elevator
deflections oy of harmonic-type, either higher or
lower-frequency.

Fig.6 shows a comparison of the time-
dependent elevator deflection curves, computed
on the basis of formulae (18-22). This figure
contains also the corresponding increments of
speed, Aw. All other parameters change after
elevator deflection in the same way, i.e. they are
not sensitive to the type of function describing
the elevator deflection.

The case number two (Fig.7-9) relates to
the dynamic response following the gust of the
step change type, acting simultaneously either
on the whole airplane (Fig.7), or on its selected
parts. The worst case (Fig.8) is when the
vertical gust (even a small one of 2 m/s) acts on
the main wing only. It is involved by the fact
that even a small increment in the main wing
load (being not compensated on the tailplane)
creates a large pitching moment about the mass
center, being able to rotate the airplane very
rapidly. It could be very dangerous, however
such a case is not very likely in a real flight.

The case number three (Fig.10-15)
relates to dynamic response following a
harmonic gust shape according to the Federal

where

s=sin (wx)e™* whilst x=

6
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Aviation Regulations specification [4]. The
shape of the gust is given by the following

equation:
w =W°(1—cos 277‘\/tj ) (23)
2 25¢
where W, - gust velocity amplitude referred to
by the Federal Aviation Regulations

specification [4], V - flight speed, ¢ - Mean
Aerodynamic Chord.

Fig.10-11 show selected airplane
responses: axin - Kinematic angle of attack,
apyn - dynamic (real) angle of attack, AW -
increment of vertical speed, Ly - aerodynamic
tailplane load and n; - normal load coefficient.

Fig.12-15 compare selected parameters
for different gust velocity amplitudes: Wy = 7.5,
15; -15 & -7.5 m/s. The worst case corresponds
to the gust of 15 m/s and it means that the
tailplane load can increase more than 4 times in
comparison to the static load case. The obtained
results can be further used for the strain and
fatigue analysis.

6. Conclusion

X-2000
20 ZN\

a w
Akin ay
10 "

0
~'__’_4L
_10 A A
T T T
0.00 100 ime (s) 200 3.00

Fig.3 Selected kinematic and dynamic parameters versus
time following the elevator deflection according to
exponential function

It was found that the most critical state
corresponds to the case when the gust acts on
the part of airplane only. A great difference
arises if the kinematic and dynamic angles of
attack differ between themselves. Dynamic
angle of attack (auyn) for gust acting up is lower
than that of the kinematic (akin) and its curve-
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course is delayed with respect to diin.
Otherwise, the dynamic angle of attack (auyn) is
higher (for gust acting down) than the kinematic
angle of attack (akin) and its curve-course is also
delayed with respect to akn. Dynamic response
is very sensitive to the amplitude of elevator
deflection and is not sensitive with respect to
the speed of elevator deflection — only an
increment of vertical speed depends slightly on
the type of elevator motion and only over a
limited time, very short period of time. During a
severe gust the dynamic tailplane force can be
several times greater than that in a steady level
flight.

20
a Aw X-2000
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4
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0 s gy = S
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0
=
i \
8 H ' Ay
-10 T T T
0.00 100 time (s) 200 3.00

Fig.4 Selected kinematic and dynamic parameters versus
time following the elevator deflection according to a
harmonic-type function (higher-frequency-deflection)

20
X-2000
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8 A+ +
-10 T T T
0.00 100 {ime () 2.00 3.00

Fig.5 Selected kinematic and dynamic parameters versus
time following the elevator deflection according to a
harmonic-type function (lower-frequency-deflection)
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Fig.6 Three different functions of elevator deflection &4
(exponential, lower-frequency-harmonic-type and higher-
frequency-harmonic-type) and corresponding
disturbances of vertical speed AW
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vertical gust}= 10 m/s
-10
T T T
0.00 1.00 time(t) 2.00 3.00

Fig.7 Dynamic response of X-2000 airplane following a
gust of the step change type (acting on the whole
airplane)
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Fig.8 Normal load coefficient following a gust of the step
change type (acting on the main wing, or on the tailplane
or on the whole airplane)
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Fig.9 Aerodynamic tailplane load following a gust of the
step change type (acting on the main wing, or on the
tailplane or on the whole airplane)
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Fig.10 Dynamic response of the X-2000 airplane
following vertical gust of the harmonic shape (gust
amplitude is equal to 15 m/s)
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Fig.11 Dynamic response of the X-2000 airplane
following vertical gust of the harmonic shape (gust

amplitude is equal to -15 m/s)
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Fig.12 Kinematic angle of attack following vertical gust
of the harmonic shape with different amplitudes
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Fig.13 Dynamic angle of attack following vertical gust of
the harmonic shape with different amplitudes
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X-2000; different vertical gusts
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Fig.14 Aerodynamic tailplane force as a function of time
following vertical gust of the harmonic shape with
different amplitudes
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Fig.15 Normal load coefficient as a function of time
following vertical gust of the harmonic shape with
different amplitudes
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